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CHAPTER Fourier Transform Pairs
1 1 Ilapsl IIpeoOpazoBanus @ypbe

For every time domain waveform there is a corresponding frequency domain waveform, and vice
versa. For example, a rectangular pulse in the time domain coincides with a sinc function [i.e.,
sin(x)/x] in the frequency domain. Duality provides that the reverse is also true; a rectangular
pulse in the frequency domain matches a sinc function in the time domain. Waveforms that cor-
respond to each other in this manner are called Fourier transform pairs. Several common pairs
are presented in this chapter.

Delta Function Pairs

IHaps1 Tpeyroabupix(Jeabra) @yHkumi

For discrete signals, the delta function is a simple waveform, and has an equally simple Fourier
transform pair. Figure 11-1a shows a delta function in the time domain, with its frequency spec-
trum in (b) and (c). The magnitude is a constant value, while the phase is entirely zero. As dis-
cussed in the last chapter, this can be understood by using the expansion/compression property.
When the time domain is compressed until it becomes an impulse, the frequency domain is ex-
panded until it becomes a constant value.

JInst IMCKPETHBIX CUTHAJIOB, TpEyroyibHas (GpyHKIHMS - TpocTas opMa BOJIHBI, U IMEET OJWHAKO-
BO TIPOCTYIO mapy npeodpazoBanusi Oypre(Tpanchopmantsl Oypse). Pucynok 11-1a mokassiBa-
€T TPeyTOoJIbHYIO (PYHKIIHIO B IOMEHE BPEMEHH, C €0 YaCTOTHBIM criekTpoM B (b) u (c). Bennuun-
Ha - IOCTOSHHOE 3HAY€HHE, B TO BpeMs Kak (a3a MoNHOCThIO HyJeBas. Kak oOcyXaeHo B mpo-
IIJTOH TJIaBe, 3TO MOKET OBITh MOHATO, MCIIOJB3Ys CBOWCTBO pacimupenus/cxatus. Korna nomen
BPEMEHH CKaT, IIOKA 3TO HE CTAHOBUTCS UMITYJIbCOM, YACTOTHBIM TOMEH PACIIMPEH, MTOKa 3TO HE
CTaHOBHUTCS MOCTOSHHBIM 3HAYECHHEM.

In (d) and (g), the time domain waveform is shifted four and eight samples to the right, respec-
tively. As expected from the properties in the last chapter, shifting the time domain waveform
does not affect the magnitude, but adds a linear component to the phase. The phase signals in this
figure have not been unwrapped, and thus extend only from -x to m. Also notice that the horizon-
tal axes in the frequency domain run from -0.5 to 0.5. That is, they show the negative frequencies
in the spectrum, as well as the positive ones. The negative frequencies are redundant information,
but they are often included in DSP graphs and you should become accustomed to seeing them.

B (d) u (g), popma BoHBI TOMEHA BPEMEHHU CIIBUHYTa YETHIPE U BOCEMb BHIOOPOK HAIpaBo, CO-
OTBETCTBEHHO. Kak okumaercst oT CBOMCTB B MPOLUION riiaBe, cABUras (opMy BOJHBI JOMEHA
BPEMEHH HE 3aTparuBaceT BEJIMYMHY, HO MpHOaBIseT JTUHEHHBIH KOMIOHEHT K (haze. Da3oBbie
CHUTHAJIBI B 3TOM PHCYHKE HE OBUIM Pa3BEPHYTHI, U BHU3 Ha MPOCTUPAIOTCS TOJIBKO OT -7 0 T.
Takxke oOpaTuTe BHUMaHUE UYTO HA TOPU3OHTAIIbHBIE OCH B YACTOTHOM JIOMEHE, BHIIOJHEHHOM
oT -0.5 1o 0.5. To ecTb OHM MOKa3bIBAIOT OTPULATENBHBIE YACTOTHI B CIIEKTPE, TAK)KE KAK I0JI0-
xuTenbHble. OTpULIaTeNbHBIE YAaCTOTHI - U30bITOYHAST HH(OpPMALIKS, HO OHU YacTO BKIIIOYAIOTCS
B rpaduxu LHOC, 1 Bbl 10KHBI CTaTh IPUYYEHHBIMU K UX HAOJIIOICHUIO.
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FIGURE 11-1

Delta function pairs in polar form. An impulse in the time domain corresponds to a constant magnitude and a linear
phase in the frequency domain.

PUCYHOK 11-1. TpeyronbHsle HyHKIMOHATBHBIE TAPBI B NOAAPHOU opme. VIMITyTEC B TOMEHE BPEMEHH COOT-
BETCTBYET MOCTOSHHOW BEJIMYMHE U JINHEWHOHN (paze B 4aCTOTHOM JIOMEHE.

Figure 11-2 presents the same information as Fig. 11-1, but with the frequency domain in rec-
tangular form. There are two lessons to be learned here. First, compare the polar and rectangular
representations of the frequency domains. As is usually the case, the polar form is much easier to
understand; the magnitude is nothing more than a constant, while the phase is a straight line. In
comparison, the real and imaginary parts are sinusoidal oscillations that are difficult to attach a
meaning to.

