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CHAPTER Applications of the DFT
9 Ipunoxenus 11D

The Discrete Fourier Transform (DFT) is one of the most important tools in Digital Signal Proc-
essing. This chapter discusses three common ways it is used. First, the DFT can calculate a sig-
nal's frequency spectrum. This is a direct examination of information encoded in the frequency,
phase, and amplitude of the component sinusoids. For example, human speech and hearing use
signals with this type of encoding. Second, the DFT can find a system's frequency response from
the system's impulse response, and vice versa. This allows systems to be analyzed in the fre-
quency domain, just as convolution allows systems to be analyzed in the time domain. Third, the
DFT can be used as an intermediate step in more elaborate signal processing techniques. The
classic example of this is FFT convolution, an algorithm for convolving signals that is hundreds
of times faster than conventional methods.

Huckpernoe npeodpazoBanue Oypoe (AIID) - oqHo 3 Hanbosee BaXKHBIX HHCTPYMEHTAIBHBIX
cpeacts B Lugposoit O6pabotke Curnanos. Dta riaBa 006cyXJaeT TpH OOBIYHBIX CIIOCO0a, KO-
topsiMu JII1® ucnonedyerca. Bo nepseix, [AIIP MOXeT BBIYUCIATL cnekmp 4acmom CHUTHaja.
OT0 - mpsAMas dKCHepTH3a MHPOPMAlLMH, 3aKOAUPOBAHHON B YacToTe, (haze, U aMIUIUTYJE CO-
CTaBJSIIOIIMX cUHycoua. Hampumep, uenoBeueckass peub U CIBILKAMOCTH(IPOMKOCTb) HUCIIOJIb-
3YIOT CUTHAJIBI C 3TUM THIIOM KoaupoBaHusi. Bo BTopeix, JII1® MokeT HaXOAUTh YaCTOTHYIO Xa-
PaKTEepUCTUKY CHCTEMBI OT UMIIYJbCHOM NepeaaTouHol (YHKLIHUU CHUCTEMbI, U HA00OpOT. DTO
NO3BOJISIET cUCTEMaM ObITh IPOAHAIM3UPOBAHHBIM B YACMOMHOM OOMeHe, TaK e, KaK CKpy4H-
BaHHE TO3BOJIIET CUCTEMaM OBITh MTPOAHATU3UPOBAHHBIM B domere gpemenu. Tperse, 1D mo-
KET UCIOJIb30BATHCS KaK IPOMEXYTOUHBIN 1I1ar B 60see CI0)KHOM METOoJ1e 00paOOTKU CUTHAJIOB.
Knaccuueckuit mpumep 3T0ro - ckpyuuganue cuenanos bII®, anroputM sl CKpyYUBaHUS CUT-
HAJIOB, KOTOPBII B COTHHU pa3 ObICTpee, YeM OOBIUHBIE METOBI.

Spectral Analysis of Signals

CunexkrpajabHblii AHaau3 CUrHaJIOB

It is very common for information to be encoded in the sinusoids that form a signal. This is true
of naturally occurring signals, as well as those that have been created by humans. Many things
oscillate in our universe. For example, speech is a result of vibration of the human vocal cords;
stars and planets change their brightness as they rotate on their axes and revolve around each
other; ship's propellers generate periodic displacement of the water, and so on. The shape of the
time domain waveform is not important in these signals; the key information is in the frequency,
phase and amplitude of the component sinusoids. The DFT is used to extract this information.

CriexTpasbHbII aHaJIM3 CUTHAJIOB OYeHb 0ObIUEH AJI MHPOpPMaLUKU, KoTopas OyAeT 3aKoq1poBa-
Ha B CMHycoHJax (OPMHUPYIOMUX CHUTHAI. DTO UCTUHHO M3 €CTECTBEHHO IOSIBICHUS CUTHAJIOB,
TaK)Ke KaK CUTHAJIOB CO3/IaHHBIX JIIOJbMH. MHOTHE BEeUIH KOJIEOIIOTCS B Haleil BceaeHHoH. Ha-
pUMeEp, pedb - Pe3yIbTaT BHOPALNU YEIOBEUYECKUX TOJOCOBBIX CBSI30K; 3BE3bI U TUIAHETHI U3-
MEHSIIOT UX SIPKOCTh, IOTOMY YTO OHHM BpAIIAIOTCS BOKPYT CBOMX OCEH M BPAIIAIOTCS BOKPYT
JpyT Apyra; TpeOHOM BUHT CyJHA T€HEPHPYIOT NMEPHOANIECKOE CMEICHHE BOJBI, U TaK Jajiee.
@opma GopMsl KonebaHUN TOMEHA BpEeMEHH HE BakKHA B 3THX CUTHaJaX; KJto4YeBas MH(OpMa-
UL HAXOJUTCS B yacmome, ghaze N amnaumyoe cocTapisonux cunyconn. 1D ncnonssyeres,
YTOOBI U3BIICYH 3Ty HHPOPMAIIHIO.
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An example will show how this works. Suppose we want to investigate the sounds that travel
through the ocean. To begin, a microphone is placed in the water and the resulting electronic
signal amplified to a reasonable level, say a few volts. An analog low-pass filter is then used to
remove all frequencies above 80 hertz, so that the signal can be digitized at 160 samples per sec-
ond. After acquiring and storing several thousand samples, what next?

ITokaxxem Ha mpumepe, Kak 310 pabotaer. IIpeamnonoxum, 4To Mbl XOTUM HCCIIEI0BATh 3BYKH,
KOTOpBIE PACHPOCTPAHSIOTCA B OKeaHe. J[J1s Hagana MoMecTHM BOAY MHUKPO(OH M IMOTyYeHHBIN
AJIEKTPOHHBIN CUTHAJ, YCUJIMM JI0 Pa3yMHOT'O YPOBHS, CKa)K€M HECKOJBKO BaTT. 3aTE€M HCIOJb-
3yeM aHaJIOTOBBIH (DMIIBTP HIDKHUX YacTOT, YTOOBI YJaUTh BCE 4acTOTHI Oosiee yem 80 repi,
TaK, YTOOBI CUT'HAJ MOT ObITh oungpoBaH ¢ yactoroi 160 BEIOOPOK B cekyHAy. JlomycTum, MbI
pruoOpeTu(TMOTYUNITN) U COXPAHIIIA HECKOJIBKO THICSY BBIOOPOK, YTO JajbIie?

The first thing is to simply look at the data. Figure 9-1a shows 256 samples from our imaginary
experiment. All that can be seen is a noisy waveform that conveys little information to the hu-
man eye. For reasons explained shortly, the next step is to multiply this signal by a smooth curve
called a Hamming window, shown in (b). (Chapter 16 provides the equations for the Hamming
and other windows; see Egs. 16-1 and 16-2, and Fig. 16-2a). This results in a 256 point signal
where the samples near the ends have been reduced in amplitude, as shown in (c).

IlepBoe, MBI MOXKEM MPOCTO cvompems Ha AaHHble. Ha pucynke 9-la mokazaHo 256 BBIOOPOK
MOJIyYE€HHBIX B pe3yJIbTaTe HAILLIETO MBICJICHHOTO SKCIIEpUMEHTa. Bce, 4To MBI MOYXKEM 3aMEeTHUTh -
nryMHast popMa BOJIHBI(CUTana), KoTopas nepefaeT HeOOobIIyo HHPOPMAIIUIO YeTI0BEYECKOMY
rnazy. [lo mpuunHaMm, KoTopble OyIyT BCKOpE OOBSICHEHBI, CIEIYIONIMM IIaroM JOKHO OBITh
YMHO)KEHHE 3TOTO CHTHAJIa Ha TJIAIKYI0 KPUBYIO Ha3bIBAEMYI0 OKHOM XeMMMHIa, TOKa3aHHYIO
B (b). (I'maBa 16 obGecrieunBaeT ypaBHeHHsI 111 OKHA XEMMHHTA U IPYTUX OKOH; CM. YPaBHEHUS,
16-1, 16-2, u puc. 16-2a). 10 mpUBOANUT K 256 TOUKAM CHTHAJIA, TJI€ BEIOOPKU OKOJO KOHIIOB
OBLITH COKpAIIICHBI B aMIUTUTY 1€, KaK MMOKa3aHo B (C).

Taking the DFT, and converting to polar notation, results in the 129 point frequency spectrum in
(d). Unfortunately, this also looks like a noisy mess. This is because there is not enough informa-
tion in the original 256 points to obtain a well behaved curve. Using a longer DFT does nothing
to help this problem. For example, if a 2048 point DFT is used, the frequency spectrum becomes
1025 samples long. Even though the original 2048 points contain more information, the greater
number of samples in the spectrum dilutes the information by the same factor. Longer DFTs
provide better frequency resolution, but the same noise level.

[Tonyuenue JAI1®, u npeobpazoBaHue K MOJSIPHON crcTeMe 0003HAUYCHUM, MPUBOIUT K 129 Tou-
kaMm gactoTtHoro crektpa B (d). K coxkanenuto, 3To Takke HAlIOMHHAET IIyMHBIH OECIIOPSIIOK.
DTO MPOUCXOAMT MOTOMY, YTO B 256 TOUKaxX OpUTHHAJIA UMEETCS] HEJIOCTATOYHO MH(OpMaIuu,
YTOOBI MOTYYUTh XOPOIIO BEIyIIyIO ce0si KpUBYIO(KPUBYIO C XOPOIIMMHU CBOMCTBaMHU). Mcmomnb-
3oBanue Oosiee gymmHHOTO JIIID He nemaer HUYEro, YTOOBI TOMOYb B PEIICHUH YTOW MPOOIEMBI.
Hanpumep, ecnu ncnonszyercss 2048 touek HIID, cnekTp yacTtoT ctaHoBUTCA AnuMHHOW 1025
BBIOOpOK. [laxke mpu TOM uro opuruHai, 2048 TOouek, comepkur Oonbine wWHPOpMa-
nuH(moapodHy0 MH(POPMaIUIo), OOJBIIOE YUCIO BBIOOPOK B CHEKTpe, pa3zdaBiseT WH(popMma-
LU0 TeM ke cambIM dakTopoM. bonee anuunpie 1D obecnieunBaroT JIy4IIyt0 4acTOTHYIO pas-
PEeIIaIoNIyI0 CIIOCOOHOCTD, HO TOT K€ CaMblil YpOBEHb IIyMa.

The answer is to use more of the original signal in a way that doesn't increase the number of
points in the frequency spectrum. This can be done by breaking the input signal into many 256
point segments. Each of these segments is multiplied by the Hamming window, run through a
256 point DFT, and converted to polar notation. The resulting frequency spectra are then aver-
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aged to form a single 129 point frequency spectrum. Figure (e) shows an example of averaging
100 of the frequency spectra typified by (d). The improvement is obvious; the noise has been re-
duced to a level that allows interesting features of the signal to be observed. Only the magnitude
of the frequency domain is averaged in this manner; the phase is usually discarded because it
doesn't contain useful information. The random noise reduces in proportion to the square-root of
the number of segments. While 100 segments is typical, some applications might average mil-
lions of segments to bring out weak features.

OTBeT - He00XOAMMO HCIIONIB30BaTh OOJIbIIE TIEPBOHAYATILHOTO CUTHAIA CIIOCOOOM, KOTOPBINA HE
YBEJIMYUBAET YHUCIIO TOUEK B YACTOTHOM CIIEKTpe. DTO MOXKET OBITh CeNIaH0, pa30uBasi BXOIHOU
CUTHAJ Ha 256 TOYEK BO MHOTUX ceamenmax. Kaxaplil U3 3TUX CETMEHTOB YMHOXKEHHBIN Ha Ok-
HO XeMMuHTra, npooeraet 256 touek 1D, u mpeoOpazoBaH B MOIIPHYIO CUCTEMY 00O3HaAYe-
Huil. [lomydeHHbIE CHIEKTPHI YaCTOTHI TOTJA yCpeOHeHbl, YTOObl (POPMUPOBATH OTHENbHBIE 129
TOYEK CUTHAJIa CIIEKTpa 4acToT. PucyHoK (e) moka3eiBaeT mpumep cpeanero u3 100 4acToTHBIX
CIIEKTPOB, KOTOPBIE CHMBOIH3UPOBAHBI(0NUIIETBOPEHBI) (d). YiydmieHue(yToOuHEHUE) OYEBHI-
HO; IIIyM OBIJI COKpaIieH(yMEHBIIIEH) 10 YPOBHS, KOTOPHIH MO3BOJISET HHTEPECHBIM(3HAYMMBIM )
0coOeHHOCTSIM curHania Habmronatecs. TONBKO 6eruyuna YaCTOTHOTO JIOMEHA YCpeAHEHA 3TUM
croco0oM; ¢haza OOBIYHO OTBEPraeTCs, MOTOMY UTO HE COACPXKUT mojie3Hor uHpopmanmu. Ciy-
YaiHbI{ IIyM NPUBOAUTCA B COOTHOIIEHUHU(TPONOPLHOHANBHO?) K K6AOpAmMHOMY KOPHIO YUCIIa
cermMeHTOB. B To Bpems kak turmmuyHo 100 CerMEeHTOB, HEKOTOPBIE MPUIIOKEHHUS, YTOOBI OOHAPY-
KUTH clla0dble 0COOCHHOCTH(CUTHAIIA), MOTJIU OBl YCPEIHATh MULIUOHbBL CETMEHTOB.

There is also a second method for reducing spectral noise. Start by taking a very long DFT, say
16,384 points. The resulting frequency spectrum is high resolution (8193 samples), but very
noisy. A low-pass digital filter is then used to smooth the spectrum, reducing the noise at the ex-
pense of the resolution. For example, the simplest digital filter might average 64 adjacent sam-
ples in the original spectrum to produce each sample in the filtered spectrum. Going through the
calculations, this provides about the same noise and resolution as the first method, where the
16,384 points would be broken into 64 segments of 256 points each.

