HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

Fourier Transform Properties
CroiicTBa nnpeodpasoBanus @ypnbe

CHAPTER

10

The time and frequency domains are alternative ways of representing signals. The Fourier trans-
form is the mathematical relationship between these two representations. If a signal is modified
in one domain, it will also be changed in the other domain, although usually not in the same way.
For example, it was shown in the last chapter that convolving time domain signals results in their
frequency spectra being multiplied. Other mathematical operations, such as addition, scaling and
shifting, also have a matching operation in the opposite domain. These relationships are called
properties of the Fourier Transform, how a mathematical change in one domain results in a
mathematical change in the other domain.

JloMeHBI BpEMEHHU U 4acTOTHI - aIbTEpPHATUBHBIC MyTH MIPEACTaBIeHHUs curHainoB. [IpeobpazoBa-
Hue Oypbe - MaTeMaTUYECKUE OTHOLICHHUS MEXAY dTUMM IBYyMs IpeiacTaBieHusMu. Ecnu cur-
HaJl U3MEHSETCS B OZJHOM JIOMEHE, 3T0 OyAeT TakkKe M3MEHEHO B JIPYIOM JIOMEHE, XOTsI OOBIYHO
HE TakuM ke obpa3zom. Hanpumep, 3T0 moka3pIBaoCh B MPOIION I1aBE, YTO CKPYUMBAHUE CUT-
HAJIOB JIOMEHA BPEMEHH MPHUBOAMUT K UX YMHOXKEHHBIM YaCTOTHBIM cleKkTpaMm. Jlpyrue matema-
TUYECKHUE OIEpalvy, TUIA CJI0KEHHUS, MaCIITAOMPOBAaHUS U CMELLIEHUS, TAK)KE UMEIOT OIEepPaIUIo
COOTBETCTBUS B IPOTHBOIOJIOXKHOM JIOMEHE. DTU OTHOIIECHHUS Ha3bIBAIOTCS CBOMCTBAMH IMPE0O-
pazoBaHuil @ypbe, KAk MaTEMaTHUECKOE U3MEHEHNE B OJTHOM JOMEHE MPUBOJIUT K MaTeMaTuye-
CKOMY M3MEHEHHUIO B JIPYrOM JIOMEHE.

Linearity of the Fourier Transform
JIuneiiHOCTH Mpeodpa3oBanusa @ypbe

The Fourier Transform is linear, that is, it possesses the properties of homogeneity and additivity.
This is true for all four members of the Fourier transform family (Fourier transform, Fourier Se-
ries, DFT, and DTFT).

[IpeoOpazoBanne @Dypre NUHEHHO, TO ecTh 00JIaAaeT CBOMCTBAMH  O0OHOPOOHO-
cmu(2oMo2eHHOCMUY) U a0OUMUBHOCMU. ITO UCTUHHO JUIsl BCEX UYETHIPEX WICHOB CEMEHCTBa
npeoOpaszoBanus Pypre (npeodpazoanue Dypwe, Pag Oypee, 11D, u DTFT).

Figure 10-1 provides an example of how homogeneity is a property of the Fourier transform.
Figure (a) shows an arbitrary time domain signal, with the corresponding frequency spectrum
shown in (b). We will call these two signals: x[ ] and X ], respectively. Homogeneity means that
a change in amplitude in one domain produces an identical change in amplitude in the other do-
main. This should make intuitive sense: when the amplitude of a time domain waveform is
changed, the amplitude of the sine and cosine waves making up that waveform must also change
by an equal amount.

Pucynoxk 10-1 oGecneunBaeT nmpumMep TOro, Kak OJHOPOJTHOCTH SBISIETCS CBOMCTBOM MPeoOpas3o-
BaHus @ypre. PucyHok (a) mokas3slBaeT NPOU3BOJIbHBIN CUTHAI JOMEHA BPEMEHH, C COOTBETCT-
BYIOIIIUM CTIEKTPOM YacTOT, MTOKa3aHHBIM B (b). MbI Ha30BeM 3T n1Ba curHana: x[ | u X[ ], coot-
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BETCTBEHHO. OOHOPOOHOCMb O3HAYAET, YTO U3MEHEHHE B AMILTUTY/IC B OJHOM JJOMEHE MPOU3BO-
JUT UACHTUYHOE U3MEHEHUE B aMIUTUTY/I€ B IPYTOM JJOMEHE. ITO JIOJDKHO JeNaTh HHTYUTUBHBIN
CMBICT: KOT/Ia aMIUTUTYy1a ()OPMbI BOJIHBI JOMEHA BPEMEHU M3MEHEHA, aMIUIUTY/1a BOJHBI CUHY-
ca, ¥ BOJIHBI KOCHHYCA, COCTABJISIONINX Ty (JOPMY BOJIHBI JIOJDKHBI TAK)KE€ U3MEHUTHCS PAaBHBIM
KOJIMYECTBOM.

In mathematical form, if x[ ] and X[ ] are a Fourier Transform pair, then &k x[ ] and k X ] are also
a Fourier Transform pair, for any constant . If the frequency domain is represented in rectangu-
lar notation, k£ X[ ] means that both the real part and the imaginary part are multiplied by £. If the
frequency domain is represented in polar notation, £ X[ ] means that the magnitude is multiplied
by k, while the phase remains unchanged.

B maremaruueckoii hopme, ecu x[ | u X[ ] - mapa npeoGpazoBanuii dypwe, To k x[ | u k X[ ] -
Takke mapa npeodpaszoBannii Dypre, mis a1000i KOHCTaHTHI k. Ecim 4acTOTHBIN TOMEH TIpe-
CTaBJICH B MPSMOYTOJBHOU cucTeMe 0003HadeHui, k X[ | 03Ha4aeT, 4To U BEIIECTBEHHAs YacTh
1 MHHUMasi(HECOOCTBEHHAsI) YacTh YMHOXKEHA Ha k. Ecim 4acTOTHBIN TOMEH MpeAcTaBieH B IO-
JSpHOU cucteme o003HaUYeHMIA, kK X[ Jo3HAYAET, YTO BEIMYUHA - YMHOXKEHHAS k, B TO BpeMs KaK
(a3za ocraercss HCM3MEHSIEMOM.
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FIGURE 10-1
Homogeneity of the Fourier transform. If the amplitude is changed in one domain, it is changed by the same amount
in the other domain. In other words, scaling in one domain corresponds to scaling in the other domain.

PUCYHOK 10-1. OgHOpoaHOCTH(rOMOTreHHOCTh) npeoOpasoBanusi Dypbe. Eciu ammuiuTya M3MEHEeHa B OJTHOM
JIOMEHE, 3TO U3MEHEHO TeM K€ CaMbIM KOJIMYECTBOM B IPYroM JIOMEHe. [Ipyrumu cioBaMu, Macumabuposauie B
OJTHOM JIOMEHE COOTBETCTBYET MacIITA0OMPOBAHHUIO B IPYTOM JIOMEHE.

Additivity of the Fourier transform means that addition in one domain corresponds to addition in
the other domain. An example of this is shown in Fig. 10-2. In this illustration, (a) and (b) are
signals in the time domain called x|[ | and x,[ ], respectively. Adding these signals produces a
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third time domain signal called x3[ ], shown in (c). Each of these three signals has a frequency
spectrum consisting of a real and an imaginary part, shown in (d) through (i). Since the two time
domain signals add to produce the third time domain signal, the two corresponding spectra add
to produce the third spectrum. Frequency spectra are added in rectangular notation by adding the
real parts to the real parts and the imaginary parts to the imaginary parts. If: x;[n] + x2[n] = x3[n],
then: ReX [f ] + ReXz[f | = ReXz[f | and ImX,[f ] + ImX,[f | = ImX;[f ]. Think of this in terms of
cosine and sine waves. All the cosine waves add (the real parts) and all the sine waves add (the
imaginary parts) with no interaction between the two.

Aooumuenocms nipeodpazoBanus Dypwe(Tpanchopmantel Dypre) 03HAYACT, YTO CrONHCEHUE B
OJTHOM JIOMEHE COOTBETCTBYET CI0JCeHUl0 B IpyroM jaomene. Ilpumep 3Toro mokasbiBaeTcs Ha
puc. 10-2. B aToii nmtroctparuy, (a) u (b) - CurHaJIBI B JOMEHE BPEMEHH, Ha3bIBaeMble X[ | 1 xp[
], coorBercTBeHHO. CII0O)KEHHE ITHX CUTHAJIOB MPOW3BOAMUT TPETUH CUTHAN JOMEHA BPEMEHU,
Ha3bIBAEMBIN X3[ |, MOKa3aHHBIN B (¢). Kaaplif U3 3TUX TpeX CHUTHAJIOB MMEET CHEKTP YacToT,
COCTOSIIINIA U3 peaIbHOM(BEIIEeCTBEHHOW ) 1 MHUMOW(HECOOCTBEHHOW) YaCcTH, MTOKa3aHHBIN B PHC.
ot (d) o (i). Tak kak ABa CUTHAJIa JOMEHA BPEMEHH CKJIAJIbIBAsICh, TPOU3BOIAT TPETUH CUTHAI
JIOMEHa BPEMEHH, JBa COOTBETCTBYIOIINX CIEKTPa CKIAABIBASCH, TMPOU3BOMIT TPETHH CHEKTP.
YacToTHBIE CHEKTPHI CIOKEHBI B MPSMOYTOJIbHON cucTeMe 0003HAUeHM, MpHOaBiss BELIECT-
BEHHBIE YacTH K BEIICCTBEHHBIM YaCTIM U MHHMBIC(HECOOCTBCHHBIE) YacTH K MHH-
MbIM(HECOOCTBeHHBIM) yacTsM. Ecmu: xi[n] + x3[n] = x3[n], Torna: ReX\[f ] + ReXz2[f ] = ReXi[f ]
u ImXi[f ] + ImXo[f | = ImXs[f']. JymaiiTe 0 3TOM B TepMHHAX BOJIH CHHycCa M KOCHHYyca. Bce
BOJIHBI KOCHHYCa CKJIaJIbIBAIOTCS (BEIIECTBEHHBIE YacTH) M BCE BOJIHBI CHHYCA CKJIAJbIBAIOTCS
(MHIMBIE(HECOOCTBEHHBIE ) YacTH) O3 B3aUMOACUCTBUS MEXIY ABYMSI(IIOTIAPHO).

Frequency spectra in polar form cannot be directly added; they must be converted into rectangu-
lar notation, added, and then reconverted back to polar form. This can also be understood in
terms of how sinusoids behave. Imagine adding two sinusoids having the same frequency, but
with different amplitudes (4; and 4,) and phases ‘% #7d &} [f the two phases happen to be
same '® - %.) the amplitudes will add (4, + 4,) when the sinusoids are added. However, if the
two phases happen to be exactly opposite ‘¥ = #:) the amplitudes will subtract (A; — A,) when
the sinusoids are added. The point is, when sinusoids (or spectra) are in polar form, they cannot
be added by simply adding the magnitudes and phases.

YacToTHBIE CHEKTPHl B MOJSAPHONH (GopMe HE MOTYT OBITH HEMOCPEICTBEHHO CJIOXEHbI; OHH
JIOJDKHBI OBITH IIPeOOpa3oBaHbl B MPSMOYTOJIBHYIO CUCTEMY OOO3HAUYEHHH, CIIOKEHBI, U 3aTeM
MOBTOPHO MpeoOpa3oBaHbl Ha3a/a K MOJSPHOU Gopme. DTO MOXKET TakKe ObITh MOHATO B TEPMHU-
HaX TOro, Kak CUHYCOH/bl BeyT ceOs. BooOpasure cioxeHne AByX CUHYCOHJ, UMEIOIIUX Ty XK€
CaMyI0 4acTOTy, HO pa3jv4Hble aMIATyabl (4 u A;) u daser ' 4 @} Ecim >tu 1se dassr,
iy and .} crygaercs, coBmagaoT(Te e camble), aMILIUTYABI ckraobiéaomes (A + Ay) xoraa
CHHYCOMJIbI ClOKeHbl. OJHAKO, eCii 3TH JBe (a3bl, CIIydaeTcs, IPOTUBOMONOXKHBI, | ¥ ind i}
aMIUTUTY Bl ebiyumaromcsi, (A; — A,) Korjaa CHHYCOHJIBI CIIOKEHBI. EcTh 0COOEHHOCTH(TYHKT),
KOT/Ia CHHYCOUBI (WJIM CIIEKTPHhI) HAXOAATCS B TOJIAPHON (opMe, OHU He Mo2ym Obimb CIIOXKE-
HBI, IPOCTO CKJIa/IbIBast BETMYUHBI U (pa3bl.

In spite of being linear, the Fourier transform is not shift invariant. In other words, a shift in the
time domain does not correspond to a shift in the frequency domain. This is the topic of the next
section.

Bynyun nuneiineiM, [IpeoOpasoBanue @ypoe(Tpancpopmanta Oypbe) - He, CABUTAIOTCS WHBA-
puaHTHO. J[pyruMu ClIOBaMH, CIBHUI B JOMEHE BPEMECHH HE COOmMEEemcmeyem CABUTY B 4aCTOT-
HOM JIOMEHE. DTO - TeMa CIEIYIOIEro pa3jea.
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Figure 10-2. Additivity of the Fourier transform.
Adding two or more signals in one domain results in the corresponding signals being added in the other domain. In
this illustration, the time domain signals in (a) and (b) are added to produce the signal in (c). This results in the cor-
responding real and imaginary parts of the frequency spectra being added.

Pucynox 10-2.

AIIUTHBHOCTH mIpeoOpa3oBanus Dypse.
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CroxxeHHre IBYX WM OOJbIIE CUTHAIOB B OJHOM JOMEHE MPUBOAUT K COOTBETCTBYIOIINM CHTHAJIAM, CKJIaJbIBae-
MBIX B JIpYTOM JIOMEHE. B 3TOW WIUTIOCTpAIiK, CUTHAIEI JOMeHa BpeMeHH B (a) U (b) cioskeHsl, 9T00BI MPON3BECTH
curHai B (C). 3To MPHUBOAUT K COOTBETCTBYIOLINM PeaIbHBIM(BEIIECTBEHHBIM) H MHUMBIM(HECOOCTBEHHBIM ) YACTSIM

CKIIaABIBAEMBIX YaCTOTHBIX CIIEKTPOB.
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Characteristics of the Phase
XapakrepucTuku Pasbl

In mathematical form: if x[n] <> Mag X[f'] and Phase X[f] then a shift in the time domain results
in:: x[n + 5] & Mag X[f] and PhaseX[f] + 2nsf, (where: f'is expressed as a fraction of the sam-
pling rate, running between 0 and 0.5). In words, a shift of s samples in the time domain leaves
the magnitude unchanged, but adds a linear term to the phase, 2nsf. Let's look at an example of
how this works.

B matemaruueckoii ¢popme: ecnu x[n] <> Mag X[f | u Phase X[f ] Toraa ciBur B J0MEHE Bpeme-
HU IPUBOJUT K : x[n + 5] <> Mag X[f] and PhaseX[f | + 2nsf, (vae: f BeIpakeH Kak IpoOB(10JIs)
4acToThl BbIOOpKH, BbInonHsAoLEecs mexay 0 u 0.5). B cinoBax, ciBUTr BBIOOPOK § B JOMEHE
BPEMEHHU OCTABJISIET BEJIMYUHY, HEU3MEHIEMOM, HO MPUOABIIsAET JIMHEHHBIA WieH; (YWICH MepBOn
cTernieHn) K (aze, 2nsf. JlaBaiiTe mOCMOTPUM MpUMEP TOTO, KaK 3TO paboTaer.

Figure 10-3 shows how the phase is affected when the time domain waveform is shifted to the
left or right. The magnitude has not been included in this illustration because it isn't interesting;
it is not changed by the time domain shift. In Figs. (a) through (d), the waveform is gradually
shifted from having the peak centered on sample 128, to having it centered on sample 0. This
sequence of graphs takes into account that the DFT views the time domain as circular; when
portions of the waveform exit to the right, they reappear on the left.

Pucynok 10-3 mokaspiBaeT, kak Ha ¢a3zy BO3JCUCTBYET, Korjaa ¢popMa BOJIHBI JOMEHA BPEMEHU
C/IBHMHYTa BJIEBO WJIM BIpaBo. BennunHa He Obula BKIIOYEHA B 3TY WLIIOCTPAILMIO, IOTOMY YTO
3TO HE MHTEPECHO; 3TO HE M3MEHEHO CIIBUTOM JOMeHa BpeMmeHu. B puc. (a) - (d), dopma BoTHBI
IOCTENEHHO CABHHYTA OT HAJM4YMs MHKa, HEHTPUPOBAHHOTO Ha BBIOOpKe 128, K HATMYHUIO IEH-
TPUPOBaHHOTO Ha BhIOOpKe (. DTa MOCIEN0BaTENFHOCTh IPa(UKOB MPUHIMAET BO BHHMaHUE,
yto JIII® paccmarpuBaeT TOMEH BPEMEHH KaK yupkyasapusit (Yukiuueckuil, Kpyeosoi); Koraa
gacTu (GOPMBI BOJTHBI BBIXOST CIIPaBa, OHU BHOBB TOSBIISIFOTCS CIIEBA.

The time domain waveform in Fig. 10-3 is symmetrical around a vertical axis, that is, the left and
right sides are mirror images of each other. As mentioned in Chapter 7, signals with this type of
symmetry are called /inear phase, because the phase of their frequency spectrum is a straight
line. Likewise, signals that don't have this left-right symmetry are called nonlinear phase, and
have phases that are something other than a straight line. Figures (e) through (h) show the phase
of the signals in (a) through (d). As described in Chapter 7, these phase signals are unwrapped,
allowing them to appear without the discontinuities associated with keeping the value between n
and -m.