Pucynok 11-2 npencraBiser Ty ke camyro HHpopManui Kak puc. 11-1, HO ¢ 4acTOTHBIM JOMe-
HOM B npamoy2oivHoll ¢opme. VImeroTcs 1Ba ypoka, KOTopble OyayT U3ydeHsl 31eck. Bo mep-
BBIX, CPAaBHUTE MOJISIPHBIE U MPSMOYTOJIbHBIE MTPEICTABICHHS YaCTOTHBIX JOMEHOB. Kak 00bIYHO
HUMECT MECTO, IOJIAPpHAA (bopMa - HAMHOT'O MpPOIIC K MOHUMAHUIO, BCIIMUMHA HC HUYTO 60JII>H_IC
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YeM KOHCTaHTa, B TO BpeMs Kak ¢a3a - nmpsmMas tuHusi. Ha cpaBHeHuH, peagbHble © MHUMBIE Yac-
TH - CUHYCOUJATIbHBIE KOJIEOaH!s, KOTOPBIE SIBJISIOTCS TPYIHBIMU PUKPENUTH 3HAUCHHE K.
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FIGURE 11-2

Delta function pairs in rectangular form. Each sample in the time domain results in a cosine wave in the real part,
and a negative sine wave in the imaginary part of the frequency domain.

PUCYHOK 11-2. TTapsr genbra QyHKIUHA B npamoyeonvHol ¢popme.
Kaxxnast BBIOOpKa B IOMEHE BPEMEHHU MPHUBOJIUT K BOJHE KOCHHYCA B pealbHOW(BELICCTBEHHOMN) YacTh, U OTPHUIIA-
TEJNBHOW BOJIHE CHHYCa B MHIMOM(HECOOCTBEHHO ) YaCTH YaCTOTHOTO JIOMEHA.

The second interesting feature in Fig. 11-2 is the duality of the DFT. In the conventional view,
each sample in the DFT's frequency domain corresponds to a sinusoid in the time domain. How-
ever, the reverse of this is also true, each sample in the time domain corresponds to sinusoids in
the frequency domain. Including the negative frequencies in these graphs allows the duality
property to be more symmetrical. For instance, Figs. (d), (e), and (f) show that an impulse at
sample number four in the time domain results in four cycles of a cosine wave in the real part of
the frequency spectrum, and four cycles of a negative sine wave in the imaginary part. As you
recall, an impulse at sample number four in the real part of the frequency spectrum results in four
cycles of a cosine wave in the time domain. Likewise, an impulse at sample number four in the
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imaginary part of the frequency spectrum results in four cycles of a negative sine wave being
added to the time domain wave.

Bropas unTepecHas ocobeHHOCTh B puc. 11-2 - dyanvrnocmos JII®. B oObraHOM TpeacTaBiie-
HUU(BUAC), KaXkas BEIOOpKa B 4acToTHOM jgomeHe J[[1D mepemaer cuHycouIy B JOMEH BpeMe-
Hu. OgHako, oOpaTHasi CTOPOHA 3TOTO - TaKXKE MCTUHA, KaX/1asg BbIOOpKA B JOMEHE BPEMEHU CO-
OTBETCTBYET CHHYCOMJIaM B YAaCTOTHOM JOMEHE. BKilloueHHe OTpULATEIbHBIX YaCTOT B 3THUX
rpadukax Mmo3BoJisieT CBOMCTBY IyalbHOCTH OBITH Oosiee cummeTprueckum. Hampumep, puc. (d),
(e), u (f) mMOKa3BIBAIOT, UTO UMITYJIEC B BBIOOPKE HOMEP YETHIPE B JIOMEHE BPEMEHU MPUBOJUT K
YeThIpeM Mepro/iaM BOJHBI KOCHHYCAa B BEIIECTBEHHOW YaCTH CHEKTpa 4acTOT, U YeThIpex Ie-
pPHOJZIOB OTPHIIATEIHHON BOJIHBI CHHYca B MHUMOM(HecoOcTBeHHOW) yactu. Kak Bbel momHuTe,
HMMITYJIbC B BBIOOpKE HOMEp YEThIpE B BEILIECTBEHHOW YacTHU CHEKTPa YacTOT MPUBOJAUT K YEThI-
peM meproiaM BOJIHBI KOCHHYCA B JOMEHE BPEMEHH. AHAIOTHYHO, UMITYJILC B BHIOOpKE HOMED
YeTbIpe B MHUMOW(HECOOCTBEHHOI) YaCTH CIIEKTpa YaCcTOT MPUBOJUT K YETHIPEM MEpPHOIaM OT-
pUIIaTEeNLHON BOJHBI CHHYCa, T00aBIsEeMOU K BOJHE IOMEHA BPEMEHHU.

As mentioned in Chapter 8, this can be used as another way to calculate the DFT (besides corre-
lating the time domain with sinusoids). Each sample in the time domain results in a cosine wave
being added to the real part of the frequency domain, and a negative sine wave being added to
the imaginary part. The amplitude of each sinusoid is given by the amplitude of the time domain
sample. The frequency of each sinusoid is provided by the sample number of the time domain
point. The algorithm involves: (1) stepping through each time domain sample, (2) calculating the
sine and cosine waves that correspond to each sample, and (3) adding up all of the contributing
sinusoids. The resulting program is nearly identical to the correlation method (Table 8-2), except
that the outer and inner loops are exchanged.

Kak ymomsHyTo B riaBe 8, 3T0 MOXET HCIOJIb30BAaThCs KakK APYyroi crnocod Berauciauth 11D
(MOMHMO HaXOKJEHHSI B COOTBETCTBHH JIOMEHa BpeMeHHU ¢ cuHycounamu). Kaxnas BbiOopka B
JIOMEHE BPEMEHU NPUBOJIUT K BOJHE KOCHHYCa, J100aBIsIeMOIl K BEIECTBEHHOW YaCTH YacTOT-
HOTO JIOMEHA W OTPHUIATEIbHOW BOJHBI CHHYCA, J00aBIsIeMOl K MHUMOMN(HECOOCTBEHHOM) Yac-
TH. AMnaumyoa Kaxxaoi CHHYCOUIBI 1aeTCsl amnaumy0oti BBIOOPKU JOMeHa BpeMeHu. Yacmoma
Ka)KJI0U CHHYCOUbI 00eCTIeUnBaeTCs YUCI0M 6blOOPOK TOMEHA BpEMEHHU. ANITOPUTM BKJIIOYAET B
cebst (moapazymenaert): (1) mpoaBukKeHHE Yepe3 KKy BEIOOPKY JTOMeHa, (2) BEIYMCICHHUE CH-
HYC W BOJHBI KOCHHYCa, KOTOPhIE COOTBETCTBYIOT KaXK/I0M BBIOOpKE, M (3) CIOKEHHE BCEX CO-
CTaBJISIFOIIMX CUHYCOUJ. 3aKaHYMBAIOINASACS MpOorpaMMa MOYTH HICHTUYHA METOAY KOPPEISLnun
(Tabmuma 8-2), 3a HMCKIIOYEHHUEM TOTO, YTO BHEIIHWE W BHYTPEHHHE IIHMKJIBI OOMEHE-
HbI(TIepeanbI?).