Nmeercs Takxke BTOPO METOJ AJIsi YMEHBIIEHUS CIEKTpasibHOro myma. Haunem, Oepsi oueHb
nmuaHoe 1D, ckaxkem 16384 Touku. [loydyeHHBIN CIEKTP YACTOT UMEET BBHICOKOE Pa3peIICHUE
(8193 BeIOOpKM), HO OYEHB IIYMHBIH. Torna ucnonszyercs HUPpPoBON GUIBTP ¢ HHU3KUM IIPO-
XO0JIOM, YTOOBI npueiaoums CIEKTp, MPUBOAS(YMEHBINASI) TyM 3a CUET pa3peliarolie crocoo-
HocTH. Hanpumep, camblii mpoctoii indpoBoii GpuibTp Mor Obl yepenHUTh 64 CMeXHBIE BHIOOD-
KU B NEPBOHAYAIBHOM CIEKTpE, YTOOBI IPOU3BECTU KaXkAYI0 BHIOOPKY B (PUIBTPOBAHHOM CIEK-
tpe. IIpoxoas BBIYMCIIEHUS, 3TO OOECIEYHBAET OTHOCHTENBHO TOT K€ CaMbIid IIyM U paspe-
MIAIONTYI0 CITIOCOOHOCTH, YTO W MEPBBIM MeTO, Tre 16384 Todyek ObuTM OBl pa3OUTHI Ha 64 cer-
MEHTa M0 256 TOYEeK KaXK]IbIil.

Which method should you use? The first method is easier, because the digital filter isn't needed.
The second method has the potential of better performance, because the digital filter can be tai-
lored to optimize the trade-off between noise and resolution. However, this improved perform-
ance is seldom worth the trouble. This is because both noise and resolution can be improved by
using more data from the input signal. For example, imagine breaking the acquired data into
10,000 segments of 16,384 samples each. This resulting frequency spectrum is high resolution
(8193 points) and low noise (10,000 averages). Problem solved! For this reason, we will only
look at the averaged segment method in this discussion.

Koropsrit MmeTon Bel nomkHBI ncmonas3oBath? [lepBolid METOA MpoIIE, MOTOMY YTO HET HE0OXO-
JUMOCTH UCIONB30BaTh 1upoBoi GuibTp. Bropoit Mmeton umeer nomenyuan ayuuien ¢ dek-
TUBHOCTH, MOTOMY YTO, YTOOBI ONTUMHU3UPOBATH OTHOILICHHUE MEXIY IIYMOM U pa3pelIaroniei
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CIIOCOOHOCTBIO MOXET OBITh MPUCIIOCOOJICH(CIIEIINAILHO CAeNaHHbIi) upoBoi GunbTp. On-
HaKo, 3Ta yiydiieHHas 3()(PEKTUBHOCTh PEIKO CTOWT TPEBOTH(BOJIHEHHUH). DTO MOTOMY, YTO
IIYM H pa3pemiaroias crioCOOHOCTh MOTYT OBITh YIYYIIICHBI, HCIIOIB30BAaHUEM 00/1bLLe20 KOTH-
YECTBO JAHHBIX W3 BXOJHOTO curHaia. Hampumep, BooOpa3ute pazOuBaHHE NMPHOOPETEHHBIX
naHabiX Ha 10000 cermenToB 110 16384 BEIOOPOK KaXKIbIiA. DTOT 3aKaHYMBAIOIIHIICS CIIEKTP Yac-
TOT C BBICOKUM pa3zpemieHneM (8193 touku) u Hu3kuMm mymom (cpeanee 10000). Pemennas
[Ipo6nema! Ilo 3Toil npuuMHE B 3TOM OOCYXJIEHHH, MBI OyZeM paccMaTpUBaTh TOJIBKO METOJ
YCPEIHEHHOT'O CerMeHTa.
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PUCVYHOK 9-1. Ilpumep cnekTpaabHOrO aHalIM3a.

PucyHok (a) moxaspiBaer 256 BBIOOPOK, IPUHSTHIE OT (MMUTHPOBAHHOTO) MOJBOAHOIO MUKpOdoHa ¢ yacToToit 160
BBEIOOPOK B CEKYHAY. DTOT CHTHaJ YMHOXeH Ha OKHO XeMMHHTa, Moka3anHoe B (b), IPUBOIS K CUTHAITY 00pabaThI-
BaeMOro MeToJoM OkHa B (c). CHEeKTp 4acTOT CHTHaJIa PEealn3yeMOro IOCPEICTBOM OpraHW3alMd OKHA HailleH,
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ucnons3yst AI1®D, u orobpaxen B d) (Tonbko Benmuuuna). CpenHee oTux 100 CEKTPOB NPUBOAUT CIIyYalHBIH 1IyM,
MIPUBOJISL K YCPETHEHHOMY CIIEKTPY YacTOT, TOKa3aHHOMY B (€).

Figure 9-2 shows an example spectrum from our undersea microphone, illustrating the features
that commonly appear in the frequency spectra of acquired signals. Ignore the sharp peaks for a
moment. Between 10 and 70 hertz, the signal consists of a relatively flat region. This is called
white noise because it contains an equal amount of all frequencies, the same as white light. It
results from the noise on the time domain waveform being uncorrelated from sample-to-sample.
That is, knowing the noise value present on any one sample provides no information on the noise
value present on any other sample. For example, the random motion of electrons in electronic
circuits produces white noise. As a more familiar example, the sound of the water spray hitting
the shower floor is white noise. The white noise shown in Fig. 9-2 could be originating from any
of several sources, including the analog electronics, or the ocean itself.

Ha pucynke 9-2 mokaszan mpuMep CHEKTpa OT HAIIero MOJBOJHOTO MHUKPO(GOHA, WILTFOCTPHPYS
0COOEHHOCTH, KaKue OObIYHO MOSBISIOTCS B YACTOTHBIX CIIEKTpaxX MPUOOPETEHHBIX CHUIHAJIOB.
UrHopupys kpyTble MTHOBEHHbIE MUKH, MeXTy 10 u 70 repii cUrHaia COCTOMT U3 OTHOCUTEIBHO
IUIOCKOH 001acTH. DTO Ha3bIBaeTCs 0eJbIM IIYMOM, IOTOMY YTO COAEP)KUT PaBHOE KOJIMUYECTBO
BCEX YaCTOT, TaK K€ caMoe Kak OeJblii CBET(CBETOBOE M3Iy4yeHHE). JTO CIeAyeT U3 IyMa B
¢dbopMe BOJHBI JOMEHA BPEMEHHU, SBISIOMIMMCS HeKoppeauposanHuim OT "BBIOOPKU K BBIOOpKE'.
To ecTb, 3HaHME 3HAUYEHHUS MPEICTABICHHOTO Ha JIF0O0H BBHIOOPKE IIyMa HEe 00eCcleunBaeT HUKa-
KOM nH(pOpMalMK OTHOCUTENILHO 3HaYEHHUs IIyMa MPEICTaBICHHOI0 Ha 11000 IpyTroif BEIOOpKE.
Hanpumep, GecriopsiiouHoe ABMKEHHE AJIEKTPOHOB B AJICKTPOHHBIX LETSIX MPOU3BOJIUT OEJIBIiA
myMm. Kak Oosiee 3HaKOMBIN NpUMep, 3ByK BOJHOIO paclbUICHHs Majarouied Ha MoJd BOJbI U3
nymia - Oenbrif mrym. bernsiid mryM, moka3aHHbIH Ha puc. 9-2 MOT OBl POUCXOANUTH U3 JIFOOOTO U3
HECKOJIbKUX UCTOYHUKOB, BKJIIOUYAsI aHAJIOTOBYIO 3JIEKTPOHUKY, UM HEIIOCPEICTBEHHO OKEaH.

Above 70 hertz, the white noise rapidly decreases in amplitude. This is a result of the roll-off of
the antialias filter. An ideal filter would pass all frequencies below 80 hertz, and block all fre-
quencies above. In practice, a perfectly sharp cutoff isn't possible, and you should expect to see
this gradual drop. If you don't, suspect that an aliasing problem is present.

Boime 70 repu, Oenblif mrym OBICTPO YMEHBILIAETCS B aMIUIUTYJE. OJTO - PE3yJbTaT 3aBalia
¢unbTpa A ycrpaneHus 3¢ (eKToB HajlokKeHus cekTpoB. VaeansHblil puiabTp nepenan Obl Bce
4acTOTBI HUXKE, U OJIOK BcexX dacToT Bhime 80 repi. [IpakTudecku, COBEPIICHHO KPYTOM MOPOT
HE BO3MOXXEH, U BBl TOJKHBI 0KHMJIaTh BUIETh 3TO NOCTENEHHOE cHIKeHue. Eciau Bel He nenae-
Te, Mo03peBaiTe(Ioaaraite), 4To MpodeMa Hal0KEHHSI CIIEKTPOB MPUCYTCTBYET.

Below about 10 hertz, the noise rapidly increases due to a curiosity called 1/f noise (one-over-f
noise). 1/f noise is a mystery. It has been measured in very diverse systems, such as traffic den-
sity on freeways and electronic noise in transistors. It probably could be measured in all systems,
if you look low enough in frequency. In spite of its wide occurrence, a general theory and under-
standing of 1/f noise has eluded researchers. The cause of this noise can be identified in some
specific systems; however, this doesn't answer the question of why 1/f noise is everywhere. For
common analog electronics and most physical systems, the transition between white noise and
1/f noise occurs between about 1 and 100 hertz.

Hwxe 10 repi mym OBICTPO yBEIMUYMBAETCS U3-3a peAKOH(JI000NBITHOM) Bemy, Ha3biBaeMoi 1/f
mym (one-over-f mrym). 1/f mym — 3aranka. 9to ObLUTO H3MEPEHO B OYE€HB WHBIX CHCTEMAaX, THIIA
IUIOTHOCTH(MHTEHCUBHOCTh) TpaduKa(JIBMKEHUS) HA aBTOCTpajaxX M 3JEKTPOHHOrO Iyma B
TPaH3UCTOpaxX. ITO BEPOSTHO MOIJIO OBl OBITH U3MEPEHO BO BCEX CHUCTEMax, €ciu Bbl cMOTpH-
Te(MLIUTE) JOCTaTOYHO HU3KYI0 4acToTy. HecmoTps Ha ero IIHMpPOKOE MECTOHaXOX[e-
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HUe(pacrpocTpaHeHue), o0mias Teopuss U MoHUMaHue 1/f myma yKIOHHMIMCH OT HCCllefoBaTe-
neit. [IpuumHa 5TOrO 1MIyMa MOXKET OBITh MACHTH(PHUIIMPOBaHA(OTOXKIACCTBICHA) B HEKOTOPBIX
crieun(pUIEecKUX CUCTEMax; OJTHAKO ATO HE OTBEYaeT Ha BOMPOC TOro, nmoyemy 1/f nrym mosiBis-
etcst Bcroay. Jlust o61ieii(00bIuHOM) aHATIOTOBOM AJIEKTPOHUKHU U Hanbosee GU3NISCKUX CUCTEM,
nepemenieHue(mepexo, mpeBpaiieHne) Mexay OenpiM mymoM U 1/f mrymoM HaxomuTcs MpH-
ommuTenpHO Mexay 1 u 100 repriamu.

Now we come to the sharp peaks in Fig. 9-2. The easiest to explain is at 60 hertz, a result of elec-
tromagnetic interference from commercial electrical power. Also expect to see smaller peaks at
multiples of this frequency (120, 180, 240 hertz, etc.) since the power line waveform is not a per-
fect sinusoid. It is also common to find interfering peaks between 25-40 kHz, a favorite for de-
signers of switching power supplies. Nearby radio and television stations produce interfering
peaks in the megahertz range. Low frequency peaks can be caused by components in the system
vibrating when shaken. This is called microphonics, and typically creates peaks at 10 to 100
hertz.

Teneps Mbl IpuOBIBaEM B KpyThle MUKK Ha puc. 9-2. Camoe npoctoe o0bsicHenue - 60 repi, pe-
3yJlbTaT 3JEKTPOMATHUTHOM MHTEp(EpeHUUU(IIOMEXH) OT NPOMBIIUIEHHOW 3JIEKTPHUYECKOU
sHeprun(cern). Takxe okuaaiiTe BUAETh MEHBIINE IIMKU KpaTHble 3ToM yactote (120, 180, 240
repu, ¥ T.4.) Tak Kak (opMa BOJIHbI JIMHUU 3JIEKTPONEPEAun - He CO8epuieHHds CUHYCOUJA.
Taxxke 0OBIYHO BCTPETUTH BMEIIMBAaromuecs nmuku Mexay 25-40 kl'n, ¢aBoput(cambrii Onm-
KaWIMH KaHAWAAT) U1 KOHCTPYKTOPOB B MEPEKIIOUYEHUH UCTOUYHUKOB MUTaHUs. binsnexariee
pazuo W TEIEBU3UOHHBIC CTAHIIMH MPOU3BOAAT BMEIIMBAIOIIMECS MUKHU B AMANa30HE Merarepil.
HuzkodacToTHBIE MUKU MOTYT OBITh BBI3BAHBI KOMIIOHEHTaMHU B BUOPHUPYIOIIEH CUCTEME, KOT/ia
OHa TMOJBEpXKEHa KoJieOaHUAM(BHOpAINH, Ka4aHUsAM). JTO HA3bIBACTCS MUKPODOHHBIM I gheK-
mom, i THNU4YHO co3aaet nuku ot 10 mo 100 repi.