®opma BOIHBI IOMEHA BpeMeHU B puc. 10-3 cuMMmeTpudeckas BOKPYT BEPTHKAJIBbHOW OCH, TO
€CTh JICBBIC U TPABbIE CTOPOHHI - 3epKabHbIe H300pakeHus IpyT Apyra. Kak ynoMsiHyTo B riia-
Be 7, CHTHAJIBI C TUM THUIIOM CHUMMETPUU HA3BIBAIOTCA JIUHEUHOU (ha3oll, TOTOMY 4TO (a3za ux
CIIEKTpA YaCTOT - NpsAMAs JUHUsA. AHAJIIOTUYHO, CUTHAJIBI, KOTOPhIE HE UMEIOT ATY JIEBO - MIPaBYIO
CUMMETPHUIO, Ha3bIBAIOTCSA HeluHeluHol (ha3oti, © UMEIOT (a3bl, KOTOPbIE SBISIOTCS KOe-ueM
IpyruM, 4yeM Tpsimast Tuaus. Pucynku (e) uepes (h) mokassiBaroT ¢a3y curnaioB B (a) gepes (d).
Kak onmucano B ['maBe 7, 3Tu (a3zoBbie CUTHAJIBI Pa3BEPHYTHI, MO3BOJISAS UM MOSBUTHCS O€3 pas3-
PBIBOB, CBSI3aHHBIX C XPAaHEHUEM 3HAUCHUS MEXAY T U -T

When the time domain waveform is shifted to the right, the phase remains a straight line, but ex-
periences a decrease in slope. When the time domain is shifted to the left, there is an increase in
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the slope. This is the main property you need to remember from this section; a shift in the time
domain corresponds to changing the slope of the phase.

Korga dbopma BoJIHEI JOMEHa BpEMEHH CIBHHYTa HampaBo, (a3a ocTaeTcs MpsSMON JTUHUEH, HO
WCIIBITHIBAET YMEHbIIEHUE B HakJIOHEe. Korja qoMeH BpeMeHH CABUHYT HAJEBO, UMEETCS YBEIH-
YeHHEe B HAKJIIOHE. JTO - OCHOBHOE CBOMCTBO, KOTOpPOE BhI TOKHBI MOMHUTBH OT 3TOTO pas3fena;
CIBHT B JOMEHE BPEMEHH COOTBETCTBYET U3MEHEHHIO HAKJIOHA (a3bl.
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FIGURE 10-3

Phase changes resulting from a time domain shift.

PHCYHOK 10-3.
V3meHenus ¢asbl clieqylonye U3 CABUIa JOMeHa BPEMEHH.
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Figures (b) and (f) display a unique case where the phase is entirely zero. This occurs when the
time domain signal is symmetrical around sample zero. At first glance, this symmetry may not be
obvious in (b); it may appear that the signal is symmetrical around sample 256 (i.e., N/2) instead.
Remember that the DFT views the time domain as circular, with sample zero inherently con-
nected to sample N-1. Any signal that is symmetrical around sample zero will also be symmetri-
cal around sample N/2, and vice versa. When using members of the Fourier Transform family
that do not view the time domain as periodic (such as the DTFT), the symmetry must be around
sample zero to produces a zero phase.

Pucynku (b) u (f) oToOpakaroT yHHKaJIBHBIN ciydaid, rae ¢a3a MOTHOCTHIO HyJeBas. DTO Mpo-
UCXOIMT, KOTJIa CUTHAJI JOMEHA BPEMEHU cuMmempuyeckuli BOKpYT BbIOOpKHU Hyzsa. Ha mepBblit
B3IJIA[, 9Ta CUMMETPUS HE MOXET ObITh oueBHAHA B (b); MOXKET Ka3aTbCs, YTO CUTHAJ CUMMET-
pUYEeCKHiA, BOKPYT BBIOOpKH 256 (TO ecTh, N/2) BMecTo 3toro. [lomaute, yto 1D paccmarpu-
BAeT JIOMEH BPEMEHHU KaK IMKJINYECKUH, C HyJEeBOM BHIOOPKOH, HEOTHEMIIEMO CBSI3aHHOM C BbI-
6opkoii N-1. JIro0oii curHai, KOTOPHIN SBISETCI CUMMETPHUYECKUM BOKPYT BBIOOPKHU HYJIb, Oy-
JIeT TaKKe CUMMETPUYECKU, BOKPYT BbIOOpKH N/2, 1 Hao6opot. [Ipu ncnoiab30BaHUU YJICHOB
cemerictBa IIpeobpazoBanus Dypwe(Tpanchopmantel Dyphe), KOTOpbIE HE paccMaTPHBAIOT,
JOMeH BpeMeHHu Kak nepuoandeckuii (tuna DTFT), cumMerpus 1oykHa ObITh BOKPYT BHIOOPKH
HYJIb K TIPOU3BOJICTBY HYJIEBOU (pa3bi(asbl HYIIA).

Figures (d) and (h) shows something of a riddle. First imagine that (d) was formed by shifting
the waveform in (c) slightly more to the right. This means that the phase in (h) would have a
slightly more negative slope than in (g). This phase is shown as line 1. Next, imagine that (d)
was formed by starting with (a) and shifting it to the left. In this case, the phase should have a
slightly more positive slope than (e), as is illustrated by line 2. Lastly, notice that (d) is symmet-
rical around sample N/2, and should therefore have a zero phase, as illustrated by line 3. Which
of these three phases is correct? They all are, depending on how the m and 2w phase ambiguities
(discussed in Chapter 8) are arranged. For instance, every sample in line 2 differs from the corre-
sponding sample in line 1 by an integer multiple of 2n, making them equal. To relate line 3 to
lines 1 and 2, the m ambiguities must also be taken into account.

Pucynku (d) u (h) mokaseiBatoT koe-uto 3aragodHoe. Bo mepBeix BooOpasute, 4yto (d) ObLT
chopmupoBan, casuras (popmy BOJHBI B (C) ciierka O0JbIe HAIIpaBO JTO O3HAYaAeT, 4yTo ¢asa B
(h) umena ObI cierka OOJBIINN OTPHUIIATEIHHBIA HAKIOH YeM B (g). JTa (a3a moka3bIBacTCs Kak
nunus 1. 3arem, BooOpasute, uto (d) ObuT chopMuUpoBaH, HAYMHASCH C (2) U CABUTAS ATO BJICBO.
B arom cirydae, ¢aza momkHa IMETh clerka 0oJiee MoJIOKUTEIbHBIA HAKIIOH, YeM (€), KaK UILTIO-
cTpupoBana nuHUEH 2. Hakonern, obpatute BHUMaHue, 4To (d) CHMMETPUYECKUMA, BOKPYT BBI-
60pku N/2, 1 TOATOMY JTOJDKEH UMETh HyJEBYIO (pa3y, Kak MIUTIOCTPHPOBAHO JIMHUEH 3. sSBISET-
cs JIK Kakast 100 u3 3TuxX Tpex (a3 nmpaBmwibHONH? OHU BCe, B 3aBUCUMOCTH OT TOTO, KaK pa3Me-
matoTcst (ha3oBble HEOJHO3HAYHOCTH T U 21 (oOcyxaeHHble B riiaBe 8). Hampumep, kaxmas
BBIOOPKA B JIMHUH 2 OTJIMYAETCS OT COOTBETCTBYIOIICH BHIOOPKHU IO JTMHUH 1 KpaTHBIM 27, emast
uX paBHbIMU. CBSI3bIBasi TUHUIO 3 ¢ JIMHUAMH | U 2, HEOTHO3HAYHOCTH T JOJKHBI TaKKe OBITh
IIPUHATHI BO BHUMaHUE.
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To understand why the phase behaves as it does, imagine shifting a waveform by one sample to
the right. This means that all of the sinusoids that compose the waveform must also be shifted by
one sample to the right. Figure 10-4 shows two sinusoids that might be a part of the waveform.
In (a), the sine wave has a very low frequency, and a one sample shift is only a small fraction of
a full cycle. In (b), the sinusoid has a frequency of one-half of the sampling rate, the highest fre-
quency that can exist in sampled data. A one sample shift at this frequency is equal to an entire
1/2 cycle, or w radians. That is, when a shift is expressed in terms of a phase change, it becomes
proportional to the frequency of the sinusoid being shifted.

UtoObI MOHUMATH, MMOYeMy (haza BeaeT cedsi, Kak 3TO JejaeT, BooOpasute caBuraTh Gopmy BOJI-
HBI OZJHOW BBIOOPKOI HalpaBo. ITO 03HAYAET, YTO BCE CUHYCOUIBI, KOTOPBIE COCTABISIOT (hopMy
BOJIHBI, JIOJDKHBI TaKXKe OBITh CIBUHYTHI OJHOW BBIOOpKOW HampaBo. Pucynok 10-4, mokaspiBaet
JIBE CHHYCOH/JIbI, KOTOpbIE MOTJIM OBl OBITH YacThi0 (hopMBI BOJHBL. B (a), BosiHA cuHyca umeer
OYCHb HU3KYIO YaCTOTY, U OJJHY BBIOOPKY CIBHUTA - TOJIBKO MaJICHbKas APOOB(101s1, YacTh) IMOJ-
Horo 1ukna(mepuona). B (b), cuHyconaa UMEET 4acTOTY IMOJIOBUHBI YaCTOTHI BBIOOPKH, camasi
BBICOKAsl 4YacTOTa, KOTOpas MOXET CYyIIeCTBOBaTh B IPOMU3BEIACHHBIX BBIOOpKAX JaH-
HBIX(BBIOOPOYHBIX JTAaHHBIX, JUCKPETHBIX MaHHBIX). OqHa BHIOOpKA B ATOM 4acTOTE paBHA IMOJ-
HoMy 1uKiIy(nepuoay) 1/2, unu m paguan. To ecTh KOrja CABUT BBIPAXKEH B TEPMHHAX U3MEHe-
HUS (Pasbl, 3TO CTAHOBUTCS NPONOPYUOHANLHBIM K YACTOTE CABUTAEMON CHHYCOUIBI.

| b, 142 of m‘unlplnn-__' 1'r1'-.|u|.'n-.'1. |

T I [T iﬁ“ WL i '|

I | A | |
1 1 - 1 T
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".n|||I|I-|||.'I-.
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FIGURE 10-4. The relationship between samples and phase.

Figures (a) and (b) show low and high frequency sinusoids, respectively. In (a), a one sample shift is equal to 1/32 of
a cycle. In (b), a one sample shift is equal to 1/2 of a cycle. This is why a shift in the waveform changes the phase
more at high frequencies than at low frequencies.

For example, consider a waveform that is symmetrical around sample zero, and therefore has a
zero phase. Figure 10-5a shows how the phase of this signal changes when it is shifted left or
right. At the highest frequency, one-half of the sampling rate, the phase increases by n for each
one sample shift to the left, and decreases by & for each one sample shift to the right. At zero fre-
quency there is no phase shift, and all of the frequencies between follow in a straight line.
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Hampumep, paccMotpute ¢opMy BOTHBI, KOTOpas SIBISIETCS CUMMETPHUYECKON BOKPYT BBIOOPKHU
HYJIb, ¥ TIO3TOMY UMeEeT HyJeBylo (pa3y. PucyHok 10-5a mokassiBaeT, kak ¢aza 3TOro CHUTHaIa
M3MEHSETCS, KOrJla 3TO CABMHYTO BJIEBO WJIM BIPABO. B camoil BEICOKOW 4acTOTE, MOJOBUHA Yac-
TOTBHI BEIOOPKH, yBeIUYeHHs (ha3bl T I Kaxk10H 0/1HOM BEIOOPKH CABHUHYTOM HaJIeBO, U YMEHb-
HIEHUH T A KaXXJA0TO OJHOW BBIOOPKHM CABMHYTOH HampaBo B HylieBoil yacToTe He MMeeTcs
HUKAaKOro cABUra (a3, v BCE 4aCTOThl MEX]y CIEAYIOT B IPSIMON JIMHUU.

Phase i rndiars )
Phase (radians )

=

=5 nuinber ol samples |
shiilfled in time domain |
i

muitiber of samples
shalled in time domam
: !

| .- : 5= 4 r

= |

{ (W] 0z (] iid 0.5 il 0.1 0.2 .3 0.4 (]
Frequency Fregquency

FIGURE 10-5. Phases resulting from time domain shifting.

For each sample that a time domain signal is shifted in the positive direction (i.e., to the right), the phase at fre-
quency 0.5 will decrease by B radians. For each sample shifted in the negative direction (i.e., to the left), the phase
at frequency 0.5 will increase by B radians. Figure (a) shows this for a linear phase (a straight line), while (b) is an
example using a nonlinear phase.

All of the examples we have used so far are /inear phase. Figure 10-5b shows that nonlinear
phase signals react to shifting in the same way. In this example the nonlinear phase is a straight
line with two rectangular pulses. When the time domain is shifted, these nonlinear features are
simply superimposed on the changing slope.

Bce mpumMepsl, KOTOpBIE MBI HCIIOB30BAIN TIOKA(I0 CUX TOp) - aunetinas Gaza. Pucynok 10-5b
MIOKa3bIBAET, YTO HEJTMHEWHBIC (Pa30BbIC CHTHAIIBI PEAruPYIOT HA CMEIIEHUE TaAKKM K€ 00pa3oM.
B stom npumepe HenmHelHas (asza - mpsMas TUHUS C ABYMS MPSIMOYTOJbHBIMH HMITYJTHCAMH.
Kornma momMeH BpeMEHHM CIABHHYT, 3TH HEIMHEWHBIE OCOOCHHOCTH TPOCTO CIIOKEHBI HA H3Me-
HSIOIIEMCS] HaKJIOHE.

What happens in the real and imaginary parts when the time domain waveform is shifted? Re-
call that frequency domain signals in rectangular notation are nearly impossible for humans to
understand. The real and imaginary parts typically look like random oscillations with no appar-
ent pattern. When the time domain signal is shifted, the wiggly patterns of the real and imaginary
parts become even more oscillatory and difficult to interpret. Don't waste your time trying to un-
derstand these signals, or how they are changed by time domain shifting.

Urto ciayuyaercs B peanbHbix(BEIIECTBEHHBIX) U MHUMbIX(HECOOCTBEHHBIX ) YacTsIX, Koraa ¢opma
BOJIHBI JTOMEHA BPEMEHH CIBUHYTAa? BCIOMHHUTE, YTO CHTHAIBI YaCTOTHOTO JIOMEHA B IMPSIMO-
YTOJBHON cHCTeMe 00O03HAaYEHUW TOUYTH HEBO3MOXKHBI ISl JIFOZACH, 4TOOBI TOHSATH. Peanb-
HbIe(BEIIECTBECHHBIC) 1 MHUMbIS(HECOOCTBEHHBIE) YaCTH TUITUYHO HATIOMUHAIOT OECTIOPSA0YHbIC
KojeOanuss 6e3 oueBHmHOro obOpasma. Korma curnam aoMeHa BpPEMEHH CIIBHHYT, BOJIHH-
CThIe(HOBBIE) 00paslbl peallbHBIX(BEIICCTBEHHBIX) 1 MHUMBIX(HECOOCTBEHHBIX) YacTel CTaHYT
YeTHBIMU 00Jiee MOHOTOHHO KoJjeOaTelabHbIMU M TPYIHBIMU AJi1 UHTeprperaunu. He Tpatbre
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BITYCTYIO Ballle BpeMsi, TPOOYS MOHSATh ATH CUTHANBI, WIIK KaK OHH H3MEHEHBI CMEIIICHUEM JIOME-
Ha BPEMEHH.

3 T 3 T T T
a. Original signal b. Reconstructed from the magnitude |
2 2
I 21
E : NS
=) e
-1 [
2 -z
1l i 128 192 255 0 i) 128 192 155
Sample number Sample number
F]{T'URE_IU'E' . . ) . |c. Reconstructed from the phase
[nformation contained in the phase. Figure (a) i
shows a pulse-like waveform. The signal in (b) =
is created by raking the DFT of (a), replacing the
phase with random numbers. and taking the £1
[nverse DFT. The signal in {c) is found by =]
taking the DFT of (a). replacing the magnitide B
with random numbers, and taking the Inverse T Y
DFT. The location of the edges is retained in
ic), but not in {(b). This shows that the phase -l
contains information on the location of events in
the time domain signal. i
0 fi4 128 192 155
Sample number
FIGURE 10-6

Information contained in the phase. Figure (a) shows a pulse-like waveform. The signal in (b) is created by taking
the DFT of (a), replacing the phase with random numbers, and taking the Inverse DFT. The signal in (c) is found by
taking the DFT of (a), replacing the magnitude with random numbers, and taking the Inverse DFT. The location of
the edges is retained in (c), but not in (b). This shows that the phase contains information on the location of events in
the time domain signal.

PUCYHOK 10-6. Uadopmanus, comepsxamasics B dase.

PucyHok (a) nokaspiBaeT mysbc-nogo0Hyto ¢opmy Bosinbel. Curnan B (b) cozman, Oeps AIID (a), 3amensis gaszy
ciydaitHeIMu dnciamu, u 6eps O6patusiit AI1®. Curnan B (c) Haiigen, Oeps 1D (a), 3ameHss senuuuny cirydaii-
HbIMU yHciiamu, U 0epst O6patabril JI1®D. Pacnonoxenue epaneti(pponmos) coxparero B (¢), Ho He B (b). D10 1mO-
Ka3bIBaeT, 4TO (aza CoAEePIKUT MH(POPMAIHIO OTHOCUTENILHO PACIIONOKEHHS COOBITHI B CUT'HAJIE JIOMEHa BPEMEHHU.

Figure 10-6 is an interesting demonstration of what information is contained in the phase, and
what information is contained in the magnitude. The waveform in (a) has two very distinct fea-
tures: a rising edge at sample number 55, and a falling edge at sample number 110. Edges are
very important when information is encoded in the shape of a waveform. An edge indicates
when something happens, dividing whatever is on the left from whatever is on the right. It is time
domain encoded information in its purest form. To begin the demonstration, the DFT is taken of
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the signal in (a), and the frequency spectrum converted into polar notation. To find the signal in
(b), the phase is replaced with random numbers between -n and n, and the inverse DFT used to
reconstruct the time domain waveform. In other words, (b) is based only on the information con-
tained in the magnitude. In a similar manner, (c¢) is found by replacing the magnitude with small
random numbers before using the inverse DFT. This makes the reconstruction of (c) based solely
on the information contained in the phase.