The Sinc Function

Sinc pynkuus

Figure 11-4 illustrates a common transform pair: the rectangular pulse and the sinc function
(pronounced “sink™). The sinc function is defined as: sinc(a) = sin(na)/( ma), however, it is com-
mon to see the vague statement: "the sinc function is of the general form: sin(x)/x. In other
words, the sinc is a sine wave that decays in amplitude as 1/x. In (a), the rectangular pulse is
symmetrically centered on sample zero, making one-half of the pulse on the right of the graph
and the other one-half on the left. This appears to the DFT as a single pulse because of the time
domain periodicity. The DFT of this signal is shown in (b) and (c), with the unwrapped version
in (d) and (e).

Pucynok 11-4 wimoctpupyeT 00bIUHYIO IMapy TPAHC(OPMAHTHI: NPAMOY20IbHbIU UMNYIbLC U SINC
¢bynkius (sBHBIA "cman"). Sinc ¢GyHKIUS ompeaeneHa Kak: sinc(a) = sin(na)/(ma), omHAaKO,
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OOBIYHO BUJETHh HEONPEACICHHYIO0 HHCTPYKIMIO: "sinc pyHKIMA uMeeT ol1ryto Gopmy: sin(x)/x.
Jpyrumu cioBamu, SinC - BOJHA CHMHYCa, KOTOpas pacrajgaercs B aMmIuiutyae kak 1/x. B (a),
OPSMOYTOJIBHBIM MMITYyJIbC CUMMETPUYHO LEHTPUPOBAH Ha BbIOOpKe(peanu3anuu) Hyss, Je-
nasi(co3/aBasi) MOJIOBUHY MMITyJIbCa, CIIpaBa rpayka U APYroi MOJOBUHBI Cle€Ba. DTO MOSABIS-
ercs K JI1® xak eqUHICTBEHHBIN UMITYJIbC U3-3a IIEPUOJUYHOCTH 1oMeHa BpeMeHu. 11D sroro
curHana nmokaseiBaetcs B (b) u (c), ¢ pazBepHyToi Bepcueii B (d) u (e).

First look at the unwrapped spectrum, (d) and (e). The unwrapped magnitude is an oscillation
that decreases in amplitude with increasing frequency. The phase is composed of all zeros, as
you should expect for a time domain signal that is symmetrical around sample number zero. We
are using the term unwrapped magnitude to indicate that it can have both positive and negative
values. By definition, the magnitude must always be positive. This is shown in (b) and (c) where
the magnitude is made all positive by introducing a phase shift of & at all frequencies where the
unwrapped magnitude is negative in (d).

Bo nepBeix cMoTpuTe Ha pa3BepHyTHIA criekTp, (d) u (e). Pazsepuymas eenuuuna - xonebanue,
KOTOPOE YMEHBIIIACTCSA B aMIUIUTY/Ie C YBEIMUEeHHEM 4acToThl. Da3a cocTaBlieHa U3 BCEX HYJICH,
MOCKOJIbKY BBI JOKHBI 0KUAATh KaKOE-TO CUTHAJ JOMEHAa BPEMEHM, KOTOPBIH SIBISIETCS CUM-
METPUYECKUM BOKPYT HYJIEBOM BBIOOpKH. MBI UCHONB3YeM TEPMUH pA3GEPHYMAs BEIUYUHA,
YTOOBI YKa3aTh, YTO 3TO MOKET UMETb, U MOJIOKUTEIbHbIE U OTpULIaTeNIbHbIe 3HaueHus. [1o omn-
peAeNeHuto, seuyuHa JOHKHA BCeraa ObITh MOJOXKUTENbHA. JT0 noka3eBaioT B (b) u (c), rae
BEJIMYMHA C/IeJlaHa BeChb YBEPEHHOM, MpeJCTaBisas CIBUT (a3 T BO BCEX 4acTOTax, IJie pa3Bep-
HyTasi BeJINUMHA - OTpHIaTenbHa B (d).

In (), the signal is shifted so that it appears as one contiguous pulse, but is no longer centered on
sample number zero. While this doesn't change the magnitude of the frequency domain, it does
add a linear component to the phase, making it a jumbled mess. What does the frequency spec-
trum look like as real and imaginary parts ? Too confusing to even worry about.

B (f), curnan ciBUHYT Tak, 4TOOBI 3TO MOSBIISAETCS KaK OJWH HEMPEPBIBHBIN UMITYJIbC, HO 0O0JIb-
e HE HCHTPUPOBAHO HaA B1>160p1<e HYJIA. B 10 BpCMs KaK 3TO HC U3SMCHACT BCIIMYUHY YaCTOTHOI'O
JIOMEHa, TO MPHUOABISET JIMHEHHBIN KOMITIOHEHT K (pase, gernast 3TO IepeMemaHHbIM OecTiopsiI-
KOoM. UTO 4YacTOTHBIM CHEKTp HAllOMHUHAET KaK pealbHbIC(BEIIECTBEHHbIE) W  MHHU-
MbIe(HecoOCTBeHHbIE) YacTH? CIMIIIKOM 3aIy THIBAIOIIHA Ja)Ke BOJTHOBATHCS OTHOCHTEIBHO.