Now we come to the actual signals. There is a strong peak at 13 hertz, with weaker peaks at 26
and 39 hertz. As discussed in the next chapter, this is the frequency spectrum of a nonsinusoidal
periodic waveform. The peak at 13 hertz is called the fundamental frequency, while the peaks at
26 and 39 Frequency (hertz) hertz are referred to as the second and third harmonic respectively.
You would also expect to find peaks at other multiples of 13 hertz, such as 52, 65, 78 hertz, etc.
You don't see these in Fig. 9-2 because they are buried in the white noise. This 13 hertz signal
might be generated, for example, by a submarines's three bladed propeller turning at 4.33 revolu-
tions per second. This is the basis of passive sonar, identifying undersea sounds by their fre-
quency and harmonic content.

Teneps MbI mpuObIBaeM B akTyasibHbIC((DaKTHUECKHE) cUTHAIBI. MMeercs CWiIbHBIN TUK B 13
repi, ¢ 6osiee cnabpiMu nukamu B 26 u 39 repi. Kak obcyxneHo B cienyromeit riase, 310 -
CIIEKTP YacTOT HECHHYCOUIATbHOM mepuoandeckoit popmel BomHbl. [Tuk B 13 repi; HazbBaeTcs
(GyHIaMEeHTaIbHOW(COOCTBEHHOM) 4acTOTOM, B TO BpeMsl Kak MUKU B 26 U 39 repil ynoMsHyThI
KaK BTOpasi U TPEThbsS FapMOHHMKA COOTBETCTBEHHO. BbI Take oxkujanu Obl HAUTU Apyrue MUKU
KkpatHble 13 repu, tuna 52, 65, 78 repu, u T.4. Bbl He BuanTe UX Ha puc. 9-2, TOTOMY YTO OHHU
3aXOPOHEHBI(3aMaCKUPOBaHbI) B O0esloM 1ryMme. DToT curHai 13 repir Mor Obl OBITH CT€HEPUPO-
BaH, HalpUMep, CyOMapuHAMU C TPeMs JIOMACTSIMU TPeOHOTO BHHTA CO CKOPOCTHIO BpAIllEHUS
4.33 06opoTa B CEKyHAY. DTO - OCHOBAHUE NACCUBHO20 TUIPOJOKATOPA, UACHTUDUIIMPYS TIOA-
BOJHBIE 3BYKH UX YACTOTOU U COJIEPIKaHNEM TapMOHHK.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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FIGURE 9-2
Example frequency spectrum. Three types of features appear in the spectra of acquired signals: (1) random noise,
such as white noise and 1/f noise, (2) interfering signals from power lines, switching power supplies, radio and TV
stations, microphonics, etc., and (3) real signals, usually appearing as a fundamental plus harmonics. This example
spectrum (magnitude only) shows several of these features.

PUCYHOK 9-2. IIpumep criekTpa 4acTor.

Tpu THma ocoOGeHHOCTEH MOSABISIOTCA B CIIEKTPAaxX HMPUOOPETEHHBIX CHUTHANOB: (1) ciywyaiHBIA mIyM, THma Genoro
mryma u 1/f myma, (2) BMemmBaromumecs: CUTHAIBI(IIOMEXH) OT JIMHUH 3JIEeKTpoIepeaadn, IepeKITIoueHIs HCTOIHHU-
KOB IMUTAHUS, PAIUO0 ¥ TEICBU3UOHHBIX CTAHIUH, MUKPOPOHHBIN 3 deKT, U T.1., U (3) peanbHbIe(HACTOSIINE) CHT-
HaJlbl, OOBIYHO MOSBIISISCH KaK IUTIOC (yHIaMEHTaJIbHOW(OCHOBHOI) rapMOHUKHU(YACTOTHI). DTOT HPUMEp CIIEKTpa
(TOJIBKO BENTMUUHBI) TIOKA3bIBAET HECKOJIBKO M3 STHX 0COOEHHOCTEH.

Suppose there are peaks very close together, such as shown in Fig. 9-3. There are two factors
that limit the frequency resolution that can be obtained, that is, how close the peaks can be with-
out merging into a single entity. The first factor is the length of the DFT. The frequency spec-
trum produced by an N point DFT consists of N/2+1 samples equally spaced between zero and
one- half of the sampling frequency. To separate two closely spaced frequencies, the sample
spacing must be smaller than the distance between the two peaks. For example, a 512 point DFT
is sufficient to separate the peaks in Fig. 9-3, while a 128 point DFT is not.

[Ipennonoxum, 4To UMEIOTCS MUKH, PACIIOIIOKEHHbBIE OUY€Hb OJM3KO APYT K IPYTy, TUIIA MHUKOB,
NOKa3aHHBIX Ha puc. 9-3. Merotcs nBa (pakropa, OrpaHUYMBAIOIIUX YACTOTHYIO Pa3peIlaloIIyIo
CIOCOOHOCTH, KOTOPasi MOKET OBITh IMOJYYCHA, TO €CTh, KaK OJM3KO MUKH MOTYT OBITH 0€3 TOTO,
YTOOBI 0OBEJUHUTHCS B €AMHCTBEHHBIN 00beKT. IlepBrlii pakrop - amuna JAIId. Crnektp yactor,
npousBeneHHbd JIIID N touek, coctout u3 N/2+1 BBIOOPOK, OJMHAKOBO Pa3AeIbHBIX MEKIY
HyJIEM U €IMHUIIEH - MOJIOBMHA BBIOOPOYHON 4acTOThl. YTOOBI OTAEIUTH ABE OJM3KO Pacoiio-
YKEHHBIE YaCTOTbI, UHTEPBAJ BBIOOPKU JOJKEH OBbITh MeHblde, YEM PACCTOSHUE MEXAY ABYMs
nukamu. Hampumep, A1 512 Touek, sBiseTcs NOCTATOYHBIM, YTOOBI OTACTUTH MUK B PUC. 9-
3, B To Bpems kak [I1®D 128 Touek siBaseTCs HENOCTATOUHBIM.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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FIGURE 9-3
Frequency spectrum resolution. The longer the DFT, the better the ability to separate closely spaced features. In
these example magnitudes, a 128 point DFT cannot resolve the two peaks, while a 512 point DFT can.

PUCYHOK 9-3. Pa3zpermaromiasi crtocOOHOCTB CIIEKTPa YacToT.
Uem mmunbme AP, Tem mydme cmocoOHOCTh OTAETUTH OJIM3KO PACIIONOKEHHbIE 0cOOeHHOCTH. B 3TOM mpumepe
BenuuuHbl, JIII® 128 Touek He MOKET OTIENUTh ABA MHKA, B TO BpeMs Kak J[I[1D 512 touek MOXKeT.

The second factor limiting resolution is more subtle. Imagine a signal created by adding two sine
waves with only a slight difference in their frequencies. Over a short segment of this signal, say a
few periods, the waveform will look like a single sine wave. The closer the frequencies, the
longer the segment must be to conclude that more than one frequency is present. In other words,
the length of the signal limits the frequency resolution. This is distinct from the first factor, be-
cause the length of the input signal does not have to be the same as the length of the DFT. For
example, a 256 point signal could be padded with zeros to make it 2048 points long. Taking a
2048 point DFT produces a frequency spectrum with 1025 samples. The added zeros don't
change the shape of the spectrum, they only provide more samples in the frequency domain. In
spite of this very close sampling, the ability to separate closely spaced peaks would be only
slightly better than using a 256 point DFT. When the DFT is the same length as the input signal,
the resolution is limited about equally by these two factors. We will come back to this issue
shortly.

Btopoii ¢akTop, OorpaHUYMBAIONIMKN pa3pemIaoNIy0 CIIOCOOHOCTh 0oJjiee TOHKUH(UCKYCHBIH).
Boo0Opasure curnan, co3iaHHbIN, CII0XXEHHEM JIByX BOJH CHHYCa C OUY€Hb HEOOJBIION pa3Ho-
CTBIO B MX 4acToTaX. [lo KOpOTKOMY CErMEeHTY 3TOro CHrHajia, CKa)kKeM HECKOJbKHUX MEepHOJIOB,
(dhopma BOIHBI HaOMHHAET(TIOO00HA) eduHcmBeHHY0(00UuHOYHYI0) BOHY cuHyca. Uem Onrke
YacTOTHI, TEM JIJIMHHEE JIOJDKEH OBITh CETMEHT, YTOOBI 3aKIIIOUUTH(CIEaTh BEIBO), UTO OOJIBIIE
4YeM OJIHA YacTOTa MPUCYTCTBYET. JlpyruMu coBaMH, JIMHA CHTHAIA OTPAHUYNBACT YaCTOTHYIO
pa3pemaromyo CrocoOHOCTh. ITO OTIMYHO OT TMepBOro (axkropa, MOTOMY UYTO OJuU-
HA(OIUmMenbHOCmMy) 6X00H020 CUSHALAQ HE JIOJDKHA OBITh TOHM K€ CcaMOM Kak  Oau-
Ha(Onumenvrocmy) JI1®. Hanpumep, 256 ToOYeK cUTHAIA MOTYT JAOTMOIHATHCS HYJISIMHU, YTOOBI
nenatb 370 JUMHHOU 2048 touek. [Ipu B3stum 2048 touek 11D npous3BOIUT CHEKTP YACTOT C
1025 Be16opkamu. [[o6aBiieHHBIC HYJW HE U3MEHSIOT (JOPMY CIIEKTpa, OHU TOJBKO obOecreunBa-
10T O0JIblIIee KOJIMYECTBO BRIOOPOK B YaCTOTHOM JoMeHe. HecMoTpst Ha 3T0, py 0ueHb OJIM3KOM
OCYIIIECTBIIEHHE BBIOOPOK, CHOCOOHOCTH OTAEIUTH OJU3KO PACIOJOKCHHBIE NMHKH ObLIa OBl
TOJIBKO CJIETKa Jyullle, 4yeM Ipu ucnonb3zoBanuu 256 touek JAI1D. Korma HAIID - Toii sxe camoit
JUIMHBI KaK BXOJIHOM CHUTHAJI, pa3peniaromiasi ClioCOOHOCTh OTpaHrueHa dTUMHU JBYMs (paKTopaMu
OTHOCHUTEIILHO OJMHAKOBO. MBI BO3BpaTUMCSI K 3TOH mpobieme BCKope.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Next question: What happens if the input signal contains a sinusoid with a frequency between
two of the basis functions? Figure 9-4a shows the answer. This is the frequency spectrum of a
signal composed of two sine waves, one having a frequency matching a basis function, and the
other with a frequency between two of the basis functions. As you should expect, the first sine
wave is represented as a single point. The other peak is more difficult to understand. Since it
cannot be represented by a single sample, it becomes a peak with tails that extend a significant
distance away.

Crnenyromuii Bonpoc: Uto citydaercs, €ciii BXOJHOW CUTHAJ COAEPKHUT CUHYCOUIY C 4acTOTOM
Mmedxncdy nByMs 13 0a3ucHBIX (GyHKOHH? PucyHok 9-4a moka3biBaeT OTBET. DTO - CHEKTP YacTOT
CHUTHaJIa, COCTaBJICHHOTO M3 JIByX BOJIH CHHYCa, OJJHA UMEET 4acToTy, coomeemcmsyouyio o6a-
3UCHOU (PYHKITUH, U ApYTasi ¢ 4YaCTOTOU Medcoy AByMs U3 0a3ucHbIX GyHKui. Kak Ber momkHbBI
OXUJaTh, TEpBasi BOJIHA CHUHYCa MPEJCTaBICHA KaK €IWHCTBEHHas Touka. J[pyroil muk Goiee
TPYIHO MOHATH. Tak Kak OH HE MOKET OBITh MPEJICTABIICH €IMHCTBEHHON(OTIEIHHOM) BBIOOD-
KO, 3TO CTAHOBUTCS MUKOM C XBOCTAMH (Cpe3aMH MMIYJbCA, KPbLIbSIMH, KOHEYHbIMH (pa-
3aMH), KOTOpPbIE pacIIMPSIOT 3Hayalllee pacCTOsTHUE(MHTEPBaIT) AaJIEKO.

The solution? Multiply the signal by a Hamming window before taking the DFT, as was previ-
ously discussed. Figure (b) shows that the spectrum is changed in three ways by using the win-
dow. First, the two peaks are made to look more alike. This is good. Second, the tails are greatly
reduced. This is also good. Third, the window reduces the resolution in the spectrum by making
the peaks wider. This is bad. In DSP jargon, windows provide a trade-off between resolution (the
width of the peak) and spectral leakage (the amplitude of the tails).

Pemenne? YMHOXbBTE cHTHal Ha OKHO XeMmMuHra nepen Biartuem JI1®D, kak Obuto mpeaBapu-
TenpHO 00cyxaeHo. PucyHok (b) mokaswiBaeT, 4TO HCIONB3Ysl OKHO, CIIEKTP M3MEHEH TpeMs
criocobamu. Bo mepBhIX, J1Ba MHKa CIeTIaHbl, YTOOBI BBITIAIETH 00J1e€ MOJ0OHBIMU. DTO XOPOIIO.
Bo BTOphIX, XBOCTHI (KOHEUYHBIE (Da3bl) OUEHb COKpAIICHBI. DTO TaKXke XOpoImio. Tperbe, OKHO
NPUBOJIUT Pa3pelIaloNIyl0 CIOCOOHOCTh B CIIEKTpe, Jeias MUKW OoJiee MHUPOKUMHU. DTO TUIOXO.
Ha xaprone [{OC, okHa obecnieunBaroT 00OMEH MEXIY paspeuaroujeli cCnocooHocmuio (WupuHou
nUKa) U CNeKmpaibHot ymeukou (aMITUTYJOM XBOCTOB(IIPOCAYMBAHUEM CIIEKTPaIbHBIX COCTaB-
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FIGURE 9-4. Example of using a window in spectral analysis.