Pucynok 10-6 - uHTEpecHas 1eMOHCTparys, Kakas WHPOpMaIUs CONEPKUTCS B ¢haze, U Kakas
uHpOpMaLUs CONEPKUTCA B geauyune. Dopma BOIHBI B (2) UMEET B OYCHb OTIMYMTEIBHBIX
0COOEHHOCTH: TIOBBIMIAIOIIHICST GPOHT B BRIOOPKE 55, 1 moHMXKaronuiics GpoHT B BeIOOpKe 110.
®DpoHTHI 0YEHb BaXKHBI, KOT/1a HH(OpMAIIHS 3aKOAUPOBaHA B hopme GopMbl BOTHBL. DPOHT yKa-
3BIBAET, K020a KOE-YTO CIIydaeTcs, pa3elisis Bce YTO €CTh ClieBa OT TOT0, YTO HaXOIUTCs CIpaBa.
3T0 - JOMEH BPEMEHH 3aKoJMpoBaHHas MH(OpMaIHs B ee caMoil ynctoil ¢popme. UToObI HauM-
HaTh JeMOHcTpanuto, mpuHAT(B3AT) 1D curnana B (a), U CEKTp 4acTOT, MPeoOpa30OBaHHBINA B
MOJISIPHYIO cUCTeMy o0o3HaueHuit. UToObl HaxoauTh curHan B (b), (a3a 3amMeHeHa ciayyailHBIMU
YUCJIaMHU MEXIy -T U T, 1 00patHbiit JII1D ucnons3yemplid 111 BOCCTAaHOBJICHHS (POPMBI BOJTHBI
noMeHa BpeMmeHu. [[pyrumu cioBamu, (b) ucmonb3yeT TONBKO MHPOPMAIUIO, COIEPKAILYIOCS B
seauyune. [1omoOHBIM ciocoOOM, HaiizieH (C), 3aMeHss BEIWYMHY MAJICHBKUMHU CIy4YalHBIMU
YHUCIIaMU TIepe]l UCIoNib30BaHueM obpaTtHoro JI1®. DTo memaer peKOHCTPYKIUIO U3 (C), OCHO-
BaHHOM MCKIIIOYUTENBHO Ha HH(OpMaLMU, coliepskalieiics B ¢gase.

The result? The locations of the edges are clearly present in (c), but totally absent in (b). This is
because an edge is formed when many sinusoids rise at the same location, possible only when
their phases are coordinated. In short, much of the information about the shape of the time do-
main waveform is contained in the phase, rather than the magnitude. This can be contrasted with
signals that have their information encoded in the frequency domain, such as audio signals. The
magnitude is most important for these signals, with the phase playing only a minor role. In later
chapters we will see that this type of understanding provides strategies for designing filters and
other methods of processing signals. Understanding how information is represented in signals is
always the first step in successful DSP.

Pesynbrar? Pacnionoxenust GpoHTOB - SICHO MpeACTaBIeHbI B (C), HO MOJIHOCTHIO OTCYTCTBYIOT B
(b). Ot0 - TO, MOTOMY YTO (POHT CHOPMUPOBAH, KOTJAAa MHOTO CHHYCOHUJ HOBbIULAIOM-
cs(6o3pacmarom) B TOM K€ CAMOM PAcCMOJI0KEHNH, BO3MOKHOM TOJIbKO, KOT/Ia UX ¢hazvl CKOOp-
nuHUpoBaHbl. Kopode roBopsi, MHOTOe M3 WH(GOpPMAIMKA OTHOCHUTEIHHO (HPOPMBI (POPMBI BOJIHBI
JIOMEHA BPEMEHU COJECPKUTCA B hasze, CKOpee YeM geutuHd. ITO MOXKET OBITh MPOTUBOIIOCTAB-
JICHO C CUTHaJIaMU, KOTOPLIC KOAUPYIOT UX I/IH(bOpMaI_[I/IIO B 4aCTOTHOM JOMCHC, TUIIA 3BYKOBBIX
curHaioB. Bennunna Hanbosee BakHa JJI ATHX CUTHAJOB, (ha3a, UTPAeT TOJBKO HE3HAYUTEIb-
HYIO(BTOPOCTENIEHHYI0) poJib. B Gosee mo3aHUX ri1aBax Mbl OyaeM BUAETH, YTO STOT THIT TOHH-
MaHUs 00eCIeYMBaCT CTPATETHIO JIsl MPOCKTUPOBAHMS (PUIBTPOB U APYTHUX METOJIOB 00pabOTKH
CUTHAJIOB. HOHI/IMaHI/IG, KaK I/IH(i)OpMaLII/ISI MNpEACTaBJICHA B CUTHAJIaX SBJACTCA BCCrAaa IMCPBLIM
marom B ycrnemnon [HOC.

Why does left-right symmetry correspond to a zero (or linear) phase? Figure 10-7 provides the
answer. Such a signal can be decomposed into a left half and a right half, as shown in (a), (b) and
(c). The sample at the center of symmetry (zero in this case) is divided equally between the left
and right halves, allowing the two sides to be perfect mirror images of each other. The magni-
tudes of these two halves will be identical, as shown in (e) and (f), while the phases will be op-
posite in sign, as in (h) and (i). Two important concepts fall out of this. First, every signal that is
symmetrical between the left and right will have a linear phase because the nonlinear phase of
the left half exactly cancels nonlinear phase of the right half.
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Ilouemy neBo - mpaBas CUMMETpUs TepefaeT Hyjib (wid JnuHeiiHyio) ¢asy? Pucynok 10-7
obOecrieunBaeT OTBET. TakoW CHUTHAT MOXET OBITh JEKOMITIO3MPOBaH(Pa3OKEeH) Ha JIEBYIO
MOJIOBUHY U TIPaBYIO MOJIOBUHY, KaK Moka3aHo B (a), (b) u (c). Beibopka B 1ieHTpe cCUMMETpUn
(Hyap B 9TOM cily4ae) paslelieHa OJMHAKOBO MEXAY JIEBBIMH U MpPaBbIMU IOJOBHHAMH,
MO3BOJISIST STHM JIByM CTOPOHAM, OBITh COBEPILECHHBIMH 3€PKAIBHBIMUA H300paXCHUSMHU JPYT
npyra. BennuuHbI 3TUX IBYX MOJIOBUH OYIyT uoenmuursl, Kak mokazaHo B (e) u (f), B To BpeMs
Kak ¢a3pl OyayT NPOTHBOMOJOXKHBI MO 3HaKy, kak B (h) m (i). /[Be BaXHBIX KOHLENIMU
BBITEKAIOT U3 3TOro. Bo mepBhIX, KKl CUTHAI, KOTOPBIN SIBISETCS CUMMETPUYECKUM MEXKIY
JeBBIM U TpaBbIM, OyAeT HMMETh JMHEHHYI0 a3y, nomomy umo HeIUHeWHas (asza neBoii
MIOJIOBUHBI TOUHO OTMEHSET HEUHEHHYI0 (pa3y MmpaBoii MOJIOBUHBIL.
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FIGURE 10-7

Phase characteristics of left-right symmetry. A signal with left-right symmetry, shown in (a), can be decomposed
into a right half, (b), and a left half, (c). The magnitudes of the two halves are identical, (¢) and (f), while the phases
are the negative of each other, (h) and (i).

PUCVYHOK 10-7. ®a30Bble XapaKTEpUCTUKH JIEBO - IPABOH CUMMETPHU.

Cursai c JIeBO - IpaBOW CHMMETPHEH, IMOKa3aHHBIN B (a), MOKET OBITh JIEKOMIIO3UPOBAH(Pa3I0KeH) Ha MPaBYIO
oNI0BHHY, (b), 1 IEBYIO MOJIOBHHY, (C). BeTauHbI 3THX IBYX MOJOBHH WACHTHYHHL, (€) u (f), B To Bpems Kak (a3l
- IPOTUBOIIONIOKHBI APYT ApyTy, (h) u (i).
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Second, imagine flipping (b) such that it becomes (c¢). This left-right flip in the time domain does
nothing to the magnitude, but changes the sign of every point in the phase. Likewise, changing
the sign of the phase flips the time domain signal left-for-right. If the signals are continuous, the
flip is around zero. If the signals are discrete, the flip is around sample zero and sample N/2, si-
multaneously.

Bo BTOpBIX, BOOOpasuTte 3epkaibHOe oTpaxkeHue(rnepeBopot) (b) Takum, 9TO 3TO CTAHOBUTCS (C).
DTOT 1€BO - HpaBBIﬁ 3CPKAJIbHOC OTPAKCHUC B JOMCHC BPCMCHH, HC HUYTO K BCJIUMYHUHEC, HO U3-
MEHSIET 3HaK KaXKI0H TOYKHM B (aze. AHAIIOTUYHO, U3MEHSISI 3HAK (pa3bl 3€PKATbHO OTPAKCHHBIN
CUTHAJ JOMEHA BPEMEHH, ClieBa - HampaBo. ECliM CUTHANIBI HEMPEPHIBHBI, 3€PKAILHOE OTpaXke-
HHE - BOKPYT HyJIs. EciiM cHTHAIBI MTUCKPETHBI, 3ePKAIbHOE OTPAXKEHUE - BOKPYT BEIOOPKH HYJIb
u BbIOOpKU N/2, OTHOBPEMEHHO.

Changing the sign of the phase is a common enough operation that it is given its own name and
symbol. The name is complex conjugation, and it is represented by placing a star to the upper-
right of the variable. For example, if X[f'] consists of Mag X[f'] and Phase X[f ], then X * [f] is
called the complex conjugate and is composed of Mag X[f ] and -Phase X[f]. In rectangular nota-
tion, the complex conjugate is found by leaving the real part alone, and changing the sign of the
imaginary part. In mathematical terms, if X[f ] is composed of ReX[ /] and ImX] 1], then X *[f']
is made up of ReX[ f] and - ImX][ f].

W3menenne 3Haka (aspl - 1OCTAaTOYHO OOBIYHAS ONEpalyus, KOTOPOil aHO ee COOCTBEHHOE Ha-
3BaHuEe M cUMBOJ. Ha3zBaHue - KOMILJIEKCHOEe CONpPsIKEHUe, W ITO MPEACTaBICHO, IOMeIas
3BE3/I0UKY CIipaBa BBepXy Haja mnepemenHoil. Hampumep, ecnu X[f |, cocroutr u3z Mag X[f | u
Phase X[f ], To X*[f] Ha3pIBaeTCI KOMJIEKCHO COMNPSKEHHBIM W cocTtaBiieH u3 Mag X[f | and -
Phase X[f ]. B npsamoyronpHOi cucTeMe 0003HAYCHUN, KOMIIEKCHO COMPSKEHHBIN(DIEMEHT)
HailJleH, OCTaBJIsAs BELECTBEHHYIO YacTh 0€3 M3MEHEHHUs, U U3MEHs 3HaK MHUMOMH yacTu. B ma-
TEMaTUYEeCKUX TepMUHaX, eciau X [f] coctaBneH u3 ReX[ /| u ImX][ /], Torna X *[f ] cocraBnen

u3 ReX[ f] and - ImX][ f1].

Here are several examples of how the complex conjugate is used in DSP. If x[n] has a Fourier
transform of X[f ], then x[-n] has a Fourier transform of X*[f']. In words, flipping the time do-
main left-for-right corresponds to changing the sign of the phase. As another example, recall
from Chapter 7 that correlation can be performed as a convolution. This is done by flipping one
of the signals left-for-right. In mathematical form a[n]* b[n ], is convolution, while a[n]* b[-n ]
is correlation. In the frequency domain these operations correspond to A[f] x B[ /] and A[f ] x B*
[f ], respectively. As the last example, consider an arbitrary signal, x[n], and its frequency spec-
trum, X[f']. The frequency spectrum can be changed to zero phase by multiplying it by its com-
plex conjugate, that is, X[ /'] x X*[ f]. In words, whatever phase X[f ]| happens to have will be
canceled by adding its opposite (remember, when frequency spectra are multiplied, their phases
are added). In the time domain, this means that x[n]* x[- n] (a signal convolved with a left-right
flipped version of itself) will have left-right symmetry around sample zero, regardless of what
x[n] is.

HmeroTcss HECKOJIBKO MPUMEPOB TOTO, KAK KOMJIEKCHO COIPSIKEHHBIN(37IEMEHT) UCTIONb3YeTCs B
HOC. Ecnu x[n] umeer npeobpazoBanue Dypre(tpanchopmanty Pypse) X[f], To x[-n] umeer
npeoOpazoBanne Dypwe(tpanchopmanty Dypre) X*[f]. B crmoBax, 3epkaqbHO OTpakeH-
HBIH(TIEPEBEPHYTHIN) ClIeBa - HAIIPABO JIOMEH BPEMEHH, COOTBETCTBYET U3MEHEHUIO 3HaKa (ha3bl.
Kak npyroit mpumep, obpaTutech K TJaBbl 7, YTO KOPPEJSIIHS MOXET ObITh BBINOJHEHA Kak
CKpyuYMBaHUE. DTO CIENaHO, 3epKalbHO OTpaxas(mepeBopaynBasi) OJWH M3 CUTHAJIOB CJIEBA -
HarpaBo. B matemaruueckoit popme [n]* b[n], sBnseTcst CKkpyuuBaHUEM, B TO BpeMs Kak [n]* b[-
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n] - koppensauus. B yacToTHOM JOMeHe 3TH onepanuu cooTBeTcTBYIOT [f] X B[f] u [f] x B* [f],
COOTBETCTBEHHO. Kak mocnenHuii npuMmep, pacCMOTPUTE MPOU3BOJBHBIM CUTHAN, X[n], U €ro
4acTOTHBIN criekTp, X[f]. CHeKTp 4acToT MOXKeT ObITh U3MEHEH, K HYJIEBOH (a3e, yMHOXas 3TO
Ha ee KOMJIEKCHO CONpshKeHHBIH(21eMeHT), To ecTh X[f] X X* [f]. B cmoBax, He3aBHCHMO OT TOTO,
gyto (haza X[f], cmydaercsi, mMmeeT, OyJIeT OTMEHEH, MPUOABISIs €€ HANpOTUB (MOMHHUTE, KOT/Ia
YaCTOTHBIC CIIEKTPHl YMHOXKEHBI, X (pa3bl clI0kKeHbl). B moMeHe BpeMeHH, 3TO 03HA4YaeT, uTo
x[n]* x[-n] (curnan, ckpy4eHHBIH C JIEBO - MIPABOI 3epKabHO OTpakKeHHOU Bepcuel cebst) Oyaer
MMETH JICBO - IPABYIO0 CHMMETPHIO BOKPYT BEIOOPKH HYJISl, HE3aBUCHUMO OT TOTO, YTO X[7].

To many engineers and mathematicians, this kind of manipulation is DSP. If you want to be able
to communicate with this group, get used to using their language.

MHoruM MH)XEHepaM M MaTeMmartukam, 3ToT Bua Manumyisinun — [{OC. Ecnu Bel xoture ObITH
CITOCOOHBIMU 00IATHCS C ATOW TPYNION(MHKEHEPOB U MAaTEMAaTHKOB), IPUBBIKANUTE K UCIIOJIB30-
BaHHUIO UX SI3bIKA.

Periodic Nature of the DFT
Hepuoanyecknii Xapakrep(npupoaa) AP

Unlike the other three Fourier Transforms, the DFT views both the time domain and the fre-
quency domain as periodic. This can be confusing and inconvenient since most of the signals
used in DSP are not periodic. Nevertheless, if you want to use the DFT, you must conform with
the DFT's view of the world.

B otnnune ot apyrux tpex npeoOpasoanuii @ypre(tpanchopmant Dypswe), AIID paccmarpu-
BaeT, U JJOMEH BPEMEHU M YAaCTOTHBIH JOMEH KaK MEPUOAMYECKUN. DTO MOXKET OBITh 3aIyThl-
BaroIiee M HEYJI0OHO, Tak Kak OOJIBIIMHCTBO CUTHAIOB, Ucnoiab3yeMbix B [IOC He mepuommye-
cku. Opnako, ecnu Bbel xotute ucnonb3oBaTh 1P, Bl A0mKHBI NOTYMHATCS BCEMHUPHO-
My(MupoBoMy) B3rsAay(Bury) AID.

Figure 10-8 shows two different interpretations of the time domain signal. First, look at the upper
signal, the time domain viewed as N points. This represents how digital signals are typically ac-
quired in scientific experiments and engineering applications. For instance, these 128 samples
might have been acquired by sampling some parameter at regular intervals of time. Sample 0 is
distinct and separate from sample 127 because they were acquired at different times. From the
way this signal was formed, there is no reason to think that the samples on the left of the signal
are even related to the samples on the right.

Pucynox 10-8 mokaspIBaeT ABEe pa3UYHBIX HHTEPIIPETAIMH CHTHAJIA JOMEeHa BpeMeHu. Bo mep-
BBIX, CMOTPUTE Ha BEPXHHI CUTHAJ, JOMEH BPEMEHH, IPOCMOTPEHHbIN Kak Touku N. DTo mpen-
CTaBIISIET, KaK HU(POBBIC CUTHAIIBI THITMYHO MPUOOPETAIOTCA B HAYYHBIX SKCIIEPUMEHTAX U TeX-
HUYECKHUX NpuiIokeHusix. Hanpumep, atu 128 BEIOOPOK MOTIIH OBl OBITH IPUOOPETECHBI, TPOU3-
BOJISl BBIOOP HEKOTOPOTO MapaMeTpa paBHOMEPHO épemeru. Beidopka 0 oTiMyHa 1 OTAENIbHAS OT
BbIOOpKHU 127, moTOMY 4TO OHM OBLIM MPUOOPETEHBI B pasroe BpeMs. OT myTH(crnocoda) KOTo-
pPBIM 3TOT CUTHaN ObUT chOPMUPOBAH, HE MMEETCS] HUKAKOH NMPUYMHBI AyMaTh, YTO BBIOOPKH
ClieBa CUTHAJIa JTaJKe CBA3aHBI C BEIOOPKaMH CIIpaBa.

Unfortunately, the DFT doesn't see things this way. As shown in the lower figure, the DFT views
these 128 points to be a single period of an infinitely long periodic signal. This means that the
left side of the acquired signal is connected to the right side of a duplicate signal. Likewise, the
right side of the acquired signal is connected to the left side of an identical period. This can also
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be thought of as the right side of the acquired signal wrapping around and connecting to its left
side. In this view, sample 127 occurs next to sample 0, just as sample 43 occurs next to sample
44. This is referred to as being circular, and is identical to viewing the signal as being periodic.