An N point time domain signal that contains a unity amplitude rectangular pulse M points wide,
has a DFT frequency spectrum given by:

N TOuYeKk cWTrHaia JIOMEHAa BPEMEHHU, KOTOPBIA COACPKHUT CIUHUYHYIO AMIUTUTYIy CIUHU-
IBI(AMIUTATYZy €IUHUIBI) TPSMOYTOJBHOTO WMITyJIbCa IMUPUHOW M TOdeK, maeT(Iojrydaer)
crekrp yacrtort [I1D:

EQUATION 11-1. DFT spectrum of a rectangular pulse.
In this equation, N is the number of points in the time domain signal, all
of which have a value of zero, except M adjacent points that have a value

of one. The frequency spectrum is contained in X[k], where & runs from 0 4'1-'fﬂg X l :{EJ - sin(nk M/N )

to N/2. To avoid the division by zero, use X[0] = M. The sine function sin (T kIN)
uses radians, not degrees. This equation takes into account that the signal
is aliased.

11-1 YPABHEHHUE. Cnektp AII® npsMoyroasHOro HMITyJIbCa.
B sTOoM ypaBHeHHH, N - 9UCIIO TOYEK B CHTHAIIC JOMEHA BPEMEHH, BCE M3 KOTOPHIX MMEIOT 3HAUCHHUE HYJISA, KpoMe
CMEXHBIX TOUeK M, KOTOpPBIE IMEIOT 3HaUeHNe eAMHUIIBI. CIIEKTp YacTOT CONEPKUTCA B X[k], e k BBIIONHSIETCS OT
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0 mo N/2. N3Geraiite neneHust Ha Hynb, ucrosb3oBanust X[0] = M. CunycoujanbHasi QyHKLIUS UCIIONB3YET pajua-
HbI, HE IPalyChl. DTO ypaBHEHHE IIPUHUMAET BO BHUMAHUE, YTO CUTHAII CMeUaH.
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FIGURE 11-3
DFT of a rectangular pulse. A rectangular pulse in one domain corresponds to a sinc function in the other domain.

PUCYHOK 11-3. ATI® npsAaMOyroIsHOT0 UMITYJIBCA.
[psAMOYTOJIBHBI UMITYJIEC B OTHOM JIOMEHE COOTBETCTBYET Sinc (PYHKLUH B IPYTOM IOMEHE.

Alternatively, the DTFT can be used to express the frequency spectrum as a fraction of the sam-
pling rate, f:

AnprepratuBHo, DTFT wmoxer uCmonb30BaThCs, 4YTOOBI BBIPA3UTh CIEKTP YacTOT Kak
IpoOb(10JIsT) 4aCTOTHI BBIOOPKH, f:

EQUATION 11-2 Equation 11-1 rewritten in terms of the sampling fre- . .
quency. The parameter, f, is the fraction of the sampling rate, running con- Mag X ( f ) = sin(m /M)
tinuously from 0 to 0.5. To avoid the division by zero, use Mag X(0) = M. Mag - sin (T f )
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YPABHEHUE 11-2 YpaBHenue 11-1 nepe3anucanHoe B TepMUHAX BHIOOPOYHOM 4aCTOTHI.
[MTapamerp, f, siBisieTcst ApoOB(J1051sT) YACTOTHI BBIOOPKH, BBHIIOJNHSOMENCs HenpepblBHO oT 0 10 0.5. YToOb n3bde-
rath JIeJIeHUus Ha HyJb, ucnonb3yite Mag X(0) = M.

In other words, Eq. 11-1 provides samples in the frequency spectrum, N/2 + 1 while Eq. 11-2
provides the continuous curve that the samples lie on. These equations only provide the magni-
tude. The phase is determined solely by the left-right positioning of the time domain waveform,
as discussed in the last chapter.

Hpyrumu cnoBamu, ypaBHeHue 11-1 obecneumBaer 6vibopku B criekTpe vactor, N/2+1, B TO
BpeMs Kak ypaBHeHue 11-2 obecrnieunBaeT HenpepviéHyto Kpugyro, Ha KOTOPOW BBIOOPKH JexKar.
DT ypaBHEHUS O0ECNEYMBAIOT TOJIHKO BennuuHy. dasza ompeneneHa MCKIIOUUTEIBHO JIEBO -
MPaBbIM MMO3UIMOHUPOBAHHEM ()OPMBI BOJIHBI JOMEHA BPEMEHH, KaK OOCYXJIEHO B MPOILLION
rjaBe.

Notice in Fig. 11-3b that the amplitude of the oscillation does not decay to zero before a fre-
quency of 0.5 is reached. As you should suspect, the waveform continues into the next period
where it is aliased. This changes the shape of the frequency domain, an effect that is included in
Egs. 11-1 and 11-2.

OObparute BHUMaHue B puc. 11-3b, uro ammuuTyaa xojgeOaHUs HE cHalaeT(3aTyXaeT) K HYJIo
npexne, yeM gactota 0.5 mocrurayra. [Tockombky BbI momkHBI momo3peBaTh, (popma BOIHBI
IPOIOJIKAETCS B CIENYIOIUI NepUol, T1Ie 3TO cMewano. IT0 U3MeHseT (popMy 4aCTOTHOTO J10-
MeHa, 3P PEKT, KOTOPHIi BKItOYeH B ypaBHeHHs, 11-1 1 11-2.