Figure (a) shows the frequency spectrum (magnitude only) of a signal consisting of two sine waves. One sine wave
has a frequency exactly equal to a basis function, allowing it to be represented by a single sample. The other sine
wave has a frequency between two of the basis functions, resulting in fails on the peak. Figure (b) shows the fre-
quency spectrum of the same signal, but with a Blackman window applied before taking the DFT. The window
makes the peaks look the same and reduces the tails, but broadens the peaks.

PUCYHOK 9-4. IIpumep HCIIOIB30BaHKS OKHA B CIIEKTPAIbHOM aHAJIHU3E.
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PucyHok (a) mokasbIBaeT CHEKTp 4acTOT (TOJIBKO BEIMYHHY) CHUTHAJIA, COCTOSIIEro M3 JABYX BOJH cHHyca. OnHa
BOJIHA CHHYCa UMEET YacTOTY, TOYHO PaBHYIO 0a3MCHOI (QYHKINH, [TO3BOJISISE STOMY OBITh IIPECTABICHHON €IMHCT-
BEHHOM BBIOOPKOW. Jpyras BoJiHA CHHYCa UMEET YacCTOTy Medicdy NBYyMs W3 0a3HCHBIX (YHKIUH, MPUBOIS K X60-
cmam(KpputbsiM) Ha nHKe. PucyHok (b) mokaspiBaeT CHEKTp 4YacTOT TOrO K€ CaMoro CUrHaja, HO C OKHOM
Blackman'a, npuxiranaeiv nepen B3stueM JI1D. OkHO Aenmaet BUI MHKOB TEM K€ CaMbIM U IPUBOIUT(YMCHBIIIACT)
XBOCTBI (KPBUTBSI IMITYJIECA), HO PACIIUPSCT ITHKH.

To explore the theoretical aspects of this in more detail, imagine an infinitely long discrete sine
wave at a frequency of 0.1 the sampling rate. The frequency spectrum of this signal is an infini-
tesimally narrow peak, with all other frequencies being zero. Of course, neither this signal nor its
frequency spectrum can be brought into a digital computer, because of their infinite and infini-
tesimal nature. To get around this, we change the signal in two ways, both of which distort the
true frequency spectrum.

UtoO0BI KicCIIeIOBATh TEOPETHUYECKUE aCIEKThI ATOro 6osee moapoOHO, BOOOpa3uTe OECKOHEUHO
JUIMHHYIO JIUCKPETHYIO BOJIHY cHHYyca 4acToToi 0.1 "acToTel BeIOOpKH. CIEKTp YacTOT 3TOTO
CUTHaJIa - OECKOHEYHO MaJleHbKUI Y3KHIl IHMK, CO BCEMHU APYTUMH YacCTOTaMH, SIBJISIOLIMMHUCS
HyJieBbIMU. KOHEYHO, HH 3TOT CUTHAJ HH €r0 CIIEKTP YaCTOT HE MOTYT OBITh PUHECEHBI B IIU}-
POBOI KOMIIBIOTEP, U3-3a UX OECKOHEYHOCTH W OECKOHEYHO MaJIoro xapakrtepa(mpupobl). Yro-
ObI 00OHTH 3TO, MBI U3MEHSIEM CUTHAI JBYMs crioco0amu, 00a U3 KOTOPhIX UCKaKAIOT UCTUHHBIN
CIEKTP YacTOT.

First, we truncate the information in the signal, by multiplying it by a window. For example, a
256 point rectangular window would allow 256 points to retain their correct value, while all the
other samples in the infinitely long signal would be set to a value of zero. Likewise, the Ham-
ming window would shape the retained samples, besides setting all points outside the window to
zero. The signal is still infinitely long, but only a finite number of the samples have a nonzero
value.

Bo mepBbIX, MBI ycekaem MHPOPMALUIO B CUTHAJE, YMHOXas 3TO okHOM. Hampumep, npavo-
YyeolbHoe OKHO 256 TOYEK MO3BOJIMIIO OB 256 TOYKaM COXPaHATh UX MPABUILHOE 3HAYCHHE, B TO
BpeMsl KaK BCE JIPYT'He BHIOOPKH B OECKOHEYHO JUIMHHOM CUTHaje OyayT YCTaHOBJICHBI B 3Haye-
Hue Hyns. AHanornyHo, OkHO XeMMHHTra ¢opmuposano O6bl COXpaHEHHbIE BHIOOPKH, TOMHUMO
YCTaHOBKHU BCCX TOYCK BHC OKHA K HYJIIO. Curnain - Bce (S11(§] 6€CKOHC‘-IHO HHHHHLIﬁ, HO TOJIBKO
KOHEYHOE YHCJIO0 BHIOOPOK MMEET 3HAaUeHHUE OTIMYHOE OT HYJIS.

How does this windowing affect the frequency domain? As discussed in Chapter 10, when two
time domain signals are multiplied, the corresponding frequency domains are convolved. Since
the original spectrum is an infinitesimally narrow peak (i.e., a delta function), the spectrum of the
windowed signal is the spectrum of the window shifted to the location of the peak. Figure 9-5
shows how the spectral peak would appear using four different window options (If you need a
refresher on dB, look ahead to Chapter 14). Figure 9-5a results from a rectangular window. Fig-
ures (b) and (c) result from using two popular windows, the Hamming and the Blackman (as
previously mentioned, see Eqs. 16-1 and 16-2, and Fig. 16-2a for information on these win-
dows).

Kaxk sta pabora ¢ okHamu 3aTparuBaeT 4acTOTHBIM HoMeH? Kak oOcyxmeHno B rimaBe 10, korma
JIBa CHUTHajla JIOMEHAa BPEMEHH YMHOKEHbBI, COOTBETCTBYIOLIUE YACTOTHBIE JIOMEHBI C8EpH)-
mul(ckpyuenst). Tak Kak MepBOHAYATBHBIA CIEKTP - OECKOHEUHO MaJI0 y3KHH MUK (TO €CTh, Tpe-
yroJbHasI(NenbTa) (yHKIUS, CIEKTP B3BEIICHHOTO CHTHANA - CIIEKTP OKHA, CABHHYTOTO K pac-
nosiokeHuto nuka. Ha pucynke 9-5 nmokazaHo, Kak CreKTpaabHbIN MUK TOSIBUIICS ObI, HCTIOIB3YS
YeThIipe pa3nuyHbIX Hapamerpa okHa (Eciam Bbl Hykgaetech OCBEXHUTh B MaMATH YTO TaKoOe
dB(memnmben), 3arnsaute Brepen B riaBy 14). Pucynok 9-5a ciaepyer u3 mpsimoyrosbHOro(I1-
(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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oOpa3noro) okHa. Pucynku (b) u (c) ciienqcTBUE UCIIOIB30BAHUS ABYX MOIMYJISPHBIX OKOH, XEM-
muHra u Blackman'a (kak nmpeaBapuTeabHO YIIOMSHYTO, CMOTpH ypaBHeHus, 16-1 u 16-2, u puc.
16-2a st uHGOPMAIIMK OTHOCUTENIFHO ATHX OKOH).

As shown in Fig. 9-5, all these windows have degraded the original spectrum by broadening the
peak and adding tails composed of numerous side lobes. This is an unavoidable result of using
only a portion of the original time domain signal. Here we can see the tradeoff between the three
windows. The Blackman has the widest main lobe (bad), but the lowest amplitude tails (good).
The rectangular window has the narrowest main lobe (good) but the largest tails (bad). The
Hamming window sits between these two.

Kak mokazano B puc. 9-5, Bce 3TH OKHa yXYyAIIWIA IE€PBOHAYAIBHBIN CIIEKTP, PaCHIUpsA MUK U
npubaBisis 0CTaTKU(CPE3bl UMITYIIbCA), COCTABJICHHBIC U3 MHOTOYUCIICHHBIX TOOOYHBIX JIETIECT-
KOB. OTO - HEeW30eXHBIH Pe3yJbTaT KCIOJIb30BAHUS TOJBKO YaCTH MEpPBOHAYAJIHLHOTO CUTHAJA
JIOMEHa BpEMEHHU. 37eCh MBI MOXXEM BHJETh KOMIPOMHUCC MEXIy JTHUMHU TPEeMsl OKHAMH.
Blackman umeer camplii IIUPOKHIT OCHOBHOM JIETIECTOK (IIJI0OX0), HO CaMble HU3KHE aMIUTATY/I-
HBIE) XBOCTHI (Xopoto). [Ipsmoyronsaoe(I1-06pazHoe) OKHO UMEET caMblil Y3KUH OCHOBHOM Jie-
MeCTOK (XOpoIlo), HO caMble OOJbIIME XBOCTHI (TI0X0). OKHO XEeMMHHIa HAaXOAHUTCS MEXIY
THMH JIBYyMSI.

Notice in Fig. 9-5 that the frequency spectra are continuous curves, not discrete samples. After
windowing, the time domain signal is still infinitely long, even though most of the samples are
zero. This means that the frequency spectrum consists of co/2+1 samples between 0 and 0.5, the
same as a continuous line.

OOparute BHUMaHHE, YTO YaCTOTHBIE CIIEKTPHI HAa pHUC. 9-5 — HempephIBHBIC KPHUBHIC, HE IHC-
KpeTHble BbIOOpKH. [locie paboThl ¢ OKHAMH, CUTHAJI JJOMEHA BPEMEHH - BCe ellle OeCKOHEYHO
JUTMHHBIN, aXKe MPHU TOM, 4TO OOJBIIMHCTBO BEIOOPOK HyJIeBOE. DTO O3HAYAET, YTO CIIEKTP dac-
TOT COCTOUT M3 o0/2+1 BbIOOpoK Mexay 0 u 0.5, To e camoe Kak HenpepbIBHAS JTMHMUA.

This brings in the second way we need to modify the time domain signal to allow it to be repre-
sented in a computer: select N points from the signal. These N points must contain all the non-
zero points identified by the window, but may also include any number of the zeros. This has the
effect of sampling the frequency spectrum's continuous curve. For example, if N is chosen to be
1024, the spectrum's continuous curve will be sampled 513 times between 0 and 0.5. If N is cho-
sen to be much larger than the window length, the samples in the frequency domain will be close
enough that the peaks and valleys of the continuous curve will be preserved in the new spectrum.
If N is made the same as the window length, the fewer number of samples in the spectrum results
in the regular pattern of peaks and valleys turning into irregular tails, depending on where the
samples happen to fall. This explains why the two peaks in Fig. 9- 4a do not look alike. Each
peak in Fig 9-4a is a sampling of the underlying curve in Fig. 9-5a. The presence or absence of
the tails depends on where the samples are taken in relation to the peaks and valleys. If the sine
wave exactly matches a basis function, the samples occur exactly at the valleys, eliminating the
tails. If the sine wave is between two basis functions, the samples occur somewhere along the
peaks and valleys, resulting in various patterns of tails.

DT0 BBOJUT BTOPOH CIIOCOO, KOTOPHIM MBI JOJKHBI U3MEHHUTH CUTHAJ IOMEHA BPEMEHH, YTOOBI
MO3BOJIUTh €My OBbITh MPEACTAaBICHHBIMU B KOMIIbIOTEpE: 8biOepume N mouex u3 cucHanda. ITu
TOYKH N JOJKHBI COJEPKATh BCE TOUKH OTIWYHBIC OT HYJS, HACHTU(PHUIIMPOBAHHBIE OKHOM, HO
MOTYT TaKXe BKJIIOUYATh JIF0OOE YHCIIO HyJel. DTo umeeT 3PdeKT ocywecmenenus blOopKu He-
pepBIBHON KpUBOH criekTpa yacToT. Hampumep, eciiu N BeIOpaH, uToObI ObITh 1024, HempepbIB-
Hasl KpuBas crekTpa Oyzaer mpou3BoauTh BbIOOp 513 pa3 mexay 0 u 0.5. Eciiu N BeIOpaH, Ha-
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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MHOTO 0O0JIbIlIe, YEM JITTMHA OKHA, BEBIOOPKU B YACTOTHOM JIOMEHE OyayT JOCTATOYHO OJIM3KO, TaK
YTO NMUKU U TOYKM MUHUMYMa HENPEPHIBHON KPUBOM OyIIyT COXpaHSThCS B HOBOM criekTpe. Ec-
au N caenaH TeM K€ caMbIM Kak JJIMHA OKHA, MEHbIIIEE KOJIMYECTBO YKCIIa BEIOOPOK B CIIEKTpE
MPUBOJUT K PEryJsipHOMY OOpa3ily NMUKOB M TOYEK MHUHHMYyMa, MPEBpAIlaIOIIMXCs B HeIpa-
BUJIbHBIC XBOCTBI(KPBLUIbsI, CPE3bI UMITYJIbCa), B 3aBUCUMOCTH OT TOTO, Ky/a BHIOOPKHU MOMAAIOT.
DTO 0OBSICHSET, TOYEMY JIBa TTMKA Ha pHUC. 9-4a HE BBRIMJIAAAT aHajdorndHo. Kaxaplii MK Ha puC.
9-4a — ocywecmenenue 6b160pKyu OCHOBHOM KpUBOii Ha puc. 9-5a. IIpucyTcTBHE WM OTCYTCTBUE
XBOCTOB 3aBHUCST OT TOTO, TJI€ BEIOOPKH SBJISIOTCS MPUHITHIM OTHOCUTENIHHO TUKOB U TOUEK MU-
Humyma. Eciu BoHa CHHYca TOYHO COOTBETCTBYET 0a3MCHOUM (PYHKIIMH, BEIOOPKH MPOUCXOJIST
TOYHO B TOYKaX MUHHMYMa, yCTpaHssi XBOCThl. Eciiu BosiHA cuHyca - MEXy ABYMsI Oa3UCHBIMU
(GYHKIUSAMU, BEIOOPKH MPOUCXOAT T/Ie-HUOYIb TI0 MUKAM M TOYKaM MUHUMYMa, IPUBOJIS K pa3-
JUYHBIM 00pa3IiaM XBOCTOB(KPBLILEB).
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FIGURE 9-5. Detailed view of a spectral peak using various windows.
Each peak in the frequency spectrum is a central lobe surrounded by tails formed from side lobes. By changing the
window shape, the amplitude of the side lobes can be reduced at the expense of making the main lobe wider. The
rectangular window, (a), has the narrowest main lobe but the largest amplitude side lobes. The Hamming window,
(b), and the Blackman window, (c), have lower amplitude side lobes at the expense of a wider main lobe. The flat-
top window, (d), is used when the amplitude of a peak must be accurately measured. These curves are for 255 point
windows; longer windows produce proportionately narrower peaks.