K coxanenuto, [II1® He BuaMUT Bemu >TUM myTeM(crocobom). Kak mokazaHo B Goiiee HU3KOM
pucynke, JI1® paccmarpuBaet 3tu 128 Touek, yTOOBI OBITH €TUHCTBEHHBIM(OTACIBLHBIM) TIE-
puOIOM OECKOHEYHO JJIMHHOTO MEPUOJNYECKOr0 CHUTHAja. JTO O3HAYaeT, YTO JIeBas CTOPOHA
MpUOOPETEHHOTO CUTHAJIA CBSI3aHA C IIPABOM CTOPOHOW BTOPOTO CHTHaja. AHAJIOTHMYHO, TIpaBast
CTOpOHA NMPHOOPETEHHOT0 CUTHAJA CBA3aHA C JIEBOW CTOPOHOW MAEHTHYHOro mnepuonaa. O sTom
MO’KHO TaK)Ke JyMaTh Kak MpaBoil CTOpOHE MPHUOOPETEHHOT0 CUTHajla NEPEHECEHHOr0 BOKPYT U
IPUCOEMHEHHOTO K €ro JIeBoil cropoHe. B aToMm mpexacraBnenuu(ue), Beidopka 127, mpowuc-
XOJIUT, PSAZIOM C BBIOOpKO# 0, Takke, Kak BEIOOpPKA 43, MPOUCXOAUT, PSIOM ¢ BEIOOPKOi 44. DTO
YIOMSIHYTO KaK SIBIISIOIIUIACS KPYTOBBIM(IIUPKYJISIPHBIM, IUKIUYECKHM), U HUICHTHYHO TIPO-
CMOTpY CHUTHaJIa Kak OyJTO OH nepuoouyecKuil.

The most serious consequence of time domain periodicity is time domain aliasing. To illustrate
this, suppose we take a time domain signal and pass it through the DFT to find its frequency
spectrum. We could immediately pass this frequency spectrum through an Inverse DFT to recon-
struct the original time domain signal, but the entire procedure wouldn't be very interesting. In-
stead, we will modify the frequency spectrum in some manner before using the Inverse DFT. For
instance, selected frequencies might be deleted, changed in amplitude or phase, shifted around,
etc. These are the kinds of things routinely done in DSP. Unfortunately, these changes in the fre-
quency domain can create a time domain signal that is too long to fit into a single period. This
forces the signal to spill over from one period into the adjacent periods. When the time domain is
viewed as circular, portions of the signal that overflow on the right suddenly seem to reappear
on the left side of the signal, and vice versa. That is, the overflowing portions of the signal alias
themselves to a new location in the time domain. If this new location happens to already contain
an existing signal, the whole mess adds, resulting in a loss of information. Circular convolution
resulting from frequency domain multiplication (discussed in Chapter 9), is an excellent example
of this type of aliasing.

HanOonee ceppe3Hoe mociaencTBUE NEPUOAUYHOCTH JIOMEHA BPEMEHU - HAJIO)KeHHe CIEeKTPOB
AoMeHa BpeMeHH. UToObI WILTIOCTPUPOBATD 3TO, IPEANOIOXKUTE, YTO MBI OEpeM CUTHAJI JOMEHA
BpeMeHH u niepeaaem 3T1o yepe3 JI1D, uToObl HAaWTH ero CreKTp 4acToT. MBI MOTJIM HEMEJICHHO
nepeaaBarh ATOT creKTp 4yacToT uepe3 OOparubiit AT1D, uToOBI BOCCTAHOBUTH NIEPBOHAYAIILHBIN
CUTHAJI JOMEHAa BPEMEHH, HO MOJIHAsl MpoLeaAypa He OyJeT 04eHb HHTepecHa. BMecTo 3TOro, Mbl
U3MEHHM CHEKTP YacTOT HEKOTOPBIM criocobom mepen ucnonb3oBanueMm Obparnoro [AIID. Ha-
npuMep, OTOOpaHHBIE YaCTOTHI MOTJIM Obl OBITH yAQJICHBI, HK3MEHEHBI B aMIUIMTYAe Win ¢ase,
CIBHHYTHI BOKPYT, U T.7. OHU - BUabI Beuleid, o0bryHO crenanHbix B LHOC. K coxanenuto, 3tu
U3MEHEHHUs B YACTOTHOM JIOMEHE MOT'YT CO3/1aBaTh CUT'HAJ IOMEHA BPEMEHH, KOTOPBIN CIUIIKOM
JUIMHHBIN, YTOOBI BIUCAThCS B €IWHCTBEHHBIM MEPUOJ. DTO BBIHYXKIACT CUTHAI IMPOJIMBATH C
OJTHOIO IepHojia B CMeXHble mnepuoibl. Korma noMeH BpeMEHHM HpPOCMOTPEH Kak Kpy2o-
60U(LMKIMYECKHUI), YaCTU CUTHANIA, YTO TEPETOIHEHUE ClpaBa BHE3aIHO(CKauKooOpas3Ho), Ka-
KETCs, BHOBb IOSBJISETCA CIE€BAa OT CUTHala, M HA000poT. TO €CTh NEepenoIHSIOMHUECS YaCTH
nceg0oHUMa CUTHAJIA CaMOCTOSITENIbHO K HOBOMY PAacIoOJIOKEHUIO B IoMeHe BpeMeHu. Eciu 310
HOBOE PACIIOJIOKEHHE, CIIYyYaeTCsl, YXKe COAEPKUT CYIIECTBYIOLMM CUTHAJI, LeNblil Oecrnopsaaok
nobaBnsieTcs, NpUBOAA K moTepe uHpopmanmu. KpyroBoe(LMKINYECKOE) CKpy4yUBa-
HUEe(CBEPTKA), CICAYIONIEee U3 YMHOXKEHHUSI YaCTOTHBIX IOMEHOB (0OCYXICHHBIN B riaBe 9), sB-
JSIETCSI MPEBOCXOAHBIM IIPUMEPOM ITOI'O TUIA HAJIOKEHUS CIIEKTPOB(IICEBJOHNMA).
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Periodicity of the DFT's time domain signal. The time domain can be viewed as N samples in length, shown in the
upper figure, or as an infinitely long periodic signal, shown in the lower figure. The time domain viewed as N points
The time domain viewed as periodic

PUCYHOK 10-8. IlepuoguuHocts curnana gomeHa spemenu AI1D.

JloMeH BpeMeHH MOXET OBITh IPOCMOTPEH Kak /N BRIOOPOK B JUIMHE, TIOKAa3aH B BEPXHEM PUCYHKE, WA KaK OEcKo-
HEYHO JUTMHHBIN TIEPHOAMYECKI CUTHAI, TIOKa3aH B OoJiee HU3KOM pUCYHKE. JJoMeH BpeMeHH, IPOCMOTPEHHBIA KaK
N TOYeK ToMeHa BPEMEHH, IIPOCMOTPEH KaK MepHUOTUIECKUI

Periodicity in the frequency domain behaves in much the same way, but is more complicated.
Figure 10-9 shows an example. The upper figures show the magnitude and phase of the fre-
quency spectrum, viewed as being composed of N/2 + 1 samples spread between 0 and 0.5 of the
sampling rate. This is the simplest way of viewing the frequency spectrum, but it doesn't explain
many of the DFT's properties.

IlepnoauIHOCTH B 4aCTOTHOM JIOMEHE BEJIET €05l aHAIOTHYHBIM CIIOCOOOM, HO OOJIBIIE YCIIOX-
HeHa. PucyHok 10-9 mokasbiBaeT mpumep. BepxHue pUCyHKH MOKa3bIBalOT BEIMUYUHY U (asy
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CIEKTpa Y9acTOT, MPOCMOTPEHHOTO KaK COCTABHIUCH W3 N/2 + 1 BBIOOPOK pacmpOoCTpaHEHHBIX
Mexay 0 u 0.5 U3 9acTOTHI BEIOOPKU. DTO - CaMbIid MPOCTON MyTh TPOCMOTpPA CIIEKTPa 4acTOT, HO
3TO HE 00BICHACT MHOTHE U3 CBOMCTB JIT1D.

The lower two figures show how the DFT views this frequency spectrum as being periodic. The
key feature is that the frequency spectrum between 0 and 0.5 appears to have a mirror image of
frequencies that run between 0 and -0.5. This mirror image of negative frequencies is slightly
different for the magnitude and the phase signals. In the magnitude, the signal is flipped left-for-
right. In the phase, the signal is flipped left-for-right, and changed in sign. As you recall, these
two types of symmetry are given names: the magnitude is said to be an even signal (it has even
symmetry), while the phase is said to be an odd signal (it has odd symmetry). If the frequency
spectrum is converted into the real and imaginary parts, the real part will always be even, while
the imaginary part will always be odd.

bonee Hu3kuil nBa pucyHKa mokasbiBaroT, Kak 11D paccMarpuBaer 3TOT CIIEKTP 4YacTOT Kak
OBITH IEPHOIUYCCKUM. | TaBHAsE 0COOEHHOCTH - TO, YTO CHEeKTp yacToT Mexay 0 u 0.5, kaxercs,
UMEET 3epKalbHOe U300padxicenue 4acToT, KoTopble padotaror Mexay 0 u -0.5. 3To 3epkanpHOe
N300pakeHHEe OTPUIATEIbHBIX YACTOT CJIETKa OTJIIMYHO JJI BEJIUYUHBI U (Da3bl curHaios. B
BEJIMYMHE, CUTHAJ 3€pPKATbHO OTPa)KCH ClieBa - HampaBo. B (dase, curHan 3epkalibHO OTpPakeH,
cJeBa - HapaBo, ¥ U3MeHWIcs B 3Hake. Kak Bbl moMHHTE, 3TUM JBYM THIaM CUMMETPHUH JAIOT
Ha3BaHUs: BEJIMYMHA, KaK CUMTAIOT, YeTHBIN CUTHAI (3TO UMEET YemHyl0 CUMMETPHIO), B TO
BpeMs Kak (aza, Kak CUMTAIOT, He4YeTHbIN CUTHaJ (3TO UMEeT HeuemHuylo cuMMmeTpuio). Ecnu
CIEKTP YacTOT MpeoOpa3oBaH B peaibHbIC(BEIIECTBEHHBIC) 1 MHUMbBIS(HECOOCTBEHHBIE) YACTH,
BEIIIECTBEHHAS YacTh OYJIET BCETJia YETHAsI, B TO BpeMsl KaK MHUMAs(HecOOCMEeHHAs) yacmb Oy-
JIET BCETa HeuemHnd.

Taking these negative frequencies into account, the DFT views the frequency domain as peri-
odic, with a period of 1.0 times the sampling rate, such as -0.5 to 0.5, or 0 to 1.0. In terms of
sample numbers, this makes the length of the frequency domain period equal to &, the same as in
the time domain.

bepst 3T oTpunaTenpHbie 4acToThl BO BHUMaHue, J[II® paccMarpuBaeT 4aCTOTHBIN JOMEH Kak
nepuoaudeckuit, ¢ mepuoaom 1.0 pas yacrora Bei6opku, Tuna ot -0.5 10 0.5, umum ot 0 10 1.0. B
TEPMHHAX HOMEPOB BBIOOPOK, 3TO JeJIaeT JJIMHY M3 YaCTOTHOTO JOMEHA, MIEPUOJIOM PaBHBIM NV,
TOMY € CaMOMY KakK B JIOMEHE BPEMEHHU.

The periodicity of the frequency domain makes it susceptible to frequency domain aliasing,
completely analogous to the previously described time domain aliasing. Imagine a time domain
signal that corresponds to some frequency spectrum. If the time domain signal is modified, it is
obvious that the frequency spectrum will also be changed. If the modified frequency spectrum
cannot fit in the space provided, it will push into the adjacent periods. Just as before, this aliasing
causes two problems: frequencies aren't where they should be, and overlapping frequencies from
different periods add, destroying information.

HepI/IOI[I/I‘-IHOCTb JaCTOTHOr0O IOMCHa JCIa€T 3TO BOCHPHUMYMBBIM K HAJ0KECHHIO CIECK-
TPOB(IICEBAOHMMY) YACTOTHOIO JOMEHA, IMOJHOCTHIO AHAIOTHMYHOMY NpPEABAPUTEIHHO OITH-
CaHHOMY HAJIO)KCHHIO CTIEKTPOB(TICEBAOHMMA) JOMEHa BpeMeHH. BooOpasuTe curHanm goMeHa
BPEMEHH, KOTOPBII COOTBETCTBYET HEKOTOPOMY CIIEKTPY 4acToT. Eciii curHan moMeHa BpeMeHU
U3MEHSETCs, OYEBUIHO, YTO CHEKTP 4YacTOT OyneT Takke M3MeHeH. Ecnu n3MeHsieMblil CIeKTp
YaCTOT HE MOXKET COOTBETCTBOBATH B MPOCTPAHCTBE(IIPOOEsIe) €Clid, ITO IOMECTUT B CMEKHBIC
nepuoiel. Takke, Kak MPEexIe, 3TO HATOXKEHUE CIIEKTPOB BBI3BIBACT JIBE MPOOJIEMBI: YaCTOThI HE
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TO, TJIE OHH JOJDKHBI OBITh, U HAKJIAIBIBAIOIINECS YaCTOTHI C PA3IMYHBIX MIEPHOAOB JTOOABIISIOT-
csl, YHUUTOXasi H”HPOpMaIHIO.

Frequency domain aliasing is more difficult to understand than time domain aliasing, since the
periodic pattern is more complicated in the frequency domain. Consider a single frequency that
is being forced to move from 0.01 to 0.49 in the frequency domain. The corresponding negative
frequency is therefore moving from -0.01 to -0.49. When the positive frequency moves across
the 0.5 barrier, the negative frequency is pushed across the -0.5 barrier. Since the frequency do-
main is periodic, these same events are occurring in the other periods, such as between 0.5 and
1.5. A clone of the positive frequency is crossing frequency 1.5 from left to right, while a clone
of the negative frequency is crossing 0.5 from right to left. Now imagine what this looks like if
you can only see the frequency band of 0 to 0.5. It appears that a frequency leaving to the right,
reappears on the right, but moving in the opposite direction.

Hanoxenune criekTpoB(TICEBIOHNM) YaCTOTHOTO JIOMeHa OoJiee TPYAHO MOHSATH YeM HAJIOKECHUE
CIEeKTPOB(TICEBIOHUM) TOMEHA BPEMEHH, TaK KakK MEPUOIUICCKUAN oOpa3elr O0bIIe YCI0KHEH B
4aCTOTHOM JIOMeHe. PaccMOTpUTEe € AMHCTBEHHYIO YacTOTY, KOTOpasi BEIHYKIACTCS IBUTATHCS OT
0.01 mo 0.49 B yactrotHOM JOoMeHe. COOTBETCTBYIONIAs OTPHUIIATEIbHAS YacTOTa, OATOMY Mepe-
Mmerqaercs ot -0.01 mo -0.49. Korna monoXuTensHbIe 9acTOTa MepeMeniaeTcs momnepex Oaphe-
pa(rpanunbi) 0.5, oTpuniatenbHas 4acToTa MIOMEIIeHa mornepek Oaprepa(rpanutisl) -0.5. Tak kak
YaCTOTHBIN JIOMEH MEePUOTUIECCKHI, OHH, T€ )K€ CaMble COOBITHS BCTPEUAIOTCS B IPYTHX TEPUO-
nax, tana mMexnay 0.5 u 1.5. AHanor noJIoKUTEeIbHOW YacTOThl MEPECEKAeT 4acToTy, 1.5 cieBa
HampaBo, B TO BpeMs KaK aHaJoOr OTPHIATEIhbHOW YacTOTHI mepecekaercs (0.5 cmpaBa HaleBo.
Teneps BooOpasuTe TO, YTO ATO HAIIOMUHAET, €cld Bbl MOXKeTe TOJIBKO BUAETH IOJIOCY YacCTOT
ot 0 1o 0.5. Kaxkercsi, 4To 4acToTa, ye3Karollas HalIpaBo, BHOBb MOSIBISIETCS CIIpaBa, HO Tepe-
MellaeTcs B IPOTUBOIOI0KHOM HANPaBICHHH.
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Periodicity of the DFT's frequency domain. The frequency domain can be viewed as running from 0 to 0.5 of the
sampling rate (upper two figures), or an infinity long periodic signal with every other 0 to 0.5 segment flipped left-
for-right (lower two figures).

PUCVYHOK 10-9. Ilepuoguunocts 4acToTHOTrO omeHa JI1D.
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YacToTHBII JOMEH MOXKET OBITh IPOCMOTPEH Kak BbinoHeHue oT 0 10 0.5 u3 4acToThl BEIOOPKH (BEpXHHE /1BA PH-
CYHKa), U1 OECKOHEUHO JJIMHHBII MepUOANYEeCKUN CUTHAJ ¢ KaXAbIM ApyruM oT 0 1o 0.5 3epkaibHO OTpaKeHHBIX
CErMEHTOB CJIEBA - HANPaBO (HWKHUE JIBA PUCYHKA).

Figure 10-10 illustrates how aliasing appears in the time and frequency domains when only a
single period is viewed. As shown in (a), if one end of a time domain signal is too long to fit in-
side a single period, the protruding end will be cut off and pasted onto the other side. In compari-
son, (b) shows that when a frequency domain signal overflows the period, the protruding end is
folded over. Regardless of where the aliased segment ends up, it adds to whatever signal is al-
ready there, destroying information.

Pucynok 10-10 wiarocTpupyer, Kak HaJlO)KEHUE CHEKTPOB(IICEBJOHNUM) MOSIBISIETCS B IOMEHaX
BPEMEHH M YacCTOTHI, KOT/Ia TOJIBKO €IMHCTBEHHBIN(OTAEIBHBIN) eproa npocmoTtpeH. Kak noka-
3aHO B (@), €C/IM OJIMH KOHEI| CUTHaJla JOMEHAa BPEMEHH CIIUIIKOM JO0JITO, YTOOBI COOTBETCTBO-
BaThb BHYTPU €IUHCTBEHHOI'O(OTAEIBHOI0) NMEpPHOAa, BBIAAIOIIUIICS KOHEl OyleT ompesan 1
écmasenen Ha Opyryto cropoHy. Ha cpaBHenun, (b) mokaseiBaer, 4To, KOrjga CUrHaja 9acTOTHOTO
JIOMEHa MepenoHsIeT Mepuo/], BbIIAOIUNACA KoHell ceeprym. HezaBUCHMO OT TOro, rae cMme-
IIaHHBIA CETMEHT 3aKaHYHMBAETCS, 9TO J00aBIsAeTCSA K JIIOOOMY CHTHAIY - YK€ TaM, YHUUTOXast
uHGOpPMAITHIO.