It is often important to understand what the frequency spectrum looks like when aliasing isn't
present. This is because discrete signals are often used to represent or model continuous signals,
and continuous signals don't alias. To remove the aliasing in Eqgs. 11-1 and 11-2, change the de-
nominators from sin(nkM/ N) to nkM/ N, and sin(nf’) to nf respectively. Figure 11-4 shows, the
significance of this. The quantity tf can only run from 0 to 1.5708, since f can only run from 0 to
0.5. Over this range there isn't much difference between sin(nf') and nf. At zero frequency they
have the same value, and at a frequency of 0.5 there is only about a 36% difference. Without
aliasing, the curve in Fig. 11-3b would show a slightly lower amplitude near the right side of the
graph, and no change near the left side.

YacTo Ba)KHO MOHSTH TO, YTO CIIEKTP YaCTOT HATIOMUHAET, KOTJ]a HAJIOKEHUE CIIEKTPOB He CyIIe-
CTByIOIIEE. DTO - TO, MOTOMY YTO OUCKpemHble CUSHANbl YacTO HCIONb3YIOTCS, YTOOBI Mpes-
CTaBJISITh UM MOJICIIUPOBATH HENpepbleHble CUSHAIbL, U HENPEPBIBHBIE CHUTHAIBI HE HAJIOKEHUS
CHEKTPOB(IICEB0-4aCcTOT, NceBAOHNMA). UTOObI yaansiTh HaJOXKEHHE CHEKTPOB B YpPaBHEHHSIX,
11-1 u 11-2, u3amenute 3Hamenarenu ot rpexa sin(nkM/ N) k nkM/N cooTBeTcTBeHHO. PricyHOK
11-4 mokassiBaeT, 3HaueHne 3Toro. KommuectBo nf MoxkeT Toinbpko padorats ot 0 mo 1.5708, Tak
KaK f MoxeT pabotath TobKo OT 0 10 0.5. [To 3TOMYy nMamna3oHy HE UMEETCS] MHOTO Pa3HOCTH
MeXy sin(nf) u nf. B HyneBoi 4acToTe OHM UMEIOT TO JK€ caMoe 3HaueHue, u B yactore 0.5 nme-
€TCSl TOJIBKO OTHOCHUTENIBHO pasHOCTH 36 %. be3 HamokeHus CieKkTpoB, kpuBas B puc. 11-3b
nmokasayia Obl ciierka 0ojiee HU3KYIO aMIUTUTYAy OKOJIO MPaBOW CTOPOHBI Tpaduika, U HUKAKOTO
M3MEHEHUS OKOJIO JIEBOW CTOPOHBHI.

When the frequency spectrum of the rectangular pulse is not aliased (because the time domain
signal is continuous, or because you are ignoring the aliasing), it is of the general form: i.e., a
sinc function. For sin(x)/ x, continuous signals, the rectangular pulse and the sinc function are
Fourier transform pairs. For discrete signals this is only an approximation, with the error being
due to aliasing.
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Korna criektp 4acToT mpsIMOYTOJIBHOTO UMITYJIbCA He CMEIIaH (IOTOMY YTO CHTHaJ JIOMEHa Bpe-
MEHH HENpPEephIBEH, WIHM MOTOMY 4TO BBl HTHOpHpYeTe HaJIOKEeHHUE CIIEKTPOB), 3TO UMEET OOIIYIO
dbopmy: TO ecTh, sinc GpyHkImA. st sin(x)/x, HENPEPHIBHBIX CUTHAJIOB, APAMOY20IbHbLU UMNYIbC
u sinc ¢ynxyus - napsl npeodpazosanuss Oypee(rpanchopmant Oypswe). [ AUCKPETHBIX CHUT-
HAJIOB 3TO - TOJIBKO alMPOKCUMAIINS, C OLIUOKOM, SBISIOLICICS U3-3a HAJIOKEHUS CIIEKTPOB.

The sinc function has an annoying problem at x = 0 where sin(x)/x becomes zero divided by zero.
This is not a difficult mathematical problem; as x becomes very small sin(x), approaches the
value of x (see Fig. 11-4). This turns the sinc function into x/x which has a value of one. In other
words, as x becomes smaller and smaller, the value of sinc(x) approaches one, which includes
sinc(0) = 1. Now try to tell your computer this! All it sees is a division by zero, causing it to
complain and stop your program. The important point to remember is that your program must
include special handling at x = 0 when calculating the sinc function.

Sinc ¢yHKIHMS UMeeT pazapaxaronryio mpoodsiemy B x = 0, rae sin(x)/x CTAaHOBUTCS HY/1e8blM Pa3-
JICTICHHBIM HyJem. JTO - He TpyJAHas MareMaThyeckas npodyieMa; Kak X CTAaHOBUTCSI OYEHb Ma-
JICHBKHM, Sin(x) mpuOIMXKaeTcss K 3HaUeHUIO X (cM. puc. 11-4). 3Tto moBopaunBaer sinc GyHK-
LIUIO B X/X, KOTOPBIA UMEET 3HAYCHUE eOuHuybl. JIpyruMu clioBaMH, Kak X CTAaHOBUTCSI MEHBLINM
Y MEHBIIINM, 3HaYeHUE sinc(x) mpuodImKaeTcs K edunuye, Kotropbiid BriatouaeT sinc(0)=1. Temepn
MOTBITATECh COOOIIUTE ATO BalieMy KOMIbIOTepy! Bee, 9To 3TO BUIUT - AeNieHUE Ha HYJIb, BbI-
3bIBasi HEJIOBOJIBCTBO M OCTAaHOBKY Balllel MporpamMMbl. BakHBIN MyHKT, 4TOOBI IOMHUTH - TO,
YTO Ballla MporpaMma J0JDKHA BKIIOUUTH CHEIHAIbHYI0 00paboTKy x = 0 Ipu BBIUMCIEHUH SINC
(dbyHKIIH.