PUCVYHOK 9-5. JletanpHbli BUJI CIIEKTPAIBHOTO MHKA, UCTIONB3YS pa3INyHbIE OKHA.

Kaxplil MUK B CIIEKTPE YacTOT - LIEHTPAJIbHBIH JIEIECTOK, OKPYKEHHBIH XBOCTaMH(KPBLIbSIMH ), COPMUPOBAHHBIMHU
U3 MOOOYHBIX JIEeCTKOB. M3MeHss (opMy OKHA, aMIUIUTY/1a IIOOO0YHBIX JIETIECTKOB MOXKET OBITh COKpaIeHa 3a CUET
cozJaHus OoJiee IMUPOKOTO OCHOBHOTO JienecTKa. [IpsiMoyroisHoe OKHO, (a), IMEET CaMblil y3KHI OCHOBHOM Jierie-
CTOK, HO caMble OOJIbIIINE aMILIUTY 16l TOOOUHBIX JenecTkoB. OkHO XemmuHra, (b), n okno Blackman'a, (c), umeer
AMIUTUTYABI MMOOOYHBIX JICTIECTKOB HHMXKE, 32 CYeT OoJiee MIMPOKOro OCHOBHOTrO Jjerectka. [lmockoe(IT-oOpasHoe)
okHO (d), ucmonb3yeTcs Korga aMIUIATYy/a MAKa JODKHA OBITH TOYHO M3MEpEeHa. DTH KPHUBBIE - U OKOH 255 To-
4ek); OoJiee AMMHHBIE OKHA IIPOU3BOSAT IPOIOPINOHAIBHO 00JIee Y3KHE MTUKH.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru



HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

As it turns out, the shape we want for a flat-top window is exactly the same shape as the filter
kernel of a low-pass filter. We will discuss the theoretical reasons for this in later chapters; for
now, here is a cookbook description of how the technique is used. Chapter 16 discusses a low-
pass filter called the windowed-sinc. Equation 16-4 describes how to generate the filter kernel
(which we want to use as a window), and Fig. 16-4a illustrates the typical shape of the curve. To
use this equation, you will need to know the value of two parameters: M and f'c. These are found
from the relations: M = N-2, and f ¢ = s /N, where N is the length of the DFT being used, and s is
the number of samples you want on the flat portion of the peak (usually between 3 and 5). Table
16-1 shows a program for calculating the filter kernel (our window), including two subtle fea-
tures: the normalization constant, K, and how to avoid a divide-by-zero error on the center sam-
ple. When using this method, remember that a DC value of one in the time domain will produce
a peak of amplitude one in the frequency domain. However, a sinusoid of amplitude one in the
time domain will only produce a spectral peak of amplitude one-half. (This is discussed in the
last chapter: Synthesis, Calculating the Inverse DFT).

Kak sTo cobupaercs(Bbikatouaercsa?), opmMa KOTOPYIO MBI XOTHM IS TUIOCKOTO(IT-00pa3HOro)
OKHa — TOYHO Ta ke camasi popma, Kak sipo (UIbTpa HWKHUX 4acTOT. MbI 00CyIUM TEOpEeTH-
YyecKHe NMPUUYUHBI Ul 3TOro B 0ojiee MO3JHMX IJIaBax; [10Ka, MMEETCsl OIUCAHHE “NOBAPEHHOM
KHUTH TOTO, KaK UCIOJIb3yeTcs MeTonuKka. ['maBa 16 o0cyxknaer GuiIbTp HUKHUX YaCTOT Ha3bl-
BaeMblil windowed-sinc(g36ewennulii cunyc?). YpaBuenue 16-4 ommceiBaeT, Kak T€HEPUPOBATH
A1po GuIbTpa (KOTOPBI MBI XOTUM HCIIOJIB30BaTh Kak OKHO), a pHc. 16-4a WLIIOCTpUPYET THU-
nU4YHy0 (popMy KpHrBOi. UTOOBI MCIOJIB30BaTh 3TO yYpaBHEHUE, Bbl Oyaere TOKHBI 3HATh 3HA-
YyeHue AByX napamerpo: M u fc¢. OuHu HalifieHbl oT oTHOwmweHH: M = N-2, u fc = s /N, rae N -
nHa ucnosibzyemoro JIIID, u s - urcio BEIOOPOK, KoTopbie Bbl xoTHTE (CIenaTh?) Ha TIIOCKOM
yactu nuka (00b14HO OT 3 710 5). B Tabnuue 16-1 mokazana nporpamma Juist BEIYUCICHUS SIpa
bunpTpa (HalIe OKHO), BKITIOUYas IB€ TOHKUX OCOOCHHOCTH: KOHCTaHTa HOpMalu3aIiuu, K, 1 KaKk
u30eraTh OMIMOKY JIeJICHUsI HA HOJIb Ha CpeHel BhiOopke(npu ycpenneHnu Beioopku?). Ilpu uc-
IOJIb30BAHUU ITOrO METOJA, MOMHUTE, YTO 3HAUEHHE MOCTOSHHOIO TOKAa eouHuya B JIOMEHE
BPEMEHU MPOU3BEIET MUK aMIUTUTYAbl eOuHuya B 4aCTOTHOM JoMeHe. OJJHaKo, CHHYCOHIa aM-
IUINTYbl eOunuya B JOMEHE BPEMEHU IMPOU3BEIET CINEKTPAIbHBINA MUK TOJNBKO NMOIOGUHbL AM-
naumyovl. (910 00CY})eHO B miponuioi riase: Cunmes, Boiuucienue Oopamuozo JI1D).

Frequency Response of Systems
YacroTHas xapaktepucTuka Cucrem

Systems are analyzed in the time domain by using convolution. A similar analysis can be done in
the frequency domain. Using the Fourier transform, every input signal can be represented as a
group of cosine waves, each with a specified amplitude and phase shift. Likewise, the DFT can
be used to represent every output signal in a similar form. This means that any linear system can
be completely described by how it changes the amplitude and phase of cosine waves passing
through it. This information is called the system's frequency response. Since both the impulse
response and the frequency response contain complete information about the system, there must
be a one-to-one correspondence between the two. Given one, you can calculate the other. The
relationship between the impulse response and the frequency response is one of the foundations
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of signal processing: 4 system's frequency response is the Fourier Transform of its impulse re-
sponse. Figure 9-6 illustrates these relationships.

Cuctembl aHAM3UPYIOTCS B OOMeHe 8peMeHU, UCTIONb3ys CKpyuuBaHUe(CBEpTKY). [1omo0HbIH
aHAJIU3 MOXET OBITh CAENaH B uacmomuom domere. Viconb3yst ananu3 Oypbe, KaKIbIii BXOJ-
HOM CHrHaj MOXET ObITh MpPEe/CTaBIeH Kak IpyIia BOJIH KOCHHYCa, KaXblil C yKa3aHHOU aM-
WIATYA0U U ciBuroM ¢a3. AHanorudno, JI1D mMoxeT ucmonbp30BaThCs, YTOOBI MPEICTABUTh Ka-
JKIBIA CHTHAJ BBIXOJIa B TIOJI00HOM hopMe. DTO O3HAYAET, UTO JIF00ast TUHEHHAs CHCTEMa MOXKET
OBITh NOIHOCMbIO OTIICAaHA TEM, KaK OHA M3MEHSET aMIUTHUTYAy U (a3dy BOJIH KOCHHYCA, MPOXO0-
JTAIUX 9epe3 Hee. JTa mHpopMaIlus Ha3bIBaeTCS YACTOTHOM XapakTepucTukoil cuctembl. C
TeX TOp W UMITYJIbCHAs MepeaaTovHas (GYHKIMS U YacTOTHAs XapaKTePUCTHKA COAEPIKAT IOJI-
HY10 UHGOPMAIUIO OTHOCUTENIBHO CHCTEMBI, TOJKHO MUMEThCS B3aMMHO-OJJTHO3HAYHOE COOTBET-
CTBUE MEXKIy HUMHU. YUHUTHIBas OJHY, BBl MOXKeTe BEIYUCITUTH APYTYI0. OTHOMIECHUS MEXIY UM-
MyJILCHOM TIepeaaTouHON (PYHKIMEH M YaCTOTHOW XapaKTEPUCTUKOW — OJJHA M3 OCHOB 00paboT-
KM CUTHAJIOB: YACMOMHAs XapaKmepucmuka cucmemsl — anaiuz Qypve e2o umnyisCcHoll nepe-
oamounou yukyuu. PUCyHOK 9-6 MIUTFOCTPUPYET 3TH OTHOIICHHS.

Keeping with standard DSP notation, impulse responses use lower case variables, while the cor-
responding frequency responses are upper case. Since /[ ] is the common symbol for the impulse
response, is used for the frequency HJ[ ] is used for the frequency response. Systems are de-
scribed in the time domain by convolution, that is: x[n] * h[n] = y[n]. In the frequency domain,
the input spectrum is multiplied by the frequency response, resulting in the output spectrum. As
an equation: X[f' ] x H[ f] = Y[ f]. That is, convolution in the time domain corresponds to multi-
plication in the frequency domain.

Coxpansisi ctangapt cucreMmbl o6o3Hauennit [[OC, uMmynbCHBIE MepeaaTouHble (QYHKIMH HC-
MOJIb3YeT MEPEMEHHBIE CTPOUYHBIX OYKB, B TO BpeMs KaK COOTBETCTBYIOIIMIA YACTOTHBIC XapaKTe-
PHUCTUKH - BEpXHHU peructp. B To Bpems kak 4| | - oOuuii(0ObIYHBIN) CUMBOJI JJIs1 UMITYJIHCHOM
nepenaTouyHoi GyHKImM, H[ | ucmonb3yercs A 4aCTOTHOM XapakTepucTuku. CUCTeMBI omuca-
HBI B JIOMEHE BPEMEHHU CKpyduBaHHEeM(CBEpTKO#) — : x[n] * h[n] = y[n]. B wactoTHOM AoMeHe,
BXOJIHOM CHEKTP YMHOJMCeH Ha YaCTOTHYIO XapaKTEPHUCTUKY, MMPUBOMS K CIIEKTPY Bbixoaa. Kak B
ypaBuenuu: X[f | x H[ f] = Y[ f]. To ectb ckpyuusanue(cBepTka) B JOMEHE BPEMEHH COOTBETCT-
BYET YMHOJCEHUIO B YaCTOTHOM JIOMEHE.

Figure 9-7 shows an example of using the DFT to convert a system's impulse response into its
frequency response. Figure (a) is the impulse response of the system. Looking at this curve isn't
going to give you the slightest idea what the system does. Taking a 64 point DFT of this impulse
response produces the frequency response of the system, shown in (b). Now the function of this
system becomes obvious, it passes frequencies between 0.2 and 0.3, and rejects all others. It is a
band-pass filter. The phase of the frequency response could also be examined; however, it is
more difficult to interpret and /ess interesting. It will be discussed in upcoming chapters.

Ha pucynke 9-7 nmokazan npumep ucnonb3oBanus 1D, yToObl nmpeobpa3zoBaTh HUMITYJIbCHYIO
NepeaTouHy 0 (PYHKIMIO CUCTEMBI B €70 YaCTOTHYIO XapaKTepUCTUKY. PUCYHOK (@) - UMITyJIbC-
Has mepenaToyHas (GpyHKIUS cucTeMbl. B3risg Ha 3Ty KpHBYIO HE coOupaercs AaBaTth Bawm ca-
MYI0 HEOOJBIIYIO HJIet0, 4TO cuctema jAenaer. [lpu B3stum 64 Touek JAIID »TOi MMITYyIHCHOM
nepeaTouHon (PyHKIUN MPOU3BOJUT YACTOTHYIO XapaKTEPUCTHKY CUCTEMBbI, MOKa3aHHYIO B (b).
Teneps QyHKIMSA 3TOM CHCTEMBI CTAHOBUTCS OYEBHJIHOM, 3TO TepeaaeT 4acToThl Mexay 0.2 u
0.3, 1 OTKJIOHSAET BCE JIpyTrHe. ITO - MOJI0COBOM GMIBTP. Pa3za YaCTOTHOW XapaKTEePUCTUKH MOT-
Ja TaKXke ObITh UCCIIEZ0OBAHA; OJHAKO, 3TO O0/lee TPYJHO UHTEPIPETUPOBATh U MeHee UHTepec-
HO. D10 OyeT 00CYk/I€HO B MOCIEIYIOIUX IIaBax.
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Figure (b) is very jagged due to the low number of samples defining the curve. This situation can
be improved by padding the impulse response with zeros before taking the DFT. For example,
adding zeros to make the impulse response 512 samples long, as shown in (c), results in the
higher resolution frequency response shown in (d).