Let's take a closer look at these strange things called negative frequencies. Are they just some
bizarre artifact of the mathematics, or do they have a real world meaning? Figure 10-11 shows
what they are about. Figure (a) is a discrete signal composed of 32 samples. Imagine that you are
given the task of finding the frequency spectrum that corresponds to these 32 points. To make
your job easier, you are told that these points represent a discrete cosine wave. In other words,
you must find the frequency and phase shift (fand 0) such that x[n] = cos(2 © nf/ N + 0) matches
the given samples. It isn't long before you come up with the solution shown in (b), that is /=3
and 6 = -m/4.

JlaBaiiTe MOCMOTPUM OJIM>KE HA 3TU CTPAHHBIE BEIM, HA3bIBAEMBIE OMPUYAMENbHbIMU YaACO-
mamu. SIBIAIOTCS I OHYU TOJBKO HEKOTOPHIM IIPUYYIJIUBBIM 3KCIIOHATOM MAaTEMAaTUKH, U OHU
UMEIOT peaibHOe MupoBoe 3HaueHue? PucyHok 10-11 moka3biBaeT, 4TO OHM - OTHOCHUTEIIHHBI.
PucyHok (a) - tuckpeTHbBIN cUTHAI, cOCTaBlIeHHBINH u3 32 BeIOOpOK. BooOpasute, uro Bam natot
3amaqy OOHApY’>KEHHsI CIIEKTpa YacTOT, KOTOPHI COOTBETCTBYET 3TUM 32 ToukaM. UToOBI cre-
JaTh Ballle 3a/laHue mpouie, Bam roBopsT, 4T0 3TH TOUKHU NPEACTABIISIOT JUCKPETHYIO BOJIHY KO-
cunyca. Jpyrumu cioBamu, Bel 1omKHBI HaliTH YacToTy W cABUT ¢a3 (f u 1) Takoil, uro x[n] =
cos(2nnf/ N + 0) coOTBETCTBYET AaHHBIM BbIOOpKaM. DTO HE, HAMHOI'O paHblle Bbl mpuayMsl-
BaeTe peleHne, nokasanHoe B (b), KoTopelit aBisieTcst f=3 un=-n /4.

If you stopped your analysis at this point, you only get 1/3 credit for the problem. This is because
there are two other solutions that you have missed. As shown in (c), the second solution is f* = -3
and © = /4. Even if the idea of a negative frequency offends your sensibilities, it doesn't change
the fact that it is a mathematically valid solution to the defined problem. Every positive fre-
quency sinusoid can alternately be expressed as a negative frequency sinusoid. This applies to
continuous as well as discrete signals

Ecnu Bl ocTaHoBHIM Ball aHaIW3 B 3TOoW Touke, Bel Tonbko noiyvaere 1/3 kpenuta(noBepus)
JUIsL IpO0JIEMBI. DTO - TO, IOTOMY YTO UMEETCs 1Ba PYTuX pelieHusi, koropele y Bac otcyTcT-
By1oT. Kak nmokaszano B (c), BTopoe peuieHue sapusercs f = -3 u n = n/4. Jlaxe, ecinu uaest OTHO-
CUTETILHO OmMpUyamenbHol 4acmomsi OCKOPOIISET Ballle 3[paBOMBICIINE, 3TO HE U3MEHsET (aKT,
YTO 3TO SBJISIETCS MaTEMaTHYECKU CIPABEAJIUBBIM pELICHHEM ONpeAeaeHHON npobsiemsl. Kax-
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Aasd nojaootcumeiibHas 4aCTOTHAsA CUHYCOUJa MOKCET IMOOUCPCIHO OBITH BBIpAXKCHA KaK ompuya-
meJjibHaA 4aCTOTHaA CHUHYCOHaa. ITO OTHOCHTCS KaK K HEMIPEPBIBHBIM TaK U K JUCKPETHBIM CHUTI-
HaJiaM.

a. Time domain aliasing b. Frequency domain aliasing

signal exiting

signal exiting 3
io the right

io the right

\ reappears

reappears
on the left i the right
b L]
0 Time hc 0 Frequency 03
FIGURE 10-10

Examples of aliasing in the time and frequency domains, when only a single period is considered. In the time do-
main, shown in (a), portions of the signal that exits to the right, reappear on the left. In the frequency domain, (b),
portions of the signal that exit to the right, reappear on the right as if they had been folded over.

PUCYHOK 10-10. ITpumepsl HamoKeHUsT CIEKTPOB(IICEBJJOHNMA) BO JOMEHAX BPEMEHH M YaCTOTHI, KOT/Ia TOJIBKO
€IMHCTBEHHBIN(OTACIBHBIN) TIEPUOT PACCMATPUBAETCS.

B nomene BpeMeHH, TOKa3aHHOM B (@), 4aCTH CUTHAJIA, YTO BBIXOJST HANPABO, BHOBb MOSBIISIOTCS ciieBa. B nomene
4acToThl, (b), 4acTH cUTHaJIA, YTO BBIXO/ST HANPaBO, BHOBB MOSBIISIOTCS CIIPaBa, KAk OyATO OHM OBUTH CBEPHYTHI.
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FIGURE 10-11

The meaning of negative frequencies. The problem is to find the frequency spectrum of the discrete signal shown in
(a). That is, we want to find the frequency and phase of the sinusoid that passed through all of the samples. Figure
(b) is a solution using a positive frequency, while (c) is a solution using a negative frequency. Figure (d) represents a
family of solutions to the problem.

PUCYHOK 10-11. 3naueHne oTpuIaTeNbHbIX YacTOT.
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[TpoGiiema cocTOUT B TOM, YTOOBI HAMTH CIIEKTpP YaCTOT AUCKPETHOTO CUTHAJIA, Moka3aHHOro B (a). To ecTh MBI X0-
TUM HaWTH 4acTOTy U (ha3y CHHYCOHJIbI, KOTOpas Mpolia Yyepe3 Bce BbIOOpKH. PucyHok (b) - pelieHue, Hcnoib3ys
TIOJIOKUTEJIBHYIO YacTOTY, B TO BpeMs Kak (C) - pelleHne, UCIOb3ysl OTpULaTeNbHy 0 YacToTy. PucyHok (d) npea-
CTaBJISIET CEMENCTBO peLIeHUH TPoOIeMBbI.

The third solution is not a single answer, but an infinite family of solutions. As shown in (d), the
sinusoid with = 35 and © = n/4 passes through all of the discrete points, and is therefore a cor-
rect solution. The fact that it shows oscillation between the samples may be confusing, but it
doesn't disqualify it from being an authentic answer. Likewise, /= +29, f=+35, f=+61 and /=
+67 are all solutions with multiple oscillations between the points.

Tperbe perieHne — OTBET, HU OAMH CUTHaJ, HO OeCKOHEeYHOe ceMelcTBO pemeHui. Kak mokasa-
HO B (d), cunyconna ¢ f'= 35 u m = m/4 IpOXOIUT yepe3 BCe JAUCKPETHBIE TOUKHU, U - TIOATOMY
npaBwiIbHOE penieHne. PakT, 9To ATO MOKA3bIBAET KOJeOaHHEe MEXIY BHIOOPKAMH, MOXKET OBITh
3aITy THIBAIOIIKH, HO 3TO HE AUCKBATU(PHUIMPYET 3TO OT SBISAIOLIETOCS MMOJIMHHBIM OTBEeTa. AHa-
JOTUYHO, f= 29, f=435, f==+61 and f==+67 - Bce pelIeHUs ¢ MHOKECTBEHHBIMH KOJICOaHUSIMU
MEXY TOUKaMH.

Each of these three solutions corresponds to a different section of the frequency spectrum. For
discrete signals, the first solution corresponds to frequencies between 0 and 0.5 of the sampling
rate. The second solution results in frequencies between 0 and -0.5. Lastly, the third solution
makes up the infinite number of duplicated frequencies below -0.5 and above 0.5. If the signal
we are analyzing is continuous, the first solution results in frequencies from zero to positive in-
finity, while the second solution results in frequencies from zero to negative infinity. The third
group of solutions does not exist for continuous signals.

Kaxxnoe u3 3TuX Tpex pemeHuii COOTBETCTBYET Pa3IMUYHOMY pasiely CreKTpa 4acToT. [yis auc-
KPCTHBIX CHIHAJIOB, IEPBOC PCHICHUC COOTBCTCTBYCT 4aCTOTAM MCKIY 0 1 0.5 u3 4acTOTHI BbI-
6opku. Bropoe pemenre npuBoaut K 9actotam Mexay 0 u -0.5. HakoHen, TpeTbe pemieHue co-
CTaBIIsIET OECKOHEYHOE YUCIIO TyOIMpoBaHHBIX YacToT HIKE -0.5 u Oonee yem 0.5. Ecnu curnan,
KOTOPBI MBI aHAJIM3HPYEM, HEMPEPHIBEH, IMEPBOE PEUICHUE MPHUBOIUT K YaCTOTaM OT HYJIS JI0
MOJIO’KUTENBHON OECKOHEUHOCTH, B TO BPEMS KaK BTOPOE PELICHUE MPUBOAUT K 4aCTOTaM OT Hy-
JIsL 10 OTPHULATEIBHON OECKOHEYHOCTH. TpeThs rpymIa peieHnid He CYIeCTBYET I HeTpephIB-
HBIX CUTHAJIOB.

Many DSP techniques do not require the use of negative frequencies, or an understanding of the
DFT's periodicity. For example, two common ones were described in the last chapter, spectral
analysis, and the frequency response of systems. For these applications, it is completely suffi-
cient to view the time domain as extending from sample 0 to N-1, and the frequency domain
from zero to one-half of the sampling frequency. These techniques can use a simpler view of the
world because they never result in portions of one period moving into another period. In these
cases, looking at a single period is just as good as looking at the entire periodic signal.

Muoro meronoB [IOC He TpeOyrOT HCMONB30BAHHS OTPULIATEIBHBIX YaCTOT, WM TOHUMAaHUS
nepuonuunoctu JI1d. Hanpumep, nBa oOmux(0ObIYHBIX) ObUIM ONKCAHBI B MPOILJION TJaBe,
CNeKmpanbHOM auaiusze, U YacmomHou xapakmepucmuxe cucmem. Jlis 3TUX NPUIOKEHUH,
MOJIHOCTBIO JOCTAaTOYHO PacCMOTPETh JOMEH BPEMEHHU KaK pachpocTpaHeHUe(MpoajeHHe) OT
BbIOOpKH O K N-1, 1 4aCTOTHOMY JOMEHY OT HYJISI IO TIOJIOBHHBI BEIOOPOYHON YaCTOTBL. DTH Me-
TOJIbI MOTYT MCIOJIB30BaTh 00Jee MPOCTOe MPEACTaBICHUE MHUPA, TOTOMY YTO OHM HHUKOI/IA HE
MPUBOJAT K YaCTSAM OJHOTO TMEPHOa, MEPEMENIAIINIETocs B APYroi nepuoa. B atux ciydgasx,
B3IJIS1/1 HA €IUMHCTBEHHBIN MEPHUOJ CTOJb K€ XOPOII KaK B3IV Ha MOJIHBIM MepUOINYECKUI CUT-
HAJL
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However, certain procedures can only be analyzed by considering how signals overflow between
periods. Two examples of this have already been presented, circular convolution and analog-to-
digital conversion. In circular convolution, multiplication of the frequency spectra results in the
time domain signals being convolved. If the resulting time domain signal is too long to fit inside
a single period, it overflows into the adjacent periods, resulting in time domain aliasing. In con-
trast, analog-to-digital conversion is an example of frequency domain aliasing. A nonlinear ac-
tion is taken in the time domain, that is, changing a continuous signal into a discrete signal by
sampling. The problem is, the spectrum of the original analog signal may be too long to fit inside
the discrete signal's spectrum. When we force the situation, the ends of the spectrum protrude
into adjacent periods. Let's look at two more examples where the periodic nature of the DFT is
important, compression and expansion of signals, and amplitude modulation.

OnHaKo, HEKOTOPBIE TPOIIETYPBI MOTYT OBITH M01bK0 TIPOAHATH3UPOBAHBI, pPAaCCMaTPHUBAs, KaK
CUTHAJIBI BBIXOJIAT 3a MPEAEIbl MEXIy Neprogamu. J[Ba mpumepa 3Toro yke ObUIH TpecTaBIie-
HBI, KPY2080e(YuKIuueckoe) CKpyuusaHue W aHano2o-yugposoe npeobpaszosanue. B kpyro-
BOM(IIMKJTHYECKOM) CKPYYHBAHUH, YMHOKEHUE YaCTOTHBIX CIIEKTPOB MPUBOIUT K CKPYUYECHHBIM
CHTHAJIaM JIOMEHa BpeMeHH. Ecii 3akaHYMBaONIUIICS CUTHAT JOMEHA BPEMEHH CITMIITKOM J0JIOT,
9TOOBI COOTBETCTBOBATh BHYTPHU €AMHCTBEHHOTO(OTIEIBHOTO) MIEPHOA, 3TO BEIXOIUT 32 Mpee-
JIBI B CMEXKHBIE TIEPHOJIBI, TPUBOMS K HALONMCEHUIO CNEKMPOB(NCe800OHUMY) 0OMeHa epemeru. Jls
KOHTpacTa, aHAJIOro-IIU(pPOBOE MPeoOpPa30BaAHNE — TPUMEP HALOHNCEHUS CHEKMPOS YACTOMHO20
Ooomena. HenmmHelHOe neiicTBUE MPUHATO(MIONYYEHO) B TOMEHE BPEMEHHU, TO €CTh, U3MEHSS He-
MIPEPHIBHBIA CUTHAN B JUCKPETHBIA CUTHAJ, MPOW3BOMAS BBIOOpKU(IUCKpeTH3auio). [Ipodnema,
CIIEKTp MEePBOHAYAIBHOTO aHAJIOTOBOTO CUTHAJIA MOYKET OBITh CIUIIKOM JIOJIOT, YTOOBI COOTBET-
CTBOBATh BHYTpPHU CIIEKTpa AUCKpETHOro curHana. Korma mMbl BeIHYKIaeM (3Ty) CHUTYaIUio, KOH-
I[bI CIICKTPa BBICOBBIBAIOTCS B CMEXHBIE TIEpHObI. JaBaiiTe mocMOTpUM elie Ha JBa MpHMepa,
rne nepuoanyeckuit xapaxkrep AIID BaxeH, cocamue u pacuiupenue(pacmazuéaniue) CUTHAJIOB,
U AMIIUMYOHASL MOOYAAYUSL.

Compression and Expansion, Multirate methods
Cikatue u Paciunpenune(pacraruBanue), Mmetoabl MyJbTHYACTOTHI

As shown in Fig. 10-12, a compression of the signal in one domain results in an expansion in the
other, and vice versa. For continuous signals, if X(f') is the Fourier Transform of x(#), then 1/k x
X(f'/ k) is the Fourier Transform of , x(k ) where k is the parameter controlling the expansion or
contraction. If an event happens faster (it is compressed in time), it must be composed of higher
frequencies. If an event happens slower (it is expanded in time), it must be composed of lower
frequencies. This pattern holds if taken to either of the two extremes. That is, if the time domain
signal is compressed so far that it becomes an impulse, the corresponding frequency spectrum is
expanded so far that it becomes a constant value. Likewise, if the time domain is expanded until
it becomes a constant value, the frequency domain becomes an impulse.

Kak mnokazano B puc. 10-12, cxxkarme curHaia B OJHOM JIOMEHE MPUBOJMUT K pacuiupe-
HUIO(PaCTATUBAHMIO) B IPYTOi, U HA000pOT. J{JIs1 HempephIBHBIX CUTHAJIOB, eciau X(f ) - mpeoo-
pazoBanne Dypne(tpanchopmanta Dypwe) x(f), To 1/k x X(f/k) - IlpeobpazoBanue Dy-
pee(tpanchopmanta Dypwe), x(kf) rTme, k - mapaMmerp, YIPABISIOMUNA pacIIUPEHU-
eM(pa3JI0KeHUeM ) Uiu cxaTreM(cokpamienueM). Ecinu coOpiTre cirydaercst Obicmpee (3TO CKATo
BO BPEMEHH), 3TO JOJDKHO OBITH COCTAaBIIEHO U3 0oJiee BHICOKHUX YacTOT. Ecian coObiThe ciydaer-
csl MedneHHee (ITO pacIIMPEeHO(PACTIHYTO) BO BPEMEHH), 3TO JOJIKHO OBITh COCTaBIICHO U3 0O-
Jiee HU3KHUX YacTOT. DTOT 0Opa3el] MPOBOAUT €CIIU B3ATO B JOObIE U3 3TUX JBYX KpaiHocTeil. To

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

CCTh €CJIM CUTHAJ NOMCHA BpPCMCHU CIKAT IIOKA, UYTO 3TO CTAHOBUTCA UMMNY/IbCOM, COOTBCTCT-
B}’IOIHI/Iﬁ CIICKTP 4aCTOT paCIIMPECH IOKa, YTO 3TO CTAHOBUTCA NOCMOAHHbIM 3HAYEHUEM. Amnaio-
TUYHO, €CJIM JOMCH BPCMCHU paCHaleH(paCTHHYT), IIOKa 9TO HC CTAHOBHUTCS NOCNMOAHHbIM 3HA-
YeHUuem, YaCTOTHBIN AOMCEH CTAaHOBUTCA UMNYIbCOM.

Discrete signals behave in a similar fashion, but there are a few more details. The first issue with
discrete signals is aliasing. Imagine that the time domain. Imagine that the frequency spectrum
in (f) is compressed much harder, resulting in the time domain signal in (e) expanding into
neighboring periods.