FIGURE 11-4 1.6 i
Comparing x and sin(x). The functions: y(x) = x, and y(x) = d
sin(x) are similar for small values of x, and only differ by about .4 H A
36% at 1.57(n/2). This describes how aliasing distorts the fre- . o :
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A key trait of the sinc function is the location of the zero crossings. These occur at frequencies
where an integer number of the sinusoid's cycles fit evenly into the rectangular pulse. For exam-
ple, if the rectangular pulse is 20 points wide, the first zero in the frequency domain is at the fre-
quency that makes one complete cycle in 20 points. The second zero is at the frequency that
makes two complete cycles in 20 points, etc. This can be understood by remembering how the
DFT is calculated by correlation. The amplitude of a frequency component is found by multiply-
ing the time domain signal by a sinusoid and adding up the resulting samples. If the time domain
waveform is a rectangular pulse of unity amplitude, this is the same as adding the sinusoid's
samples that are within the rectangular pulse. If this summation occurs over an integral number
of the sinusoid's cycles, the result will be zero.
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KiroueBas yepra sinc QpyHKIUH - pacroyioKeHHE HyJeBbIX MepecedeHuid. OHU MPOUCXOMIAT B
4acToTax, I/ie LEeJN0e YHUCIO UKIOB(IIEPHOJ0B) CUHYCOUIBl COOTBETCTBYET PABHOMEPHO B Mpsi-
MOYI'OJIbHOM MMITyJbce. [ mpuMepa, eciiu npsMoyroibHbId UMITYJIbe — 20 TOYEK IMIMPUHOM,
NEPBBIN HYJIb B YACTOTHOM JIOMEHE - B 4YacTOTE, KOTopas JeaeT OAUH MOJHBIA HMUKI(IIepHo]) B
20 Toukax. BTopoii Hysb - B yacTOTE, KOTOpas AENAET JBa MOJHBIX IuKiIa(nepuona) B 20 Tou-
Kax, U T.1. DTO MOXET OBbITh MOHTO, TOoMHS, Kak JI[I® paccumran xoppensiuend. AMIUTUTY1a
YaCTOTHOTO KOMIIOHEHTa HaliJieHa, yMHOXasi(MyJIbTUILUIMLUPYS) CUTHAI JOMEHAa BPEMEHU CH-
HYCOMJON M CKJIaJbIBas 3aKkaHuMBaroliuecs BeIOOpkH. Ecimu opma BoJIHBI JOMEHA BpEMEHU -
PSMOYTOJIBHBIM UMITYJIbC aMIUIUTY/Ibl €IMHUIIBI, 3TO - TO K€ camMoe Kak J100aBJIeHHE BHIOOPOK
CHUHYCOU/IbI, KOTOPBIE ABIISAIOTCA B Mpeeax MpsIMOYTOJIbHOTO uMmynbca. Eciin 3To cymMupoBa-
HHE MTPOUCXOUT I10 LIETOMY YHCITY IUKIOB(IIEPHOAO0B) CUHYCOHUIBI, Pe3yIbTaT OyIeT HyJIEBOM.

The sinc function is widely used in DSP because it is the Fourier transform pair of a very simple
waveform, the rectangular pulse. For example, the sinc function is used in spectral analysis, as
discussed in Chapter 9. Consider the analysis of an infinitely long discrete signal. Since the DFT
can only work with finite length signals, N samples are selected to represent the longer signal.
The key here is that "selecting N samples from a longer signal" is the same as multiplying the
longer signal by a rectangular pulse. The ones in the rectangular pulse retain the corresponding
samples, while the zeros eliminate them. How does this affect the frequency spectrum of the sig-
nal? Multiplying the time domain by a rectangular pulse results in the frequency domain being
convolved with a sinc function. This reduces the frequency spectrum's resolution, as previously
shown in Fig. 9-5a.

Sinc ¢ysknusa mupoko ucnoiasdyercs B [[OC, motomy 4To 3TO - mapa mpeoOpasoBanus Dy-
pre(Tpanchopmantel Dypbe) odeHb MPOCTON (HOPMBI BOJHBI, MPSIMOYTOJILHOTO UMITyJbca. Ha-
npumep, sinc GyHKITUS UCTIONB3YETCS B CIIEKTPAIbHOM aHajIu3e, Kak 00Cyk/IeHo B riase 9. Pac-
CMOTpPHUTE aHANU3 OecKOHeuHo UIMHHOTO TUCKpeTHoro curHaia. Tak kak 1D moxer Tonbko
paboTath C CHUTHAJIAMH KOHeuHOU JJIWHBI, N BBIOOPKH OTOOpaHbI, 4TOOBI MPEACTaBUTH OoJee
JUTMHHBIN curHan. Kirod 31ech - Tot " BeiOuparoniuii N, BLIOOpKHU 0T OoJiee JUIMHHOTO CUTHaja "
ABIISIOTCSA TEM K€ CaMblii KaK YMHOKeHHE OoJiee JUIMHHOTO CUTHAJIa MPSIMOYTOJIBHBIM HMITYJIb-
com. Te edunuysvr B MpSIMOYTOTLHOM HMITYJIBCE COXPAHSIOT COOTBETCTBYIOIINE BBIOOPKH, B TO
BpeMs KaK Hyau YCTpaHSOT ux. Kak 3To 3aTparuBaeT CIEKTpP 4acTOT CUrHaia? YMHOXKEHUE J0-
MEHa BPEMEHHU MPSIMOYTOJIHLHBIM UMITYJIBCOM MPUBOJUT K YaCTOTHOMY JIOMEHY, CKPYYEHHOMY C
sinc ¢yHKIHUEH. DTO MPHUBOAUT Pa3pEIIAIONIYI0 CIIOCOOHOCTh CIEKTpa YacTOT, KaK Mpe/BapH-
TEJIBHO MOKa3aHo B puc. 9-5a.