Pucynox (b) ouenp HEpOBHO 000pBaH M3-3a HU3KOTO YHCIIA BEIOOPOK, OMPEACIISIONINX KPUBYIO.
OTO0 MONOXKEHUE(CUTYaIs) MOXKET OBITh YIYYIIEHO, AOMOJIHAS MMITYJIECHYIO IepelaTOYHyI0
byukuuio HyasmMu nepen B3stuem JI1D. Hampumep, noGaBineHue HyJel, 9ToObI CACIAaTh WM-
MYJbCHYIO NEPeAaTOuHyI0 (QYHKUIUIO JTUHHON 512 BBIOOPOK, KaK MoKa3aHo B (C), MPUBOAUT K
0oJ1ee BRICOKOH pa3pelarie criocOOHOCTH YaCTOTHON XapaKTEPUCTHKH, TTOKa3aHHOU B (d).

How much resolution can you obtain in the frequency response? The answer is: infinitely high, if
you are willing to pad the impulse response with an infinite number of zeros. In other words,
there is nothing limiting the frequency resolution except the length of the DFT. This leads to a
very important concept. Even though the impulse response is a discrete signal, the corresponding
frequency response is continuous. An N point DFT of the impulse response provides N/2+1 sam-
ples of this continuous curve. If you make the DFT longer, the resolution improves, and you ob-
tain a better idea of what the continuous curve looks like. Remember what the frequency re-
sponse represents: amplitude and phase changes experienced by cosine waves as they pass
through the system. Since the input signal can contain any frequency between 0 and 0.5, the sys-
tem's frequency response must be a continuous curve over this range.

Kakyto pazpemarontyto cnocoOHOCTs BBl MOKeTe TOTY4YUTh B YaCTOTHOU Xapakrepuctuke? OT-
BET: OecKkoHeyHO BBICOKYIO, €Clii BbI jxenaere(roToBsl) HOMOIHUTh UMITYJIbCHYIO NEPEIaTOYHYIO
byHKUUIO OeckoHeunbim YUCIoM Hynel. [pyrumu cnoBamu, kpome anuabl 1O HuuTo 60611
HE MOJKET OTPAaHMYUTh YACTOTHYIO pa3pellarollyl0 CIOCOOHOCTb. DTO BEJET K OYEHb BAXKHOU
KOHIENIMH. J[axe MPUTOM, YTO UMITYJbCHAs MepenaTodHas QYHKIMSA - OUCKpemHblll CUTHAI,
COOTBETCTBYIOIAs YACTOTHAsI XapaKTepucTuka Henpepwvigna. N Ttouek, 11D umnynscHON nepe-
naTo4yHo ¢GyHKuuMu obecneunBaroT N/2+1 ewibopok 3TON HenpepbiBHOW KpuBoi. [emas JII1D
JUInHHee, BbI yiydiaere pa3penaronyro cnocoOHOCTh, U MOJIyYaeTe, JIydllylo HUIEH, YTO He-
IpepbIBHAsl KpuBas HarloMuHaeT. [IoMHUTE TO, YTO MPEACTABIAET YACTOTHAS XapaKTEPUCTHKA!
U3MEHEHHS aMIUIUTY bl U (a3bl, UCTIBITHIBAEMBIC BOJIHAMM KOCHHYCA, IPU UX MPOXOKIACHUU Ye-
pe3 cucteMy. Tak Kak BXOJHOM CHUTHAJI MOXET COZAEpKath 1f00yio yactoty Mexay 0 u 0.5, gac-
TOTHAs1 XapaKTEPUCTUKA CUCTEMBI 00IHCHA Oblmb TI0 3TOMY AMANIa30HY HENPEPBIBHONW KPUBOM.

x[n] ——= h[n] [—— y¥in]
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FIGURE 9-6

Comparing system operation in the time and frequency domains. In the time domain, an input signal is convolved
with an impulse response, resulting in the output signal, that is, x[n] * h[n] = y[n]. In the frequency domain, an input
spectrum is multiplied by a frequency response, resulting in the output spectrum, that is, X[f] x H[f] = Y[f]. The DFT
and the Inverse DFT relate the signals in the two domain.

PUCYHOK 9-6
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CpaBHeHHe omnepaluy CUCTEMHBI B JIOMEHAaX BPEMEHHM M 4acTOThl. B JOMeHe BpeMeHH, BXOIHOW CUrHajl ceep-
Hym(CKpY4eH) ¢ UMITYJIbCHOH nepeaaToyHoi GpyHKuuel, NpUBOsl K CUTHAIY BBIX0O/a, TO ecTh x[n] * h[n] = y[n]. B
YaCTOTHOM JJIOMEHE, BXOJHOH CHEKTP YMHOJICeH Ha YaCTOTHYIO XapaKTepHCTHKY, NPHUBOJAS K CIEKTPY BBIXOAA, TO
ectb X[f] x H[f] = Y[f]. AI1® u O6patHsiii JII1D cCBA3BIBAIOT CUTHANIEI B BYX IOMEHAX.
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Finding the frequency response from the impulse response. By using the DFT, a system's impulse response, (a), can
be transformed into the system's frequency response, (b). By padding the impulse response with zeros (c), higher
resolution can be obtained in the frequency response, (d). Only the magnitude of the frequency response is shown in
this example; discussion of the phase is postponed until the next chapter.

PUCYHOK 9-7

HaxoxxneHne 9acTOTHOW XapaKTepUCTUKA OT UMITYJIbCHOU niepeaarouHort ¢pyHkuuu. Mcmons3yst 1D, ummynbcHas
nepeaTouHasi (pyHKIUSI CHCTEMBI, (a), MOXKeT ObITh NpeoOpa3oBaHa B YaCTOTHYIO XapaKTEPUCTHKY CHCTEeMBI, (b).
JlonounHsisl MMITYJIbCHYIO TIepeJaTouHyto (GYHKIHIO HYJISIMU (C), O0osiee BHICOKAs pa3pelaroliasi CliocOOHOCTh MOXKET
OBITh IIOJYYEHA B YACTOTHOH XapakTepuctuke, (d). Tonbko BeTHMYMHA 9aCTOTHON XapaKTepUCTHKH ITOKA3BIBACTCS B
3TOM IpuMepe; 00CykIeHHE (a3l OTIOKESHO 10 CIICAYIOUICH TJIaBhlL.

This can be better understood by bringing in another member of the Fourier transform family,
the Discrete Time Fourier Transform (DTFT). Consider an N sample signal being run through
an N point DFT, producing an N/2+1 sample frequency domain. Remember from the last chapter
that the DFT considers the time domain signal to be infinitely long and periodic. That is, the N
points are repeated over and over from negative to positive infinity. Now consider what happens
when we start to pad the time domain signal with an ever increasing number of zeros, to obtain a
finer and finer sampling in the frequency domain. Adding zeros makes the period of the time
domain /onger, while simultaneously making the frequency domain samples closer together.
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OT0 MOXeT OBITh JIydllle MOHSTO, BBOAS APYroil ajeMeHT cemeiicTBa aHaimza Dypobe, Jluc-
kpeTHoe [IpeodpazoBanue ®ypne Bpemenu (DTFT). [Ipeanonoxure curaan Beioopku N, Ko-
Topsiii mpoberaetr N Touek JIID, npousBoas N/2+1 BEIOOpPOK 4acTOTHOTO JOMEHA. BecromamTe
u3 nponuioi riasel, uyTo JI1D monaraer, 4To CUTHAI JOMEHA BPEMEHHU OYACT OeCKOHEUHO ONUH-
HuIM U nepuooudeckum. To ecTb TOuku N TOBTOPEHBI MHOTO Pa3 OT OTPULIATEIBHOM 10 TOT0XKH-
TeIbHON 0eCKOHEUYHOCTH. Terneps pacCMOTPHUTE TO, YTO CIIy4aeTCs, KOT/Aa Mbl HAUWHAEM JIOTOJ-
HSITh CUTHAJI JOMEHA BPEMEHH MPH YBEIWYCHUH YUCIIa HyJIeH, 4TOOBI MOTYyYUTh 00Jiee TOHKOE U
6osiee ToHKOE(TI0IpOoOHOE?) OCYIIECTBICHUE BEIOOPKH B YaCTOTHOM JoMeHe. [[oOaBneHne Hyen
JIeNaloT MEPUoJT U3 JOMEHA BPEMEHH 00/ibUse, TIPH OJJTHOBPEMEHHOM CO3JJaHHH BBIOOPOK YacTOT-
HOTO JIOMEHA Oaudice emecme(uawe, oaudice opye K opyey).

Now we will take this to the extreme, by adding an infinite number of zeros to the time domain
signal. This produces a different situation in two respects. First, the time domain signal now has
an infinitely long period. In other words, it has turned into an aperiodic signal. Second, the fre-
quency domain has achieved an infinitesimally small spacing between samples. That is, it has
become a continuous signal. This is the DTFT, the procedure that changes a discrete aperiodic
signal in the time domain into a frequency domain that is a continuous curve. In mathematical
terms, a system's frequency response is found by taking the DTFT of its impulse response. Since
this cannot be done in a computer, the DFT is used to calculate a sampling of the true frequency
response. This is the difference between what you do in a computer (the DFT) and what you do
with mathematical equations (the DTFT).

Teneps MbI OyieM IpUOABIATE OecKOHeyHOe YUCIIO HyJIel K CUTHALY JOMEHa BPEMEHH 10 Kpaii-
HOCTU. DTO MPOU3ZBOJUT PA3IMYHYIO CUTYallMIO B JIBYX OTHOILIEHHsX (KacaTenbcTBax). Bo mep-
BBIX, CUTHAJ IOMEHA BPEMEHU Teleph UMeEeT OECKOHEUHO JUTUTENbHBIN mepuo. [dpyrumu cio-
BaMH, NIPEBpAILAETCs B allepuOAUYECKUi curHail. Bo BTOpBIX, YaCTOTHBIN TOMEH JOCTUT OECKO-
HEYHO MaJICHHPKOTO MHTEpBaJia MEXIy BHIOOpKaMU. TO ecTh CTall HEMPEPhIBHBIM CHTHAIOM. JTO
— DTFT, npouenypa, KoTopasi U3MEHSIET TUCKPETHBIN aneproIUYEeCKUd CUTHAJI B JIOMEHE Bpe-
MEHHU B YaCTOTHBIN JIOMEH, KOTOPBIN SIBJIAETCS HENPEPBIBHOM KPUBOM. BbIpaxkasce MaremaTuye-
CKH, YaCTOTHAs XapaKTepUCTHUKa CUCTEMBI HaieHa, 6epss DTFT ero uMimyabcHOM niepenaTouHOn
¢dbysakun. Tak Kak 3T0 HE MOXET OBITh CIETaHO B KOMIBIOTEPE, ISl BBIYMCICHUS! BRIOOPKH U3
MCTHUHHOM 4aCTOTHOM XapakTepucTuku ucnoiibdyerca DTFT. OTo - pazHuna mexay tem, uto Bel
nenaete B komnbtotepe (AIID) u uyto Bei nenaere ¢ marematuueckumu ypasHenusimu (DTFT).

Convolution via the Frequency Domain
KonBosmonus (ckpyuyuBaHue, cBepTka) yepe3 YacrorHsblil Jlomen

Suppose that you despise convolution. What are you going to do if given an input signal and im-
pulse response, and need to find the resulting output signal? Figure 9-8 provides an answer:
transform the two signals into the frequency domain, multiply them, and then transform the re-
sult back into the time domain. This replaces one convolution with two DFTs, a multiplication,
and an Inverse DFT. Even though the intermediate steps are very different, the output is identical
to the standard convolution algorithm.

[Tpeanonoxxum, uro Bel mpe3upaere ckpyunBanue(cBepTky). Uto Bel cobupaerech aenats, eciu
JaHbl BXOJHOW CUTHAJ M UMIYJILCHAS MepeaaToyHas GyHKIUs, 1 HeOOX0IMMO HAWTH 3aKaHYH-
BalOIIMiics curHai Beixoaa? PucyHok 9-8 oOecreumBaeT OTBET: MpeoOpa3ylTe JBa CUTHANIA B
YaCTOTHBIN JOMEH, (TIepe)yMHOXbTE UX, U 3aTeM MpeoOpaszyiiTe pe3yibTaT Hazaj] B JOMEH Bpe-
MeHHU. JTO 3aMeHseT ogHo ckpyuuBaHue AByms JIID, ymuoxxenune u OOpatubiit JAI1OD. {axe
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Ipu TOM, YTO MPOMECIKYTOYHBIC IIard OYCHb Pa3JINYHbI, BBIXO/] uaeHmuqu CTaHJApTHOMY aJIrO-
PUTMY CKPyYHUBaHUS(CBEPTKH).

Does anyone hate convolution enough to go to this trouble? The answer is yes. Convolution is
avoided for two reasons. First, convolution is mathematically difficult to deal with. For instance,
suppose you are given a system's impulse response, and its output signal. How do you calculate
what the input signal is? This is called deconvolution, and is virtually impossible to understand
in the time domain. However, deconvolution can be carried out in the frequency domain as a
simple division, the inverse operation of multiplication. The frequency domain becomes attrac-
tive whenever the complexity of the Fourier Transform is less than the complexity of the convo-
lution. This isn't a matter of which you like better; it is a matter of which you hate less.