JIMCcKpeTHbIE CUTHANBI BEAYT ce0s MoJ00OHBIM CIIOCOOOM, HO UMEIOTCS €Ille HECKOJIBKO MOIpOo0-
HocTell. [lepBas mpobieMa ¢ MUCKPETHBIMU CHTHAJIAMU - HAIOMCEHUE CHEeKMPOB(NCeBOOHUM,).
BooGpasure yto nomen Bpems. Boobpasute, uto crektp dactoT B (f) c:kaT HaMHOro *ecrtye,
NPUBOJIS K CUTHAITY IOMEHA BPEMEHH B (€), paCIIUPSIIOIIEMCS B COCETHHE TIEPUO/IBI.
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FIGURE 10-12

Compression and expansion. Compressing a signal in one domain results in the signal being expanded in the other
domain, and vice versa. Figures (c) and (d) show a discrete signal and its spectrum, respectively. In (a) and (b), the
time domain signal has been compressed, resulting in the frequency spectrum being expanded. Figures (e) and (f)
show the opposite process. As shown in these figures, discrete signals are expanded or contracted by expanding or

contracting the underlying continuous waveform. This underlying waveform is then resampled to find the new dis-
crete signal.

PUCYHOK 10-12. Cxatue u pacmupenue(pacTsHKeHHe).
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Cxarye curHaja B OJJHOM JIOMEHE MPUBOJUT K CUTHAILY, PACILIMPSEMOMY B JIPYrOM JIOMEHe, U Hao0opoT. Pucynku
(c) u (d) moxa3pIBaOT AMCKPETHBIH CUTHAI U €ro CIEKTp, COOTBETCTBeHHO. B (a) u (b), curuan nomMeHa BpeMeHU
OBUT CKaT, NPUBOZS K pacuIMpsieMOMY CHEKTpy 4acToT. Pucynku (e) u (f) mokas3pBaroT MPOTHUBOIOIOXKHBIN IPO-
necc. Kak mokasaHo B 9THX PUCYHKax, JUCKPETHBIE CUTHAIIBI PACIIMPEHbI MM 3aKOHTPAKTOBAHBI, pa3BOpavMBast
WIN 3aKJTI0Yasi OCHOBHYIO HENPEPBIBHYIO (hOPMY BOJIHBIL. JTa OCHOBHAsS ()OpMa BOJIHBI TOT/IAa IIOBTOPHO MTPOU3BOAST
BBIOOPKY, YTOOBI HAWTH HOBBIH TUCKPETHBIN CUTHAIL.

A second issue is to define exactly what it means to compress or expand a discrete signal. As
shown in Fig. 10-12a, a discrete signal is compressed by compressing the underlying continuous
curve that the samples lie on, and then resampling the new continuous curve to find the new dis-
crete signal. Likewise, this same process for the expansion of discrete signals is shown in (e).
When a discrete signal is compressed, events in the signal (such as the width of the pulse) hap-
pen over a fewer number of samples. Likewise, events in an expanded signal happen over a
greater number of samples.

Bropas npoGiema 10/kHa ONPENeIUTh TOUYHO, YTO ITO O3HAYAeT CKUMATh WIN pa3BOpayMBaTh
TUCKpeTHbIN curHail. Kak nokasano B puc. 10-12a, qUCKpETHBIN cUrHAN C)KaT, CKUMasi OCHOB-
HYIO HenpepuléHylo KPUBYIO, YTO BBIOOPKH JI€KaT Ha, U 3aTeM IE€pPEBBIOMpAETCS HOBasl Helpe-
pBIBHAsI KpUBasi, YTOOBI HAWTH HOBBIN JUCKPETHBIN CUTHAN. AHAJIOTHYHO, 3TOMY TOT YK€ CaMblii
nporecc A pa3BOpadMBaHUs AUCKPETHBIX CUTHAJIOB MOKa3biBaloT B (€). Korma auckperHslit
CHUTHAJI CKaT, COOBITHA B CUTHAJE (TUIA IIMPUHBI UMITYJIbCA) CIYYalOTCs U3JIUIIHE MAIblM YUC-
JIOM BbIOOpPOK. AHAJOIMYHO, COOBITUS B PACHIMPEHHOM CUTHAJIE CIIy4alOTCs W3IIUILHE O0NbUUM
YHCIIOM BBIOOPOK.

An equivalent way of looking at this procedure is to keep the underlying continuous waveform
the same, but resample it at a different sampling rate. For instance, look at Fig. 10-13a, a discrete
Gaussian waveform composed of 50 samples. In (b), the same underlying curve is represented by
400 samples. The change between (a) and (b) can be viewed in two ways: (1) the sampling rate
has been kept constant, but the underlying waveform has been expanded to be eight times wider,
or (2) the underlying waveform has been kept constant, but the sampling rate has increased by a
factor of eight. Methods for changing the sampling rate in this way are called multirate tech-
niques. If more samples are added, it is called interpolation. If fewer samples are used to repre-
sent the signal, it is called decimation. Chapter 3 describes how multirate techniques are used in
ADC and DAC.

OKBHMBAJICHTHBIN MyTh B3IJIs1a HA 3Ty NPOLIELYPY COCTOUT B TOM, YTOOBI COXPAaHUTh OCHOBHYIO
HENpepbIBHYIO ()OPMY BOJHBI TOU K€ CaMOii, HO MMOBTOPHO MPOU3BOIUTH BEIOOPKY 3TOTO B pas-
JUYHOU yacToTe BhIOOpKH. Hampumep, cmoTtpute Ha puc. 10-13a, nuckpernyro gopmy ["aycco-
BOU BOJIHBI, cocTaBieHHYI0 u3 50 BeIOOpok. B (b), Ta e camas OCHOBHasI KpHUBasi TIPeICTaBICHA
400 Bribopkamu. N3menenue Mexay (a) u (b) MokeT OBITH MPOCMOTPEHO ABYMs criocodamu: (1)
4acToTa BBHIOOPKHM COXpaHMJIACh MOCTOSHHOM, HO OCHOBHas (popMa BOJHBI ObUIa paclInpeHa,
9TOOBI OBITh BOCEMBIO pa3zaMu, 0oJiee MUPOKUMH, WK (2), OCHOBHas (popMa BOJHBI COXPaHH-
Jach MOCTOSIHHOM, HO YacTOTa BHIOOPKH yBEIMUYHIAch Ha Kod(uiueHt(pakrop) BoceMb. Mero-
Il JJI1 U3MEHEHMs 4acTOThl BBIOOPKU TaKUM 00pa3oM Ha3bIBAIOTCS METOAAMU MYJIbTHYACTO-
Thl. Ecii GoJibIliee KOJMUECTBO BBIOOPOK 100aBJICHO, 3TO Ha3bIBaeTCs MHTepmoJsinmeii. Eciu
MEHbILIEE KOJIMYECTBO BBIOOPOK MCIOJIB3YETCS, YTOOBI MPENCTABUTh CUTHAN, 3TO HAa3bIBACTCA
npope;xxuBanueM. ['1aBa 3 onuceIBaeT, Kak METOJbl MYJIbTHYACTOTHI Hcnoab3ytoTcs B AL n
AT

Here is the problem: if we are given an arbitrary discrete signal, how do we know what the un-
derlying continuous curve is? It depends on if the signal's information is encoded in the time do-
main or in the frequency domain. For time domain encoded signals, we want the underlying con-
tinuous waveform to be a smooth curve that passes through all the samples. In the simplest case,
we might draw straight lines between the points and then round the rough corners. The next level
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of sophistication is to use a curve fitting algorithm, such as a spline function or polynomial fit.
There is not a single "correct" answer to this problem. This approach is based on minimizing ir-
regularities in the time domain waveform, and completely ignores the frequency domain.

Nmeercs nmpobiema: eciiv HaM JaroT MPOU3BOJIbHBINA JUCKPETHBIM CUTHAN, KaK MBI 3HaeM, KaKOBa
OCHOBHAasl HEIMpephIBHAsI KpHuBasi? JTO 3aBUCUT OT TOTO, €CIM MH(OpMAaIMs CUTHANA 3aKOIUPO-
BaHa B JIOMEHe(00JacTH) BpEMEHH WM B 4YacTOTHOM jnomeHe(obnactu). Ilockombky m0-
MeH(00J1acTh) BpEMEHH KOJIUPOBAJI CUTHAJIBI, MBI XOTHM, YTOOBI OCHOBHAs HeTMpephIBHAs (opma
BOJIHBI OblIA TITaJKOM KPUBOM, KOTOpasi MPOXOAUT uepe3 Bce BHIOOPKH. B camom mpocTom ciy-
yae(perucTpe), Mbl MOTJIM OBl BBIBOJWTH MPSMBIC JTUHUUA MEXAY MYHKTaMHU(TOYKAMHU) U 3aTeM
BOKPYT IpyObIX yriioB. Creayiomuid ypoBeHb CI0KHOCTU(MCKYIIIEHHOCTH,M30LIPEHHOCTH) J0JI-
JKEH HCIOJIb30BaTh AJTOPUTM BbIUEPUMBAHUSA KPHUBOM, THUIA CIUIAHHOBOIO (YHKIIMOHAIHHOTO
WM TIOJTMHOMHUAIBHOTO MPUTOAHOTO. VIMeeTcsi HU OIMH "MIPaBUIILHBIN" OTBET Ha ATY MpoOiIeMy.
DTOT MOJXOJ OCHOBAaH Ha YMEHBIIEHWHW HEUCIPABHOCTEH B (opme BOJHBI JoMeHa(001acTH)
BpPEMEHH, U TIOJTHOCTHIO UTHOPUPYET YACTOTHBIN TOMEH(00JIacTh).

When a signal has information encoded in the frequency domain, we ignore the time domain
waveform and concentrate on the frequency spectrum. As discussed in the last chapter, a finer
sampling of a frequency spectrum (more samples between frequency 0 and 0.5) can be obtained
by padding the time domain signal with zeros before taking the DFT. Duality allows this to work
in the opposite direction. If we want a finer sampling in the time domain (interpolation), pad the
frequency spectrum with zeros before taking the Inverse DFT. Say we want to interpolate a 50
sample signal into a 400 sample signal. It's done like this: (1) Take the 50 samples and add zeros
to make the signal 64 samples long. (2) Use a 64 point DFT to find the frequency spectrum,
which will consist of a 33 point real part and a 33 point imaginary part. (3) Pad the right side of
the frequency spectrum (both the real and imaginary parts) with 224 zeros to make the frequency
spectrum 257 points long. (4) Use a 512 point Inverse DFT to transform the data back into the
time domain. This will result in a 512 sample signal that is a high resolution version of the 64
sample signal. The first 400 samples of this signal are an interpolated version of the original 50
samples.

Korna curnan xoaupyer MHGOpMAIMIO B YACTOTHOM JOMEHE, Mbl UTHOpPHpPYEM (hOpMY BOJIHBI
JIOMEHa BPEMEHM U KOHIIEHTpHUpYeMCs Ha crekTpe 4acTtoT. Kak o0cykKIeHO B MpOILUIOH TiaBe,
OoJsiee TOHKOE(BBHICOKOKAYECTBEHHOE) OCYIIECTBIICHHWE BBIOOPKH W3 CIEKTpa 4acToT (Oosibiiee
KOJINYECTBO BBIOOPOK Mexay yacToTor 0 u 0.5) MOXKeT OBITh MOJIyYeHO, JOMOIHSS CUTHAI JI0-
MEHa BpeMeHU HyJisiMu, niepen B3sTuem(cHsatueM) JI1D. JlyaabHOCTh MO3BOJISAET 3TOMY pado-
TaTh B MPOTHUBOIOJIOKHOM HAIpaBiIeHUH. ECIM MBI XOTUM MOJYYHTH 0OJiee TOHKOE(IETATLHOE)
OCYIIIECTBJICHHE BHIOOPKH B JOMEHE BpEMEHHM (MHTEPIOIUPOBaHHE), Tiepea B3situeM OOpaTHOTO
JII®, nononHseM 4aCTOTHBIA cEKTp HyIsMH. CKakeM, YTO Mbl XOTUM HMHTEpHoaupoBaTh 50
BBIOOpOK curHana B 400 BIOOpOK curHajia. Ito cuenano nogooHo stomy: (1) bepyt 50 Be16opok
U T00ABJISIOT HYJIH, YTOOBI CAENATh CUTHAN JUTUTETLHOCTHIO 64 BeIOOpKU. (2) Ucnons3yroT 1D
64 Todek, 4yTOOBl HAWTH CHEKTP YacTOT, KOTOPBIM OyJIeT COCTOsITh M3 33 TOYEK pealb-
HOM(BeecTBEHHOM) yacTu U 33 ToYeK KOMILUIEKCHOW(MHUMOM) YacTu. (3) JlOMomHSI0T npaByto
CTOPOHY CIIEKTpa 4acToT (M pealbHbIe U MHUMBIE YacTh) 224 HyJsMHU, 4TOOBI CIENIaTh 4acTOTY
CHEKTpa ATUTENBHOCThIO 257 Touek. (4) Mcnmonp3yror 512 touexk WuBepcHoro JIID, 4toOsnI
npeoOpa3oBaTh JaHHBIC HA3aj] B JIOMEH BPpEMEHHU. JTO mpuBeaeT K 512 BEIOOpKaM cHUrHaja, Ko-
TOPBIM SBIJIAETCS BEPCUEHM C BBICOKMM pa3pellleHUEM(CTENEHbI0 JeTaln3anun) u3 64 BbIOOPOK
curHana. [lepssie 400 BEIOOPOK U3 3TOTO CHTHAJA - HHTEPIOJUPOBAHHAS BEPCHsI OPUTHHATBHBIX
50 BBIOOPOK.

The key feature of this technique is that the interpolated signal is composed of exactly the same
frequencies as the original signal. This may or may not provide a well-behaved fit in the time
(c) ABTOKC, Cankr-IletepOypr, http:/www.autex.spb.ru, e-mail: info@autex.spb.ru
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domain. For example, Figs. 10-13 (a) and (b) show a 50 sample signal being interpolated into a
400 sample signal by this method. The interpolation is a smooth fit between the original points,
much as if a curve fitting routine had been used. In comparison, (c) and (d) show another exam-
ple where the time domain is a mess! The oscillatory behavior shown in (d) arises at edges or
other discontinuities in the signal. This also includes any discontinuity between sample zero and
N-1, since the time domain is viewed as being circular. This overshoot at discontinuities is called
the Gibbs effect, and is discussed in Chapter 11. Another frequency domain interpolation tech-
nique is presented in Chapter 3, adding zeros between the time domain samples and low-pass
filtering.

I'maBHast 0COOEHHOCTB ATOI METOJUKH - TO, YTO MHTEPHOIUPYEMBI CUTHA COCTABJICH MOYHO U3
TOH K€ CaMO# YaCTOTHI, YTO M MEPBOHAYAIBHBIA CUTHAI. DTO MOXKET WJIM HE MOXKET 00ecTieun-
BaTh XOPOIIMM MPHUTOIHBIM(YAOOHBIM JIJIsi aHaIM3a) B JoMeHe BpeMeHu. Hampumep, puc. 10-13
(a) u (b) mokazano 50 BIOOpOK cuTHaNMa, WHTEpPHOIUPYeMbIX B 400 BEIOOPOK CHTHAJIA TUM Me-
TooM. MHTEepronsnus ecTh CriaXHBAaHHE MPUTOTHOEC MEXKIY MEPBOHAYAIBHBIMU TOUYKAMH,
MHOT0, KaK OyJITO MoAmnporpaMma BelYepUMBaHUs KPUBOIl Hcnonb3oBaiack. Ha cpaBHenun, (c) u
(d) mokaspIBarOT OpyTroil mpumep, rae AoMeH BpeMeHH — Oecniopsinok(myTanuna)! Konebarens-
HOE TOBeNeHHe, Toka3aHHoe B (d) Bo3HMKaeT B rpaHsax((poHTax) WK NPYTUX HAPYIICHUSX B
cUrHasie. OTo TakXKe BKIIIOYAeT JII000H pa3phlB MEXy HyJeBOW BbIOOpKOW M N -1, Tak Kak J0-
MEH BpPEMEHH pAacCMOTPEH Kak SBISIOMUNACA KPYTOBBIM(IIUKIMYECKUM). DTO TMOCIEIEHCT-
BHe(BBIOpOC HAa (PpOHTE MMITYJIbCA; H30OBITOUHBIM OTKIMK HA CTYIEHYATOE BO3JECHCTBHUE) B pas-
pBIBax HasbIBaeTCs aghghexmom ['ub6ca, n odbcyxaeH B riase 11. J[pyras Meroauka HHTEPIIOS-
MK YaCTOTHOTO JIOMEHA MpeJCTaBlIeHa B TJIaBe 3, (10)mprOaBisis HyIH MEXy BBIOOPKAMU J10-
MeHa BPEMEHU U HU3KOYACTOTHYIO (PHIIbTPALIUIO.
)
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Interpolation by padding the frequency domain. Figures (a) and (c) each consist of 50 samples. These are interpolated to 400
samples by padding the frequency domain with zeros, resulting in (b) and (d), respectively. (Figures (b) and (d) are
discrete signals, but are drawn as continuous lines because of the large number of samples).

PUCYHOK 10-13. UutepnonupoBaHue, JOMOJTHEHUEM YaCTOTHOTO JJOMEHA.

Pucynku (a) u (c) kaxpiii coctosat u3 50 Beioopok. Onu nHTepnonupytotcs Kk 400 BpIOOpKaM, JOMOJHSISL 4aCTOT-
HBII ToMeH HyJsiMHd, TprBos K (b) u (d), coorBercTBenHo. (Pucynku (b) u (d) - AMCKpEeTHBIE CUTHANBI, HO BhIBEZE-
HBI KaK HeNpepbIBHBIE JIMHUH M3-32 OOJIBILIOr0 KOJINYECTBA BHIOOPOK).

Multiplying Signals (Amplitude Modulation)
Ymuoxenune Curaanos (AMmiuryaHas Moayasuus)

An important Fourier transform property is that convolution in one domain corresponds to multi-
plication in the other domain. One side of this was discussed in the last chapter: time domain
signals can be convolved by multiplying their frequency spectra. Amplitude modulation is an
example of the reverse situation, multiplication in the time domain corresponds to convolution in
the frequency domain. In addition, amplitude modulation provides an excellent example of how
the elusive negative frequencies enter into everyday science and engineering problems.