Other Transform Pairs
Apyrue Ilapsl TpancgopmaHTbI

Figure 11-5 (a) and (b) show the duality of the above: a rectangular pulse in the frequency do-
main corresponds to a sinc function (plus aliasing) in the time domain. Including the effects of
aliasing, the time domain signal is given by:

Pucynok 11-5 (a) u (b) moka3siBaeT 1yaqbHOCTb BBIILICYTIOMSIHYTBIX: MPIMOYTOJIBHBIM UMITYJIbC
B YaCTOTHOM JIOMEHE TiepenaeT sinc GyHKIMIO (TUTFOC HAJIOKEHUE CTIIEKTPOB) B JIOMEH BPEMECHH.
Bruttouast 3¢(hekThl HaNOXKEHUS CIIEKTPOB, CUTHAJ IOMEHA BPEMEHH JTaeTCs:

EQUATION 11-3

Inverse DFT of the rectangular pulse. In the frequency domain, 1
the pulse has an amplitude of one, and runs from sample number x |_ i ] S
0 through sample number M-1. The parameter N is the length of N

sin(2mi(M - 1/2)/N)
sin{mti/N)
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the DFT, and x[{] is the time domain signal with i running from 0 to N-1. To avoid the division by zero, use x[0] =
(2M-1)/N.

YPABHEHUE 11-3. O6parusiii A1 npsmMoyronsHOro HMILybCa.

B yacTtoTHOM NIOMEHE, UMITYJIbC UMEET aMIUIUTYy €AMHHIBI, U BBIIOIHSIETCS OT BBIOOpKH HOMep O 10 BBIOOpKH
HoMmep M-1. Ilapametp N - nnuna JIID, u x[i] ABAsleTCs CUTHANIOM JOMEHA BPEMEHH C i BhIMONHAOMMMEA oT 0 10
N-1. Uto6s1 n3beraTh neneHus Ha Hyib, ucronbsyiire x[0] = (2M-1)/N.

To eliminate the effects of aliasing from this equation, imagine that the frequency domain is so
finely sampled that it turns into a continuous curve. This makes the time domain infinitely long
with no periodicity. The DTFT is the Fourier transform to use here, resulting in the time domain
signal being given by the relation:

UroObl ycTpaHaTh 3(pPEeKThl HAOKEHHUS CIIEKTPOB OT 3TOr0 ypaBHEHUs, BOOOpa3HuTe, YTO dac-
TOTHBIM TOMEH TaK TOYHO BBIOPAHHBIH, YTO 3TO MPEBPAINACTCS B HENPEPHIBHYIO KPHUBYIO. DTO
JieNaeT TOMEH BpeMeHHu O6eckoHeuHo noiarum 6e3 nepuoanyHoctu. DTFT - npeoOpasoBanue Dy-
pre(Tpanchopmanta Dypre), 9TOOBI HCTIOTB30BATh 3/1€Ch, TPUBOAS K CUTHATY JIOMEHA BPEMCHH,
ZIaBa€MOMY OTHOIICHHEM:

EQUATION 11-4

Inverse DTFT of the rectangular pulse. In the frequency domain, the pulse has an sin(2m/ 1)
amplitude of one, and runs from zero frequency to the cutoff frequency, f;, a value ‘1-[ i ] = L
between 0 and 0.5. The time domain signal is held in x[i ] with i running from 0 to i T

N-1. To avoid the division by zero, use . x[0] -2f .

YPABHEHUE 11-4

WuBepcusi(O6parnoe) DTFT npsimoyronpHOro UMIynbca. B 4acToTHOM 1oMeHe, MMITYJIbC UMEET aMIUIUTYy €IH-
HUIBI, ¥ BBIOJIHIAECTCS OT HYJIEBOM YacTOTHI 10 YaCTOTHI OCTAHOBA, f., 3HaueHne Mexay 0 u 0.5. Curnan gomena
BpEMEHH TpoBeieH B x[i] ¢ i BemmomHstommMcs oT 0 1o N-1. M36eratoT neneHus Ha Hyib, ucronbiys X[ 0] -2fc.

This equation is very important in DSP, because the rectangular pulse in the frequency domain is
the perfect low-pass filter. Therefore, the sinc function described by this equation is the filter
kernel for the perfect low-pass filter. This is the basis for a very useful class of digital filters
called the windowed-sinc filters, described in Chapter 15.

Ot0 ypaBHeHHe o4eHb BakHO B LIOC, moToMy uTO NpSMOYTOJIbHBIA UMITYJIbC B YACTOTHOM JI0-
MEHE - COBEPIIEHHBIN @unvmp HudtcHux wacmom. IloaTomy, sinc (GyHKIHS, ONMHUCAHHAS STHM
YpaBHEHHUEM - sIpo (puiabTpa A COBEPLICHHOro (MIBTPAa HUXHHUX 4acTOT. DTO - OCHOBaHME
IUISL O4eHb MOJIE3HOro Kiacca IU(POBBIX (GUIBTPOB Ha3bIBaeMbIX windowed-sinc ¢urempamu
(B3BeIIEHHBIMU sinc (GUIbTpaMu?, MOJIOCOBBIMU?), ONIMCAHHBIMU B I1aBe 15.

Figures (c) and (d) show that a triangular pulse in the time domain coincides with a sinc function
squared (plus aliasing) in the frequency domain. This transform pair isn't as important as the
reason it is true. A point 2M + 1 triangle in the time domain can be formed by convolving an M
point rectangular pulse with itself. Since convolution in the time domain results in multiplication
in the frequency domain, convolving a waveform with itself will square the frequency spectrum.