JlocTaTouHo 7 Bce (KaXIbli, J1000i) HEHaBUIAT CKpyYUBaHHE(CBEPTKY), YTOOBI UATH K 3TOU
HenpusTHOCTH(3aTpynHeHn0)? OTBer - na. CkpydyuBaHusA W30€TaOT MO JBYM NpuyuHaM. Bo
IIEPBBIX, CO CKPYUYHMBAHUEM TPYAHO UMETh JEI0 Mamemamuyecku. Hanpumep, Mpeanonoxum,
Bam narot uMIysbCcHY10 nepe1aTouHyo (yHKIIUIO CUCTEMBI, U ero curaai Bbixoaa. Kak Bol BbI-
YHCIUTE, KaKOB BXOJHON CHrHay? DTO Ha3bIBaeTCs AEKOHBOJIONMeN, U (aKTHUECKU HEBO3-
MO>KHO MOHSTH B JOMEHE BpeMeHU. OTHaKO, IEKOHBOIIOIUS MOXKET ObITh BBIIOJIHEHA B 4aCTOT-
HOM JIOMEHE KakK IPOCTOe deeHue, onepanus oopaTHas yMHOKEHHIO. YacTOTHBIA JOMEH CTaHO-
BUTCS MPUTITUBAIOIKUM(IIPEINOYTUTENBHBIM) BCSIKUN pa3, KOTJa CIOXKHOCTh aHanu3a dypbe —
MEHbIIIE YeM CIIOKHOCTh KOHBOJIIOIMU. JTO HE BONPOC, yTo BbI mobute Gosbliie; 3T0 — BOIPOC,
4yTO BBl HEHaBUIUTE MEHBIIIE.

The second reason for avoiding convolution is computation speed. For example, suppose you
design a digital filter with a kernel (impulse response) containing 512 samples. Using a 200 MHz
personal computer with floating point numbers, each sample in the output signal requires about
one millisecond to calculate, using the standard convolution algorithm. In other words, the
throughput of the system is only about 1,000 samples per second. This is 40 times too slow for
high-fidelity audio, and 10,000 times too slow for television quality video!

Bropas mpuumHa U1 yxoZa OT CKPYyYMBaHUS — Owicmpooleticmsue eviuucienus. Hampumep,
MIPEATNONOXKHTE, UTO BbI mpoekTupyeTe udpoBoit GUIbTp ¢ SIpoM (MMITYJILCHON TIEpeIaTOIHOM
¢ynkuueit), cogepxxamieid 512 Boibopok. Mcmonb3ys mepcoHanbHBI KOMIBIOTEP C TaKTOBOU
yactoTor 200 MI'11 ¢ yncnaMu IJIaBaroIen 3amaTon, UCIOIb3Ys CTaHAAPTHBIN AJITOPUTM CKpY-
YUBaHUS, KaXasi BEIOOpKA B CUTHAJIE BBIXOJa TPEOYyeT sl BBIYMCICHUS IPUOTUZUTEIHHO OHY
MUJUIMCEKYHAY. pyruMu cioBamu, MPOU3BOAUTEIBHOCTh CUCTEMBI - MPUOIUZUTEIBHO TOJIBKO
1000 BBIOOPOK B cekyHay. D10 - 40 pa3 MeuIeHHee Uil BBICOKOKAYeCTBEHHOTO 3BYKOBOCIIPOM3-
BeaeHus, u B 10000 pa3 meajeHHee 1711 BBICOKOKa4Y€CTBEHHOTO TEJICBUICHMS !

The standard convolution algorithm is slow because of the large number of multiplications and
additions that must be calculated. Unfortunately, simply bringing the problem into the frequency
domain via the DFT doesn't help at all. Just as many calculations are required to calculate the
DFTs, as are required to directly calculate the convolution. A breakthrough was made in the
problem in the early 1960s when the Fast Fourier Transform (FFT) was developed.

CrangapTHBINA alrOpUTM CKPYUYMBAHUS MEAJICHEH M3-3a OOJIBIIOr0 KOJMYECTBAa YMHOXKEHHH U
CJIO’KEHHH, KOTOpbIE JTOJKHBI OBITh paccuuTaHbl. K coxaneHuio, mpocTo MpuHOCS mpodiaeMy B
4acTOTHBIN oMeH depe3 JI1D, He momoraer Boobiie. Tak MHOTO BBIYMCICHHH TPeOyIOTCS, YTO-
Ob1 BoIUMCIUTh [IID, kak TpeOyroTcs, 4TOOBI HEMOCPEACTBEHHO BBIYHCIUTH CKPYyYHBAHHE.
KpymnHoe noctmkenne ObUT0 caenaHo B mpodiieme B Hadane 1960-bix, Koraa ObuI10 pa3paboTaHo
bvicmpoe IIpeobpazosanue @ypve (BI1D).

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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FIGURE 9-8

Frequency domain convolution. In the time domain x[n], is convolved with i[n] resulting in y[n], as is shown in
Figs. (a), (d), and (g). This same procedure to be accomplished in the frequency domain. The DFT is used to find the
frequency spectrum of the input signal, (b) & (c), and the system's frequency response, () & (f). Multiplying these

two frequency domain signals results in the frequency spectrum of the output signal, (h) & (i). The Inverse DFT is
then used to find the output signal, (g).

PUCYHOK 9-8. CkpyunBaHne 4aCTOTHOTO IOMEHA.

B domene spemenu, x[n], cBepuyt(ckpydeH) ¢ i[n] npuBoas B y[n], kak mokazaHo B puc. (a), (d), u (g). I1o Ta xe
camas mpoIleypa, KoTopasi OyJIeT BbIMOJIHEHA B 4acTOTHOM mgomeHe. JIII® ucnosb3yercsi, 4ToObl HAWTH CIIEKTP
4acTOT BXOJHOro curHana, (b) u (c), ¥ 4aCTOTHOH XapakTepucTuku cucteMsl, (€) u (f). YMHOXKEHHe 3THX IBYX CUT-

HaJIOB YaCTOTHOTO JJOMEHA IPUBOAUT K CIIEKTPY 4acTOT curHana Beixoaa, (h) u (i). O6parnstit JJI1P Torna ucnons-
3yercsi, YT00bl HAWTH CHTHAN BBIX0/A, (g).
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The FFT is a clever algorithm for rapidly calculating the DFT. Using the FFT, convolution by
multiplication in the frequency domain can be hundreds of times faster than conventional convo-
lution. Problems that take hours of calculation time are reduced to only minutes. This is why
people get excited about the FFT, and processing signals in the frequency domain. The FFT will
be presented in Chapter 12, and the method of FFT convolution in Chapter 18. For now, focus on
how signals are convolved by frequency domain multiplication.

BII® — nckycHbIN(yMHBINA, TATAHTIUBBIN) alTOpUTM 151 ObICTpO Bhruncienus I1D. Ucnonb3ys
ckpyunBanue BI1® ymMHOXEHHEM B 4YaCTOTHOM JIOMEHE, MOXET OBITh B COTHH pa3 ObICTpee, 4eM
o0blyHOE cKpyuHBaHue. [Ipobiembl, KOTOpble 3aHMMAIOT Yachl BPEMEHU BBIYMCICHHUS, COKpa-
IICHBI TOJIBKO K MUHYTaM. JTO - TO, IIOYEeMY JIIOJ1 Bo30yxaaroTcsa oTHOcuTenbHO BIID, u obpa-
OOTKHM CUTHAJIOB B 4acTOTHOM joMeHe. bII® Oyner mpeacraBieHo B riaase 12, U METOE CKpyYH-
Banus bI1® B riase 18. Iloka, GoKyc(CKOHLIEHTpUPYEM BHUMAaHKE) Ha TOM, KaK CUTHAJIBI CKpY-
YEHBI YMHOKCHHEM YaCTOTHBIM JJOMEHOB.

To start, we need to define how to multiply one frequency domain signal by another, i.e., what it
means to write: X[f'] * H[ /] = Y[f']. In polar form, the magnitudes are multiplied: MagY[ ] =
MagX[f] * MagH[f] and the phases, are added: PhaseY| f | = PhaseX[f ]| + PhaseH|[ f']. To un-
derstand this, imagine a cosine wave entering a system with some amplitude and phase. Like-
wise, the output signal is also a cosine wave with some amplitude and phase. The polar form of
the frequency response directly describes how the two amplitudes are related and how the two
phases are related.

YroObl Ha4aTh, Mbl JOJKHBI ONPENEINUTh, KAK YMHOXXUTh OJWH CUTHAJI YaCTOTHOI'O JIOMEHA Ha
JPYTOM, TO €cTh TO, 4TO o03Hayaet 3anuck: X[f | * H[ ] = Y[f ]. B nonspHoil popme, BeTUUUHBI
ymHoxeHbl: MagY[ ] = MagX[f ]| * MagH[f | u da3sl, cnoxensl PhaseY| f ] = PhaseX[f ] +
PhaseH] f]: YToObl MOHMMATH 3TO, BOOOPA3UTE BOJHY KOCHHYCa BBOJIA CHCTEMBI C HEKOTOPOM
aMIUTUTY 10N 1 (da3oi. AHAIOTMYHO, CUTHAJ BBIXOJIa — TAK)KEe BOJTHA KOCHHYCa C HEKOTOPOH aM-
Ty oM 1 ¢azoil. [lonsgpHas popma 4aCTOTHOM XapaKTEPUCTUKU HEIIOCPEACTBEHHO OMHCHIBA-
€T, KaK 9TH JIB€ aMIUIUTY/Ibl CBA3aHbI U KaK ATH ABE (ha3bl CBSI3aHBbI.

When frequency domain multiplication is carried out in rectangular form there are cross terms
between the real and imaginary parts. For example, a sine wave entering the system can produce
both cosine and sine waves in the output. To multiply frequency domain signals in rectangular
notation:

Korpa yMHOMXEHHE YaCTOTHBIX JOMEHOB BBITIOJHEHO B APAMOY20]bHOU (popme UMEIOTCS Tepe-
KpPECTHBIE TEPMHUHBI MEXKy peaTbHBIMH(BEIICCTBEHHBIMH) 1 MHUMBIMH(HECOOCTBEHHBIMH) Yac-
TsmMu. Hanmpumep, BollHA CHHYCa, BBOJUMAs B CUCTEMY, MOXKET MPOU3BOJIUTh, U BOJIHY KOCHHYCA
Y BOJHY CHHYyCa B BBIXOZIe. YMHOXXCHHE CHUTHAJIOB YAaCTOTHOTO JIOMEHa COOOMIAI0T B MPSMO-
YrOJIbHOU crcTeMe 0003HaueHU:

EQUATION 9-1

Multiplication of frequency domain signals Re VI Re X L] Re M [f] ImX 1] fmH [f] in
rectangular form: Y[ f1=X[ f]1x H[ f]- -

YPABHEHUE 9-1 frr V] fm XL ReH 1] + ReXr] ImH[f]

YMHOKEHHE CHT'HAJIOB YaCTOTHOT'O JOMEHA B

npsMoyroibHoit dpopme: Y[ f1=X[ f1x H[ f].
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Focus on understanding multiplication using polar notation, and the idea of cosine waves pass-
ing through the system. Then simply accept that these more elaborate equations result when the
same operations are carried out in rectangular form. For instance, let's look at the division of one
frequency domain signal by another. In polar form, the division of frequency domain signals is
achieved by the inverse operations we used for multiplication. To calculate: H[f'] = Y[ ] / X[f ],
divide the magnitudes and subtract the phases, i.e., MagH[ ] = MagY[f ] / MagX[f ], PhaseH] f]
= PhaseY[f'] - PhaseX] f]. In rectangular form this becomes:

@®okyc(CKOHLEHTpUPYEM BHUMAHUE) HA TOHUMAHUN YMHOKEHUS, UCIIONIb3YS HOJAPHYIO CUCTe-
My 0603HaueHuli, 1 W€ OTHOCUTEIILHO BOJH KOCHHYCa, MPOXOJAIIMX 4epe3 cucteMmy. Torna
IPOCTO JIOMYCTHUM, €CJIHM T€ YK€ CaMble ONEpPAIlMH BBHIMOJIHEHBI B MPSAMOYTOJIbHOW (opme, OHU
KOHUAIOTCs OoJiee CI0KHBIMU ypaBHeHUsIMU. Hampumep, naBaiite cMOTpeTh Ha JIeIEHUE OJJHOTO
CHUTHAJIa YaCTOTHOTO JIOMEHa Ha Jpyroil. B momspHoil ¢opme, nereHne CUTHAIOB YAaCTOTHOTO
JIOMEHa JIOCTUTHYTO OINEpalUsMU OOpPaTHBIMHU TE€M, KOTOPbIE MbI MCIOJIb30BAIM I YMHOXe-
Hus. Beraucnurs: H[f | = Y[f] / X[f'] nenure Bennuunsl, U BeuTHTE (ha3bl, TO ecThb, MagH[ f]| =
MagY[f' ]/ MagX|f ], PhaseH| ] = PhaseY|f ]| - PhaseX]| f]. B npsmoyronsHo#t popme 3TO cTa-

HOBHUTCA:

EQUATION 9-2 Re ¥V [/ Re XS] + ¥ |f] ImX |1
ST L . ReH 1] -

Division of frequency domain signals in rectangular ReX|fF + ImX |/

form, where: L -

VYPABHEHUE 9-2 I HF] ImY[f] Re XS] - Re¥Y[f] ImX[f]

JleneHne CUrHAJIOB YaCTOTHOTO JIOMEHA B HPSIMOYTOJb- ReX[fF + ImX[fT

HOH popme, rae AL f]= Y /1/X/].

Now back to frequency domain convolution. You may have noticed that we cheated slightly in
Fig. 9-8. Remember, the convolution of an N point signal with an M point impulse response re-
sults in N + M - 1 an point output signal. We cheated by making the last part of the input signal
all zeros to allow this expansion to occur. Specifically, (a) contains 453 nonzero samples, and (b)
contains 60 nonzero samples. This means the convolution of the two, shown in (c), can fit com-
fortably in the 512 points provided.