Baxxnoe cBoiictBo mpeodpazoBanus DOypoe(Tpanchopmantsl Oypre) - TO CKPyUYUBAHUE B OJHOM
JIOMEHE, COOTBETCTBYET YMHOKEHHUIO B IpyroM foMeHe. OmHa cTopoHa 3Toro Obuia o0CcyXaeHa
B MPOILION TJIaBe: CUTHAJBI JOMEHA BPEMEHHU MOTYT ObITh CKPYYEHBI, YMHOXas UX 4aCTOTHbBIE
CHEKTPBI. AMIUTUTYAHAS MOIYJISIIIHS - IpUMEpP 00paTHOTO MOJIOKEHHUS(CUTYAINH), YMHOKCHHE B
JIOMEHE BpEMEHHU COOTBETCTBYET CKPYUMBAHHUIO B YACTOTHOM jaoMmeHe. Kpome Toro, aMrminrya-
Hasi MOAYJISIIKsL 00eCreunBaeT MPEBOCXOHBIN PUMEP TOTO, KaK HEYJIOBUMBIE ompuyamenvbhbie
YaCTOTHI BCTYNAIOT(BXOAST) B KaXKAOJHEBHYIO HAYKY M TEXHUUECKHUE MTPOOIEMBI.

Audio signals are great for short distance communication; when you speak, someone across the
room hears you. On the other hand, radio frequencies are very good at propagating long dis-
tances. For instance, if a 100 volt, 1 MHz sine wave is fed into an antenna, the resulting radio
wave can be detected in the next room, the next country, and even on the next planet. Modula-
tion is the process of merging two signals to form a third signal with desirable characteristics of
both. This always involves nonlinear processes such as multiplication; you can't just add the two
signals together. In radio communication, modulation results in radio signals that can propagate
long distances and carry along audio or other information.

3BYKOBbIE CUTHAJIBI BETUKOJICITHBI /715l CBSI3U Ha KOPOTKUE pacCTOSIHUSA; Koria Bel roBopure, KTO
— Ha TOM CTOpOHE KOMHAaThI cibluT Bac. C apyroi cTOpoHbI, IpU Nepeaadye Ha JJIMHHBIE pac-
CTOSIHMA, OYEHb XOPOILIM paanodactoTsl. Hampumep, eciau cunycouaansHas BoiHa 100 BosibT, 1
MI'n nmonaercss B aHTEHHY, 3aKaHUMBAIOIIASICSI PAJAMOBOJIHA MOXKET ObITh OOHapyXeHa B Oyu-
xKalten komHame, OMVDKaUIIe cmpane, U axe Ha Omxaiiien nianeme. Monynauus - mpo-
1ecc 00beAMHEHNS ABYX CUTHAJIOB, YTOOBI CPOPMHUPOBATH TPETHI CUTHAT C JKEJIaTeIbHBIMU Xa-
pakTepucTUKaMu 000MX. DTO BCETa BKIIOYAET B ce0s(T0pa3yMeBaeT) HEJTMHEHHBIE MTPOLIECCHI
TUNAa YMHOKEHUs((YCHUICHUS )MYIbTUIUTUIMPOBaHMs); Bl He MoOXKeTe TOJNBKO CKJIaAbIBaTh J1Ba
curHaia BMmecte. B paguocssizu, MOIYJISLMS NPUBOIUT K PaMOCUTHANIAM, KOTOpPbIE MOTYT pac-
MPOCTPAHATHCA HA JJIMHHBIE PACCTOSHUS U HECTH 3BYKOBYIO MJIU IPYTYIO HHPOPMAIIHIO.

Radio communication is an extremely well developed discipline, and many modulation schemes
have been developed. One of the simplest is called amplitude modulation. Figure 10-14 shows
an example of how amplitude modulation appears in both the time and frequency domains. Con-
tinuous signals will be used in this example, since modulation is usually carried out in analog
electronics. However, the whole procedure could be carried out in discrete form if needed (the
shape of the future!).
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PagnocBsa3p - upe3BBIYAHO XOpOLIO pa3paboTaHHAs AMCLUUILUIMHA, U MHOTO MOIYJISIIMOHHBIX
cxeM Obuto paspaborano. OpHa U3 CaMBIX MPOCTHIX HA3bIBAETCS AMILIUTYAHOW MOAYJIsIMEN.
Pucynok 10-14 noka3piBaeT npumep TOro, Kak aMIUINTyIHas MOAYJISLMS NOSBIIAETCS, U B IOMe-
Hax BPEMEHHM U YaCTOTHBIX JOMeHaxX. B 3Tom mpumepe OyIayT MCHOIB30BaThCS HEMPEpPHIBHBIC
CUTHAJIBI, TaK KaK MOJIYJISIMS OOBIYHO BBHIMOJIHSAETCS B aHAIOTOBOW 3yieKTpoHHUKe. OJHAKO, I1e-
Jast MpoIeAypa MOTJIa ObITh BBITOJTHEHA U B TUCKPETHOH (popme, eciiu 310 Heobxoaumo (dopma
Oymymero!).

Figure (a) shows an audio signal with a DC bias such that the signal always has a positive value.
Figure (b) shows that its frequency spectrum is composed of frequencies from 300 Hz to 3 kHz,
the range needed for voice communication, plus a spike for the DC component. All other fre-
quencies have been removed by analog filtering. Figures (c) and (d) show the carrier wave, a
pure sinusoid of much higher frequency than the audio signal. In the time domain, amplitude
modulation consists of multiplying the audio signal by the carrier wave. As shown in (e), this re-
sults in an oscillatory waveform that has an instantaneous amplitude proportional to the original
audio signal. In the jargon of the field, the envelope of the carrier wave is equal to the modulat-
ing signal. This signal can be routed to an antenna, converted into a radio wave, and then de-
tected by a receiving antenna. This results in a signal identical to (e) being generated in the radio
receiver's electronics. A detector or demodulator circuit is then used to convert the waveform in
(e) back into the waveform in (a).

PucyHok (a) mokaspIiBaeT, 4TO 3ByKOBOW CHUTHaJ (HauyWHas) C MOCTOSSHHOTO TOKA, CMEIAeT Tak,
YTO 3TOT CUTHAJ BCETJa MMEET IMOJIOKHUTEIbHOe 3HaueHue. PucyHok (b) moka3bIBaeT, 4To €ro
CHeKTp 4acToT coctaiieH U3 yacToT ot 300 ['y mo 3 xI'1, Amana3oH, HEOOXOUMBIHN TSl peueBO
CBSI3H, TUTIOC BBIOPOC /IJIsi KOMITOHEHTA MTOCTOSIHHOTO TOKa. Bee pyrue 4acToThl ObLIH yIajieHbI
aHajoroBoil ¢unbTparnueid. Pucynku (¢) u (d) moka3piBalOT HECYUIY 0 BOJIHY, YUCTOW CUHYCOH-
JIbI HAMHOTO 00JIee BBICOKOI YaCTOTBI, YeM 3BYKOBOW CUTHANI. B TOMEeHE BpeMeHH, aMILTUTY THAS
MOJYJISILIUSL COCTOUT U3 3BYKOBOT'O CHUTHANA MYAbMUNIUYUPOBAHHO20(YMHONMCEHHO20) HECyIen
BotHOM. Kak mokaszano B (€), 9TO KOHUYaeTcs KojebaTenbHOH (OpMOI BOJIHBI, KOTOpas UMEeT
MTHOBEHHYIO aMILTUTY/]] IPONOPLUOHAIBHYIO MIEpBOHAYAILHOMY 3BYKOBOMY CUTHAy. B xapro-
HE TOJISA, oeubarowas HeCyIlled BONHBI paBHA CUTHATY MOIYJSIUU. DTOT CHTHAT MOXET OBITh
HaIpaBJIeH B aHTEHHY, IPe0Opa3oBaH B paJHOBOJIHY, U 3aTeM OOHApyXeH aHTEHHOW MoyyaTe-
Js1. DTO NMPUBOJAUT K CUTHAILy, UIEHTUYHOMY (€), CreHEpHMpPOBAaHHOMY 3JIEKTPOHHOI cXeMe pa-
JTUOTIPUEMHHKA. TOT/Aa, YTOoObI Mpeodpa3oBaTh GopMy BOJIHEI B (€) Ha3ad B (opmMy BOJHEI B (a),
HCIIOJNIE3YETCS CXeMa demeKmopa Ui 0eMoOyisamopd.

Since the time domain signals are multiplied, the corresponding frequency spectra are con-
volved. That is, (f) is found by convolving (b) & (d). Since the spectrum of the carrier is a shifted
delta function, the spectrum of the modulated signal is equal to the audio spectrum shifted to the
frequency of the carrier. This results in a modulated spectrum composed of three components: a
carrier wave, an upper sideband, and a lower sideband.

Tak Kak CUTHAJIBI IOMEHAa BPEMEHU MYJIbTHUIUIMIIMPOBAHBI(YMHOKEHBI), COOTBETCTBYIOLIUE YacC-
TOTHBIC CIIEKTpbI CKpydeHbl. To ecth (f) HaiimeH, ckpyuuBas(cBepTsiBasi) (b) u (d). Tak kak
CHEKTp HECYIIeH - CABUHYTasl TPEYroibHasi(1eabTa) QYHKIHS, CIIEKTP MOIYJIUPYEMOT0O CUTHAJA
paBeH 3BYKOBOMY CHEKTpPY, CABUHYTOMY K HECyIIeil 4yacToTe. TO MPUBOAUT K MOLYJIUPYEMOMY
CIIEKTPY, COCTABIICHHOMY U3 TPEX KOMIIOHEHTOB: Hecyllell BOJIHbI, BepXHeil 00KOBOM M0JI0CHI,
Y HUKHel 00KOBOI 110J10CHI.
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FIGURE 10-14
Amplitude modulation. In the time domain, amplitude modulation is achieved by multiplying the audio signal, (a),

by the carrier signal, (c), to produce the modulated signal, (e). Since multiplication in the time domain corresponds
to convolution in the frequency domain, the spectrum of the modulated signal is the spectrum of the audio signal
shifted to the frequency of the carrier.
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PUCYHOK 10-14. AMniuTtynHast MOAYJISALUS.

B nomeHe BpeMeHH, aMIUIMTYAHAs MOAYJISLMS JOCTHUTHYTa, YMHOXasi(MyJIbTUILUTMLUPYsI) 3BYKOBOM curHai, (a),
HECYILM CUTHAJIOM, (C), IPOM3BO/SI MOYJIMPYEeMbIid curHad, (e). Tak Kkak yMHO)XEHHE B JIOMEHE BPEMEHH COOTBET-
CTBYET CKPYUYHBAHUIO B YaCTOTHOM JOMEHE, CHEKTP MOJYIMPYEMOrO CUTHalla - CIEKTP 3BYKOBOIO CUTHAJIA, CABU-
HYTBIN K HECYIIEH 4acToTe.

These correspond to the three parts of the original audio signal: the DC component, the positive
frequencies between 0.3 and 3 kHz, and the negative frequencies between -0.3 and -3 kHz, re-
spectively. Even though the negative frequencies in the original audio signal are somewhat elu-
sive and abstract, the resulting frequencies in the lower sideband are as real as you could want
them to be. The ghosts have taken human form!

OHH COOTBETCTBYIOT TPEM YACTSIM MEPBOHAYATHHOTO 3BYKOBOTO CHUTHAJIA: KOMIIOHEHT IOCTOSIH-
HOT'O TOKA, MOJIOKUTENbHbIE 4acTOThl Mexkay 0.3 u 3 k['1, u oTpULIaTETbHBIE YaCTOTHI MEXKIY -
0.3 u -3 kI'1y, coOTBETCTBEHHO. Jlaxe npu TOM, YTO OTPULIATENBHBIE YACTOTHI B IEPBOHAYAIIBHOM
3BYKOBOM CHUTHAJIE€ HECKOJIBKO HEYJIIOBHMBI M a0CTPaKTHBI, 3aKaHUYMBAIOIINECS YaCTOTHI B HUXK-
Hell OOKOBOI TIOJIOCE CTOJb XK€ PeaTbHBI(HECOMHEHHBI), Kak BBl MOTJIM XOTETh, YTOOBI OHU ObI-
mu. [Ipuzpaku npuHsIIM YeaoBedecKyio Gopmy!

Communication engineers live and die by this type of frequency domain analysis. For example,
consider the frequency spectrum for television transmission. A standard TV signal has a fre-
quency spectrum from DC to 6 MHz. By using these frequency shifting techniques, 82 of these 6
MHz wide channels are stacked end-to-end. For instance, channel 3 is from 60 to 66 MHz, chan-
nel 4 is from 66 to 72 MHz, channel 83 is from 884 to 890 MHz, etc. The television receiver
moves the desired channel back to the DC to 6 MHz band for display on the screen. This scheme
is called frequency domain multiplexing.

NnxeHepHo TexHUYECKas CBS3b KUBET U yMHpaeT(yracaer, 3aTyXaeT) 3TUM TUIIOM aHajiu3a Jac-
TOTHOTO JIoMeHa. Hanpumep, paccMOTpUTE CIIEKTP YaCTOT AJI TeJIeBU3MOHHOM nepenayu. Cran-
JAPTHBINA CUTHAJ TEJIEBUACHUSA UMEET CIIEKTP YacTOT OT MOCTOSHHOrO Toka 10 6 MHz. Mcnomnb-
3ysl 3Ty CIIBUTAIOIIYIO0 TEXHOJIOTHIO YaCTOThI, , 82 u3 3t 6 MHz mmpokue kaHaabl MOMEIIECHHI B
CTEK OT Hauaja J0 KoHIa(CKBO3HOU cTek). Hampumep, kanan 3 - ot 60 no 66 MHz, kanan 4 - ot
66 no 72 MHz, xanan 83 - ot 884 no 890 MHz, u 1.1. TeneBu3nOHHBIN NPUEMHUK NTEPEMEILAET
JKeaTeNIbHBIA KaHaJl Ha3aJ B MOCTOSTHHOMY TOKY K 6 MHz mosnoca mist gucruiesi(otoOpakeHus
Ha KpaHe. JTa CXeMa Ha3bIBACTCS MYJIbTUILIEKCHUPOBAHMEM YACTOTHOTO JOMEHA.

The Discrete Time Fourier Transform
IIpeoOpa3zoBanue Pypoe(Tpancpopmanra Pypse) 1uckperHoe Bpems
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The Discrete Time Fourier Transform (DTFT) is the member of the Fourier transform family
that operates on aperiodic, discrete signals. The best way to understand the DTFT is how it re-
lates to the DFT. To start, imagine that you acquire an N sample signal, and want to find its fre-
quency spectrum. By using the DFT, the signal can be decomposed into N/2 + 1 sine and cosine
waves, with frequencies equally spaced between zero and one-half of the sampling rate. As dis-
cussed in the last chapter, padding the time domain signal with zeros makes the period of the
time domain longer, as well as making the spacing between samples in the frequency domain
narrower. As N approaches infinity, the time domain becomes aperiodic, and the frequency do-
main becomes a continuous signal. This is the DTFT, the Fourier transform that relates an aperi-
odic, discrete signal, with a periodic, continuous frequency spectrum.

Huckpernoe npeodpazoanne Oypre Bpemenu (DTFT) - snement cemetictBa IIpeobpazoBanus
dypoee(Tpanchopmant Dypre), KOTOpoe padoTaET HA anepuoouyecKux, OUCKpemublX CUTHaJaX.
Jlyummii cnioco6 morammatre DTFT cocTouT B TOM, Kak 370 cBsizaHo(cooTHOcuTcst) ¢ ATID. Jlns
Havaya, BooOpasurte, 4To BBl mpuoOperaeTe cUrHay BBHIOOPKH N, U XOTUTE HAWTH €ro CIEKTP
yactoT. Ucnonb3ys AIID, curnan MoxeT ObITh pacuiieHeH B V/2 + 1 BOJIH cuHyca ¥ KOCHUHYCA, C
4acTOTaMH, OJMHAKOBO Pa3AebHBIMU MEXAY HYJIEM U MOJOBHUHOM 4acToThl BhIOOpKU. Kak 06-
CY’KIEHO B IPOLUIOHN IJ1aBe, AOMOJHEHUE CUTHAJIa IOMEHA BPEMEHH HYJISIMHU, JI€JacT EPUOS U3
JIOMEHA BPEMEHHU 00Jiblie, TAKXKe, KaK JIelaeT MHTEPBaJl MEX/ly BEIOOpKaMHU B YaCTOTHOM JIOMe-
He 6onee y3kuM. Kak N mpubnmxaercss K 66CKOHEUHOCTH, IOMEH BPEMEHH CTaHOBHTCS anepuo-
ouyeckum, i YaCTOTHBINA JIOMEH CTaHOBUTCS HenpepuvlsHbim curaanom. Jto - DTFT, Tlpeo6paso-
Banue Oypoe(Tpanchopmanta Pypbe), KOTOPOE CBAZBIBACT anepuoouyeckull, OUCKpemHblii CUT-
HaJl, C nepuooudecKum, Henpepvl6HvIM CIIEKTPOM HacTOT.

The mathematics of the DTFT can be understood by starting with the synthesis and analysis
equations for the DFT (Eqs. 8-2, 8-3 and 8-4), and taking N to infinity:

Marematuka DTFT moxer ObITh MOHSTA, HAaYMHASCH C CUHTE3a U ypaBHeHUN aHanmu3a aist I[P
(ypaBHenus 8-2, 8-3 u 8-4), u 6epsi N 0eCKOHEUHBIM:

EQUATION 10-1 ) s

The DTFT analysis equation. In this relation, x[x] is the time do- Re X{w) z x[n] cos(wn)
main signal with » running from 0 to N + 1. The frequency spec- M= -0

trum is held in: Re X(w) and with  taking on values Im X(w).

YPABHEHUE 10-1. ypasuenue ananuza DTFT. B stom otsomre- {111 X () - Z x|[n] sin(wn)
HUW, X[n] - CUTHAJ IOMEHa BPEMEHH C #, BRIOTHsIonMcs oT 0 10 B=-=

N+1. Crektp yactot npoBeAeH(moanepxkan) B: Re X(w) npuHAMAs

3HaueHus Im X(w).

EQUATION 10-2
The DTFT synthesi tion.
e synthesis equation ¥ [”]

= —I fRe*X{m] cos(wn) ImX(w) sin(wn) dw
T
]

YPABHEHUE 10-2
ypaBHenue cunteza DTFT.
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There are many subtle details in these relations. First, the time domain signal, x[#], is still dis-
crete, and therefore is represented by brackets. In comparison, the frequency domain signals,
ReX(w) n Im X(w), are continuous, and are thus written with parentheses. Since the frequency
domain is continuous, the synthesis equation must be written as an integral, rather than a summa-
tion.

NmeeTcss MHOTO TOHKUX MOAPOOHOCTEH B 3TUX OTHOILIEHUSX. BO MEpBBIX, CUTHAN JOMEHA Bpe-
MEHHU, Xx[n] sBigeTCs BCE elle AUCKPETHBIM, U MO3TOMY IpeacTaBieH ckoOkamu. Ha cpaBHeHuH,
CUTHAJIBI YaCTOTHOTO JoMeHa, ReX(w) u Im X(w), SABASAIOTCS HENMPEPBIBHBIM, U TaKUM 00pazoM
HamucaHbl ¢ KpyrJbIMU cKoOKaMH. Tak Kak YaCTOTHBIN IOMEH HEMpPEphIBEH, ypaBHEHHUE CUHTE3a
JOJKHO OBITh HAIMMCAHO KaK MHTETPall, CKOpee YeM CyMMHUPOBAHUE.

As discussed in Chapter 8, frequency is represented in the DFT's frequency domain by one of
three variables: £, an index that runs from 0 to N/2; f, the fraction of the sampling rate, running
from 0 to 0.5; or o, the fraction of the sampling rate expressed as a natural frequency, running
from 0 to m. The spectrum of the DTFT is continuous, so either for ® can be used. The common
choice is o, because it makes the equations shorter by eliminating the always present factor of .
Remember, when o is used, the frequency 2r spectrum extends from 0 to m, which corresponds
to DC to one-half of the sampling rate. To make things even more complicated, many authors
use € (an upper case omega) to represent this frequency in the DTFT, rather than ® (a lower
case omega).

Kak o6cyxeHo B riaBe 8, yactora mpejacTaBieHa B 4acToTHOM gomeHe JI1d oxnoit u3 Tpex
MepEMEHHBIX: k, MHACKC, KOTOPHIX BhIMOTHAETCS OT 0 10 N/2; f, npoOb(107151) 4aCTOTHI BEIOOPKH,
BeInonHstomIeiics ot 0 1o 0.5; wiu ®, 1poOb(A0s) 4aCTOTH BRIOOPKH, BEIPAKEHHON KaK COOCT-
BEHHAas yacToTa, BeimosHsromasicsa ot 0 o . Cnextp DTFT HenpepriBeH, Uiu Tak f Wik ® MO-
T'YT HCIIONIb30BaThcs. OOBIUHBIN BBIOOP ®, TOTOMY YTO 3TO JAEJaeT ypaBHEHUS KOpoUue, yCTpaHss
Bceraa cymectByromuii kodddunuert(dakrop). [lomHuTe, KOraa @ MUCMONB3yETCs, YacTOTa 27
cnekTp npoctupaercs oT 0 10 ®, KOTOPBIH COOTBETCTBYET MOCTOSIHHOMY TOKY K IIOJIOBHHE 4Yac-
TOTHI BbIOOpKH. JlenaTth Bemu naxe Oojee CII0KHBIMU, MHOTO aBTOPOB MCIONB3YIOT 2 (omera
BEPXHET0 PEerucTpa) 4yToObl mpeacTaBuTh 3Ty 4actory B DTFT, ckopee uem @ (omera CTpOYHBIX
OyKB).

When calculating the inverse DFT, samples 0 and N/2 must be divided by two (Eq. 8-3) before
the synthesis can be carried out (Eq. 8-2). This is not necessary with the DTFT. As you recall,
this action in the DFT is related to the frequency spectrum being defined as a spectral density,
i.e., amplitude per unit of bandwidth. When the spectrum becomes continuous, the special treat-
ment of the end points disappear. However, there is still a normalization factor that must be in-
cluded, the 2/N in the DFT (Eq. 8-3) becomes 1/n in the DTFT (Eq. 10-2). Some authors place
these terms in front of the synthesis equation, while others place them in front of the analysis
equation. Suppose you start with some time domain signal. After taking the Fourier transform,
and then the Inverse Fourier transform, you want to end up with what you started. That is, the
1/z term (or the 2/N term) must be encountered somewhere along the way, either in the forward
or in the inverse transform. Some authors even split the term between the two transforms by

placing V% in front of both.

[Tpu Berunciaenuun ooparnoro D, Bei6opku 0, u N/2 nomxeH ObITh pa3ferneH Ha JiBa (ypaBHe-
Hue §-3) mpexe, YeM CHHTE3 MOXKET OBITh BBHINOJHEH (ypaBHEHHE 8-2). DTO HE HEOOXOIMMO C
DTFT. Kak Bl nomuure, 1o neiictsue B 1D cBsizaHO CO CIIEKTPOM HACTOT, OMNPEAEIIEMbIM
KaK CneKmpaibHas NIOMHOCMb, TO €CTh, aMIUTUTYAa / MOIYJb IUPHUHBI MOJI0CH 9acToT. Korma
CHEKTpP CTAaHOBUTCS HENPEPHIBHBIM, CHelHalbHas o00paboTka KOHEYHBIX TOYEK Hcye3a-
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et(mponanaet). OnHako, Bce eme umeercss Kod(pUIHEeHT((PakTop) HOPMaIH3alUU, KOTOPBIN
JoJDKeH ObITh BKirodeH, 2/N B JII1® (ypaBuenue 8-3) cranoutcs 1/m 8 DTFT (ypaBuenue 10-
2). HexoTopble aBTOPHI pa3MeLIaloT 3TU TEPMUHBI TIEpE/l YPAaBHEHUEM CUHme3d, B TO BPeMsl Kak
JIpyrHe pa3MelaloT ux rnepej ypaBHeHHeM axanusa. [lpeanonoxum, uro Bel HaunHaeTe ¢ HEKo-
TOpOro cuUrHaia fomeHa Bpemenu. Ilocne B3stus [Ipeobpazosanus Pypre(Tpanchopmantsl Dy-
pwe), u 3ateMm OOpatHoe [IpeobOpazoBanne Dypre(Tpanchopmanta Dypoe), Bel xoTHTE 3aKO0H-
YUTh TeM, yeM Brl Hauamu. To ecTh BoIpakeHueM 1/m ( BeipaxkeHueM 2/N) HYKHO CTOJIKHYTBHCS
rae-HuOy b 10 MyTH, WK B MPSMON WM B 00paTHOH TpaHchopmanTe(nipeodpa3oBanuu). Heko-
TOpBIE aBTOPHI 1axe pa3OUBAIOT TEPMUH(BBIPAKECHHIE) MEXy IBYMS TpaHCHOPMaHTaMH, ITOMe-
mast ' V* nepea 00ouMu.

Since the DTFT involves infinite summations and integrals, it cannot be calculated with a digital
computer. Its main use is in theoretical problems as an alternative to the DFT. For instance, sup-
pose you want to find the frequency response of a system from its impulse response. If the im-
pulse response is known as an array of numbers, such as might be obtained from an experimental
measurement or computer simulation, a DFT program is run on a computer. This provides the
frequency spectrum as another array of numbers, equally spaced between 0 and 0.5 of the sam-
pling rate.

Takx kak DTFT moapa3zymeBaeT GECKOHEYHOE CYMMHUPOBAHHE M MHTETPUPOBAHKE, TO HE MOXKET
OBITH paccuuTaHo ¢ HU(PPOBBIM KOMITbIOTEPOM. Ero 0CHOBHOE MCIONIB30BaHNE HAXOIUTCS B TEO-
pernyeckux mpobiiemax kak anpTepHaruBa k [I[1®. Hanpumep, npeanonoxute, uto Bel x0THTE
HAlTH YaCTOTHYIO XapaKTEPUCTUKY CUCTEMBI OT €€ UMITYJIbCHOM nepenatounoil ¢pyHkuuu. Ecnu
UMITYJIbCHAs NepeaaTouHas QyHKIUS U3BECTHA, KaK Maccug yucesl, TUMa MOr Obl ObITh MOJy4EH
OT 3KCIIEPUMEHTAJIBLHOTO U3MEPEHUS WM KOMIBIOTEPHOTO MOAEIUpOBaHusA, nporpamma DFT
BBITNIOJIHEHA Ha KOMIIBIOTEPE. DTO 00ECIEUNBAET CIIEKTP YACTOT KaK JPYrod maccue uucen, Ou-
HAKOBO pa3aenbHbIX Mexay 0 u 0.5 13 4acTOThl BEIOOPKH.

In other cases, the impulse response might be know as an equation, such as a sinc function (de-
scribed in the next chapter) or an exponentially decaying sinusoid. The DTFT is used here to
mathematically calculate the frequency domain as another equation, specifying the entire con-
tinuous curve between 0 and 0.5. While the DFT could also be used for this calculation, it would
only provide an equation for samples of the frequency response, not the entire curve.

B npyrux ciydasx, uMnyJabCHas nepeaaTouHas GyHKLUs Moriia Obl ObITh, 3HAIOT KaK ypasHeHue,
TUna sinc (yHKUUU (OMMCAHHOM B CIEIYIOIIEH I1aBe) WM CUHYCOUIbI paclalarolieiics: o 3Kc-
nonente. DTFT ucnonb3yercs 31ech, 4TOOBI MaTEMAaTUYECKU BBIUMCINTh YACTOTHBIN JOMEH Kak
IpYyToe ypasHenue, ONpeaesss NOIHYI0 HENpepblBHYI0 KpuByto Mexay 0 u 0.5. B To Bpems kak
JII® Mor Taxke MCIOJIb30BaThCs JAJS 3TOTO BBIYMCICHHUS, 3TO TOJIBKO OOECHEYUT ypaBHEHHE
JUISL 66100pOK YaCTOTHOM XapaKTEPUCTUKU, HE TIOJTHOW KPUBOM.

Parseval's Relation

OtHomenue IlapceBana

Since the time and frequency domains are equivalent representations of the same signal, they
must have the same energy. This is called Parseval's relation, and holds for all members of the
Fourier transform family. For the DFT, Parseval's relation is expressed:

Tak Kak TOMEHbI BpeMsl U 4acTOTHI - SKBHUBAJICHTHBIEC MIPEICTABICHHS TOTO K€ CaMOro CUTrHaia,
OHM JIOJDKHBI UMETh TY XK€ caMylo dHepeuto. ITO Ha3biBaeTcsa oTHouieHueM [lapceBana, u nep-
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KHUTCS JUIA BCEX WICHOB ceMeiicTBa npeodpazoBanus Dypre(Tpanchopmant Dypee). g IO,
otHoeHue [TapceBana BeIpaxeHo:

EQUATION 10-3

Parseval's relation. In this equation, x[i] is a time domain signal N1 2 N/
with i running from 0 to N-1, and X[k] is its modified frequency E x|i Jf = = Mag X [k ]3
spectrum, with k running from 0 to N/2. The modified frequency ;= N 1o

spectrum is found by taking the DFT of the signal, and dividing

the first and last frequencies (sample 0 and N/2) by the square-root of

two.

d

YPABHEHUE 10-3.0OtHomenue I[lapceBana.

B aToM ypaBHeHuH, x[i]- CHTHAI JOMEHA BpEeMEHH CO, i BeIomHsromumMcest ot 0 o N-1, u X[k] - ero uaMeHsembrit
CIIEKTp YacToT, C k, BEImonHsroumMmcst ot 0 no N/2. Hsmensiemeiii cekTp 4acToT HaiineHn, Oepsi AP curnana, u
pasziensisi IepBbIe U MOCIIEIHNE YacTOThI (4TOOBI ITpou3BecTH BEIOOPKY 0 1 N/2) KBaJpaTHBIM KOPHEM U3 IBYX.

The left side of this equation is the total energy contained in the time domain signal, found by
summing the energies of the N individual samples. Likewise, the right side is the energy con-
tained in the frequency domain, found by summing the energies of the sinusoids. Remember
from physics that N/ 2 + 1 energy is proportional to the amplitude squared. For example, the en-
ergy in a spring is proportional to the displacement squared, and the energy stored in a capacitor
is proportional to the voltage squared. In Eq. 10-3, is the X[f] frequency spectrum of x[x], with
one slight modification: the first and last frequency components, X[0] & X[N/2] have been di-
vided by ¥7 This modification, along with the 2/N factor on the right side of the equation, ac-
counts for several subtle details of calculating and summing energies.

JleBasi CTOpOHA 3TOTO YpaBHEHUS - TIOJTHASI SHEPTHS, COJEPIKAIIASICS B CUTHAJIE JOMEHA BPEMCHH,
HaWJIECHHOM, TIOJIBOJII UTOT SHEPruil N MHIWBHIYaJIbHBIX BHIOOPOK. AHAJIOTUYHO, TpaBasi CTO-
pOHA - PHEPrus, CoIePKaIIAsCs B YaCTOTHOM JOMEHE, HalJJCHHOM, MOJBOIS UTOT HEPTUN CH-
Hycoua. Bcomuante u3 ¢usuku, uro N/2+1 suepeus mponopiiioHalibHa K 8036€0€HHOU 8 K8AO-
pam amniumyoe. Hanpumep, 3HepTrus B CKayke MPOIMOPLIHUOHATFHA K BO3BEICHHOMY B KBaJpar
CMEIIEHUIO0, U DHEPIusl, COXpaHEHHas B KOHJEHCATOpPE MPOMOPIHUOHATIbHA K BO3BEICHHOMY B
KBaJpar HanpsokeHuo. B ypaBaenun 10-3, sBnsercs X[f] cnekTp yacToT x[n], ¢ on1HONH HEOOIb-
o MoauuKaIe: epBbie U MOCIeAHIE YacTOTHBIe KoMIoHeHThI, X[0] u X[N/2] Obutn pas-
nenensl ¥-. Droit Moaudukanueii, Hapsaay ¢ Kodddurmentom 2/N B IpaBoii YacTH ypaBHEHHUS,
pacyeTHbIC 3amUCH JJII HECKOJIBKUX TOHKHX IOAPOOHOCTEH BBIYUCICHUS M CYMMHUPYIOIIUX
SHEPIrUu.

To understand these corrections, start by finding the frequency domain representation of the sig-
nal by using the DFT. Next, convert the frequency domain into the amplitudes of the sinusoids
needed to reconstruct the signal, as previously defined in Eq. 8-3. This is done by dividing the
first and last points (sample 0 and N/2) by 2, and then dividing all of the points by N/2. While
this provides the amplitudes of the sinusoids, they are expressed as a peak amplitude, not the
root-mean-square (rms) amplitude needed for energy calculations. In a sinusoid, the peak ampli-
tude is converted to rms by dividing by¥>. This correction must be made to all of the frequency
domain values, except sample 0 and N/2. This is because these two sinusoids are unique; one is a
constant value, while the other alternates between two constant values. For these two special
cases, the peak amplitude is already equal to the rms value. All of the values in the frequency
domain are squared and then summed. The last step is to divide the summed value by N, to ac-
count for each sample in the frequency domain being converted into a sinusoid that covers N
values in the time domain. Working through all of these details produces Eq. 10-3.
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[Tonnmarh 3TH WCTpaBICHUS, HAYHUTE, HAXOJS MPEJCTABIIEHWE YaCTOTHOTO JOMEHA CHUTHaja,
ucnonb3ys JI1D. 3arem, mpeoOpa3yiiTe 4aCTOTHBIM JOMEH B aMIUIUTY/IbI CHHYCOU, HEOOXO0aH-
MBIX, YTOObI BOCCTAHOBHUTH CUTHAJ, KaK MPEIBAPHUTEIHHO OMPECIICHO B ypaBHEHHU 8-3. DTO
CICIaHO, PAa3eIIsisl MEePBbIE U TOCIETHUE TOYKU (4TOOBI mpou3BecTH BoIOOPKY 0 u N/2) 2, u 3a-
TEeM pasfenss Bce Touku N/2. B To BpeMs Kak 3TO 00ecredrBaeT aMIUIUTYAbl CUHYCOU, OHU
BBIPOKEHBI KaK IMHUKOBAas aMIUIUTYJQ, He cpedHeksaopamuynas(rms) aMIUTUTY1a, HeoOXoaumast
JUTSL SHEPTeTUYECKUX BBIYHCICHUH. B cuHycowne, MMKoOBas aMIUIUTYyAa Mpeo0pa3oBaHa K cpe-
HEKBaPATHIHOMY 3HAYEHHIO(rmS), pasfienssch ¥-. DTo MCIpaBlieHHe JOKHO OBITh CAENAHO K
BCEM 3HAYCHHSIM YAaCTOTHOTO JIOMEHa, Kpome BbIOOpku 0 u N/2. DTO - TO, TOTOMY YTO ITH J[BE
CHHYCOUIbl YHUKAJIBHBI; KQXK/IBIH - TIOCTOSHHOE 3HAYCHHUE, B TO BPEMsI KaK JIPyrHe 3aMEHBI MEX-
Iy JBYMs TIOCTOSIHHBIMHU 3HAa4eHUSMU. J[JI1 STUX NBYX YAaCTHBIX CIy4YaeB, NUKOBdAs aMILIATYa
yKe paBHA 3HA4YCHHIO rms (9¢hhexmusrnomy(cpeonexsadpamuyeckomy) 3Hadenuro). Bee 3Have-
HUSl B 9YaCTOTHOM JIOMEHE BO3BEACHBI B KBaJpaT W 3aTeM CyMMHUpOBaHbI. [locnennuil mar moi-
JKCH JISJIUTh CYMMHPOBAHHOE 3HAUYCHUE IV, TIOACYUTHIBAS KAXKIYIO BHIOOPKY B YACTOTHOM JOMeE-
He, MpeoOpa3oBBIBAEMOM B CHHYCOUIY, KOTOpask OXBaThIBACT 3HaUYCHHUs N B JIOMEHE BPEMECHHU.
PaGoTa uepes Bce 3T MoAPOOHOCTH MPOU3BOIUT ypaBHEeHHE 10-3.

While Parseval's relation is interesting from the physics it describes (conservation of energy), it
has few practical uses in DSP.

B T0 Bpems kak oTHomenue [lapceBana uHTepecHO B (hM3HKe (COXpaHEHUE YHEPTHH ), STO HMEET
HEMHOTO MTpakTH4YecKoro ucronbs3oBanus B [{OC.
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