Teneppb Hazalx K CKpyYMBaHHUIO YacCTOTHOIO JIOMEHA. Bbl, BO3BMOKHO, 3aMETHIIM, YTO Mbl OOMa-
HBIBaJIU cierka B puc. 9-8. [lomHuTe, cCKkpyunBaHue curHaiga Todku N ¢ Toukoi M pesynbrarta
UMITYJIbCHOM TIepenaToyHo (GyHKIMH B Touke N+AM-1 curHama Bbeixoga. Mbl 0OMaHyThI, nemas
MOCJIETHIOI YacTh BXOJHOTO CHTHAJIa BCEMHU HYJISIMH, YTOOBI TIO3BOJIUTH 3TO PACIIUPEHUE, YTO-
Ob1 iponzoiiTH. OmpeaeneHHo, (a) coaepxut 453 BHIOOPKH OTIWYHBIC OT HYJISI, U (b) comepxut
60 BBIOOPOK OTJIMYHBIX OT HYJSA. DTO O3HAYAET CKPYUYHBAHUIO ITHUX IBYX, IMOKA3aHHBIX B (C),
MOYKET COOTBETCTBOBATH yJ00HO B 512 00ecreyeHHbIX TOUKaX.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Circular convolution. A 256 sample signal, (a), convolved with a 51 sample impulse response, (b), results in a 306
sample signal, (c). If this convolution is performed in the frequency domain using 256 point DFTs, the 306 points in
the correct convolution cannot fit into the 256 samples provided. As shown in (d), samples 256 through 305 of the
output signal are pushed into the next period to the right, where they add to the beginning of the next period's signal.
Figure (e) is a single period of the resulting signal.

PUCYHOK 9-9. Kpyrosoe ckpyurnBaHue(CBEpTKa).

256 BBIOOPOK cuTHaNA, (a), CKpyueHHbIe ¢ 51 BHIOOpKO UMITYJIbCHOM nepenaTtoynoi ¢pynkuuy, (b), mpusonsr k 306
BbIOOpKaM cHUrHana, (¢). Eciam 3To ckpyunBaHue BBIIOJIHEHO B YaCTOTHOM JIOMEHE, HCTIoub3ys 256 Touek 1D, 306
TOYEK B IPaBUJIBHOM CKPYYMBAaHHH HE MOTYT BIHCHIBaThcs B 256 obecrieueHHBIX BEIOOpOK. Kak nmokasano B (d), 256
BbIOOPOK uepe3 305 curHaa BEIXOJa HOMEUIEHB! B CIEAYIOIINI IIEpHO HAlpaBo, I1e OHU NPHOABISIOTCS K HaYaly
CJIETYIOIIETO TIepHo/ia CUrHaia. PHCYHOK (€) - e AMHCTBEHHBIN(OTCIBHBIN) MIEPHO]] 3aKaHIMBAIOLIETOCS CUTHAIA.
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Now consider the more general case in Fig. 9-9. The input signal, (a), is 256 points long, while
the impulse response, (b), contains 51 nonzero points. This makes the convolution of the two
signals 306 samples long, as shown in (c). The problem is, if we use frequency domain multipli-
cation to perform the convolution, there are only 256 samples allowed in the output signal. In
other words, 256 point DFTs are used to move (a) and (b) into the frequency domain. After the
multiplication, a 256 point Inverse DFT is used to find the output signal. How do you squeeze
306 values of the correct signal into the 256 points provided by the frequency domain algorithm?
The answer is, you can't! The 256 points end up being a distorted version of the correct signal.
This process is called circular convolution. It is important because you want

to avoid it.

Tenepsr paccMoTpuTe OoJbIlIee KOTMYECTBO obmIero ciaydas(6onee oOuuii cirydaii?) B puc. 9-9.
Bxonnoit curnai, (a), uMeeT JIUTEIBHOCTh 256 TOYEK, B TO BpeMsl KaKk UMITYJIbCHas MepeiaTou-
Has pynkiwms, (b), comepxkut 51 TOUKY OTIUYHYIO OT HyJs. ITO JeNaeT CKpyYMBaHUE U3 JIBYX
CUTHAJIOB JUTUTEIHHOCTHIO 306 BEIOOPOK, Kak mokaszaHo B (c). [Ipobiema, eciau Mbl UCIONB3yeM
YMHOKE€HUE YaCTOTHBIX JIOMEHOB, YTOOBI BBIIIOJIHUTH CKPYUYHMBaHUE, UMEIOTCS TOJIBKO 256, no-
360J/leHHbIX B CUTHAJIE BBIXOAA, BHIOOpOK. pyrumu crnoBamu, UtoOsl nepemectuts (a) u (b) B
YaCTOTHBIM JIOMEH, ucnoyb3dyercs 256 touek JIID. [Tocne ymHOXkeHuUs, ucnonbzyercs 256 to-
yek O6patHoro(MuBepcHoro) JAIID, urobsl HaiiTh curHan Beixoaa. Kak Ber coxxmere 306 3Ha-
YEHUW TPaBUIBHOTO CHTHaja B 256 ToYek, 00€CIEeUeHHBIX aJTOPUTMOM YaCTOTHOTO JOMEHa?
OtBet, Bel He Moxere! 256 TOYeK 3aKaHUMBAIOTCA SIBJIAIOIIMINCSA HMCKAKEHHOW Bepcuel mpa-
BUJILHOTO CHUTHaJIa. DTOT MPOIECC HA3bIBAECTCA KPYTOBBIM CKPYYHMBAHHUEM. DTO Ba)KHO, MIOTOMY
4yT0 BEI XOTHTE U3OE2amb FTOTO.

To understand circular convolution, remember that an N point DFT views the time domain as
being an infinitely long periodic signal, with N samples per period. Figure (d) shows three peri-
ods of how the DFT views the output signal in this example. Since N' = 256, each period consists
of 256 points: 0-255, 256-511, and 512-767. Frequency domain convolution tries to place the
306 point correct output signal, shown in (c), into each of these 256 point periods. This results in
49 of the samples being pushed into the neighboring period to the right, where they overlap with
the samples that are legitimately there. These overlapping sections add, resulting in each of the
periods appearing as shown in (e), the circular convolution.

JIns1 mOHMMaHMs KPYroBOIO CKPY4YMBAHMS, IOMHHTE, 4TO TOUKy N, 11D paccmarpuBaer qome-
HOM BPEMEHHM, KaK SIBJSIONIMMCS OCCKOHEYHO JJIWHHBIM MEPUOJAUYECKAM CHUTHAIOM, ¢ N BBI-
O6opkamu Ha nepuoj. PucyHnok (d) mokaspiBaeT Tpu mepuona toro, kak JII®d paccmarpusaer
CUTHAJ BbIxoja B 3ToM mpumepe. C Tex mop kak(ecnu) N' = 256, KaxkIblil IepUO COCTOUT U3
256 Touek: 0-255, 256-511, u 512-767. CkpyunBaHuE 4aCTOTHOTO JAOMEHa MPOOYyeT pa3MECTUTh
306 TOYEK npasuIbHO2O CUSHANA 8bIX00A, TIOKA3aHHOTO B (C), B KAXKIOM MepHoje u3 256 Toyek.
D10 npuBOUT K 49 U3 BEIOOpKAM, IMOMENIAEMBbIM B COCEHUN MEPUO HAIIPaBO, T/I€ OHU HaKJIa-
JBIBAIOTCS C BBIOOPKAaMU, KOTOPbIE HAXOSATCS TaM 3aKOHHO. DTHU pa3Jiesbl MePEeKpPhIBAHUS CKJa-
JBIBAIOTCS, TPUBOJIS K KKIIOMY U3 MEPUOAOB, MOSBIIIONIUXCS KaK MOKa3aHO B (€), Kpy208020
CKPYYUBAHUSL.

Once the nature of circular convolution is understood, it is quite easy to avoid. Simply pad each
of the signals being convolved with enough zeros to allow the output signal room to handle the
N+M-1 points in the correct convolution. For example, the signals in (a) and (b) could be padded
with zeros to make them 512 points long, allowing the use of 512 point DFTs. After the fre-
quency domain convolution, the output signal would consist of 306 nonzero samples, plus 206
samples with a value of zero. Chapter 18 explains this procedure in detail.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

Kak Tonmpko xapaktep(npupoaa) KpyroBOro CKpy4YHMBAaHHUSI TOHST, BeChbMa IPOCTO H30€kKaTb.
[IpocTo nomosHUTE KKl M3 CKPYYHBAEMBIX CUTHAJIOB, JOCTATOYHBIM KOJUYECTBOM HYJIEH,
MO3BOJISISI BO3MOYKHOCTh CHUTHAITy BBIXOJa oOpabaTeiBath N+M-1 TO4YeKk B NMPAaBHILHOM CKPYUH-
Banuu. Hanpumep, curnanst B (a) u (b) MOTYT TOTIOJHATHCS HYJISIMHU, YTOOBI enaTh ux 512 To4-
KaMu JIMHOM, 103BOJIsis ucnoib3oBanue 512 touek JIID. [locne ckpyunBaHusi 4aCTOTHOTO J0-
MEHa, CUTHAJI BBIX0J1a cOCTOsT ObI 13 306 BHIOOPOK OTJIMYHBIX OT HyJIs, itoc 206 BEIOOPOK CO
3HaueHueM HyJIs. [1aBa 18 00BsCHSET 3Ty mpotenypy MOApOoOHO.

Why is it called circular convolution? Look back at Fig. 9-9d and examine the center period,
samples 256 to 511. Since all of the periods are the same, the portion of the signal that flows out
of this period to the right, is the same that flows into this period from the /efz. If you only con-
sider a single period, such as in (e), it appears that the right side of the signal is somehow con-
nected to the left side. Imagine a snake biting its own tail; sample 255 is located next to sample
0, just as sample 100 is located next to sample 101. When a portion of the signal exits to the
right, it magically reappears on the left. In other words, the N point time domain behaves as if it
were circular.

[Toyemy »TO Ha3BIBaeTCA Kpyeosvim ckpyuuBanueMm? OristHeMcst Ha3aq Ha puc. 9-9d u uccneny-
€M cpenHuil mepuon, BbIOOpkH OT 256 mo 511. Tak kak Bce mepuombl - Te XKe ca-
Mble(OAMHAKOBBIE), YaCTh CUTHAJIA, KOTOpasi BHITEKAEeT U3 3TOrO MEPUOJIa 61paso, - Ta )Ke caMasl,
KOTOpasi BTEKAeT B 3TOT Nepuoy ciega. Ecnu Bl paccMaTpuBaeTe TOJIBKO €AMHCTBEHHBIN MEpH-
oJl, Tuma B (€), 6uOHO, UTO TIpaBasi CTOPOHA CUTHAJa TaK WM UHAYE C65A3aHA C JIEBOM CTOPOHOM.
Boo0Gpasure 3Mero, Kycarolyio CBOi cOOCTBEHHBII XBOCT; BBIOOpKa 255 pacmoiokeHa, psaaoM ¢
BBIOOpKO# 0, Tak ke, kak BeIOOpka 100, pacmososxkena, psgom ¢ Beioopkoi 101. Korma gacte
CUTHAJIa BBIXOJUT CIIPaBa, 3TO BOJIICOHO BHOBB MOSBISETCS clieBa. Jpyrumu ciioBamu, To4ka N,
JIOMEHa BPEMEHU BeJIET ce0sl, Kak OyATO 3TO OBLIO KPYTOBOE.

In the last chapter we posed the question: does it really matter if the DFT's time domain is
viewed as being N points, rather than an infinitely long periodic signal of period N? Circular
convolution is an example where it does matter. If the time domain signal is understood to be
periodic, the distortion encountered in circular convolution can be simply explained as the signal
expanding from one period to the next. In comparison, a rather bizarre conclusion is reached if
only N points of the time domain are considered.

That is, frequency domain convolution acts as if the time domain is somehow wrapping into a
circular ring with sample 0 being positioned next to sample N-1.

B npomuwnoit rimaBe Mbl U3JI0KWIA BOMPOC: JEHCTBUTEIBHO JIM UMEET 3HAYEHUE, YTO IOMEH Bpe-
Menn J[I1® paccMoTpeH Kak sBISIFOITUICS N TOYKaMH, CKOpee, YeM OCCKOHEYHO JITMHHBIN T1e-
pUOANYECKUM cUTHaAIOM nepuofoB N? Kpyrosoe ckpyunBaHue - IpUMED, TAE 3TO UMeem 3Haye-
Hue. Ecnu curnan qomMeHa BpeMEeHH, Kak TOHHUMAIOT, SIBISIETCS nepuoouyecKum, UCKaKEeHUe, ¢
KOTOPBIM CTQJIKMBAIOTCS B KPYTOBOM CKPYYHMBAHHH, MOXKHO IMPOCTO OOBSCHUTH KaK CHUTHAI,
paclMpsIIOIIUICS C OJHOIO Mepuoja K cienyromeMy. Ha cpaBHeHHM, JOBOJIBHO MPUYYUIMBOE
3aKJIIOYEHUE JIOCTUTHYTO, €CIU TOJIBKO paccMaTpuBaroTcsi N TOYEK JIoMeHa BpeMeHH. To ecThb
CKpYYMBaHUE YAaCTOTHOTO JIOMEHa JEHCTBYET, Kak OyJTO JOMEH BPEMEHHU Kak TO 00epThIBacT B
KpPYTOBOE KOJBIIO ¢ BEIOOpKOH () MO3UIIMOHUPYEMOH PSIIOM C BBIOOPKOH N-1.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