Pucynku (c) u (d) mokas3plBaloT, 4TO TPEYTOJIbHBIM UMIYJILC B JOMEHE BPEMEHH COBIMAJIAeT C
8038e0eHHOU 8 kKeadpam SInC PYHKIHMEH (TUTFOC HAJIO)KEHUE CTIICKTPOB) B YaCTOTHOM JOMEHE. JTa
napa TpaHcopMaHTBI HE CTOJb K€ BaKHA KaK MPUYUHA, UYTO ITO SBISIETCS ucmunHuviM. Touka
2M+1 TpeyronbHHMKa B TOMEHE BPEMEHU MOXKET ObITh CPOPMUpPOBaHA, CKpyunuBas M TOUKy mpsi-
MOYTOJILHOTO UMITyJIbca ¢ co00i. Tak Kak CKpyurMBaHUE B IOMEHE BPEMEHH MPUBOJIUT K YMHO-
KCHHIO B YAaCTOTHOM JIOMEHE, CKpy4duBasi (opMy BOIJIHBI C COOOU 8036edem 6 K8aodpam CUEKTP
4acToT.
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FIGURE 11-5. Common transform pairs.
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PUCYHOK 11-5. O6brunbIe napsl TpanchopMaHT(TpeoOdpa3oBaHuii).
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Is there a waveform that is its own Fourier Transform? The answer is yes, and there is on/y one:
the Gaussian. Figure (e) shows a Gaussian curve, and (f) shows the corresponding frequency
spectrum, also a Gaussian curve. This relationship is only true if you ignore aliasing. The rela-
tionship between the standard deviation of the time domain and frequency domain is given by:
2nor = 1/0,. While only one side of a Gaussian is shown in (f), the negative frequencies in the
spectrum complete the full curve, with the center of symmetry at zero frequency.

Nmeercss ¢dopma BOMHBI, KOTOpas SBISETCS €€ COOCTBEHHBIM TIpeoOpazoBanneM Dy-
pre(Tpanchopmantoii Dypne)? OTBET - 1a, UMEETCS U mo1bko OfHA: KpuBas ['ayccuana(kpuas
HOPMAJIBHOTO pacmhpeneiieHus). PucyHok (€) mokassiBaeT, 4yTo KpuBas [ ayccnana(HOpMaIbHOTO
pacnpenenenus), u (f) moka3pIBaeT COOTBETCTBYIOIIUN CIIEKTP YaCTOT, TaKKe KpuBYyHO ['ayccua-
Ha(HOPMAJIBHOTO pacIpeiesieHus1). ITH OTHOIICHUS - UCTHHA, €CIM TOJIBKO Bbl MrHOpHpyere
HAJIOKCHHE CHEKTPOB. OTHOMICHUS MEXAY CPEAHEKBAAPATUYHBIM OTKIOHEHUEM JOMeE-
Ha(00J1acTH) BPEMEHU U 4aCTOTHOIo aoMeHa(obnactu) patorcs: 2noy = 1/6,. B To Bpems kak
TOJIKO OIHA cTopoHa ["ayccuan nokaseiBaercs B (f), oTpuIiaTeNIbHBIC YaCTOTHI B CIIEKTPE 3aKaH-
YHBAIOT MOJHYIO0 KPUBYIO, C IIEHTPOM CHMMETPHH B HYJICBOW 4aCTOTE.

Figure (g) shows what can be called a Gaussian burst. It is formed by multiplying a sine wave
by a Gaussian. For example, (g) is a sine wave multiplied by the same Gaussian shown in (e).
The corresponding frequency domain is a Gaussian centered somewhere other than zero fre-
quency. As before, this transform pair is not as important as the reason it is true. Since the time
domain signal is the multiplication of two signals, the frequency domain will be the convolution
of the two frequency spectra. The frequency spectrum of the sine wave is a delta function cen-
tered at the frequency of the sine wave. The frequency spectrum of a Gaussian is a Gaussian cen-
tered at zero frequency. Convolving the two produces a Gaussian centered at the frequency of
the sine wave. This should look familiar; it is identical to the procedure of amplitude modulation
described in the last chapter.

PucyHok (g) mokasplBaeT TO, YTO MOXET Ha3biBaThCsi ['ayccoBBIM HMMYJIbLCOM(BBIOPOCOM,
BCIUIECKOM; PaJMOJIOKALIMOHHBIN CUTHAI B BHJIE Pa3pbIBHOW MOCIEA0BATEIHHOCTH UMITYJIHCOB).
3710 chOpMHPOBAHO, YMHOXKas(MYJIBTUILUTULMPYS) BOJIHY cuHyca ['ayccunom. Hampumep, (g) -
BOJIHA CHHYCa, MYJbTUIUIMIIUPOBaHHAsI(YMHOXKEHHAs) TOT ke caMblii ['ayccuaH mokazaHHBIN B
(e). CooTBeTCTBYIOMMI YaCTOTHBIA TOMEH ['ayccuaH LIEeHTpUpOBaH TAe-HUOYAb B APYroi uem
HyJieBas yactoTa. Kak mpexne, 3Ta mapa TpaHc(OpMaHThI HE CTOJIb BaXKHA KaK npU4UHA, ITO SB-
JSIETCSl NCTUHHBIM. Tak Kak CUrHaJl JOMEHA BPEMEHU - YMHO)KEHUE JIByX CUTHAJIOB, YaCTOTHBIN
JOMeH Oy/IeT CKpy4YHMBaHHME U3 JBYX YAaCTOTHBIX CIeKTpoB. CIEKTp 4acTOT BOJIHBI CHHYCa — Tpe-
yroipHas(aenpTa) QyHKIHs, HIEeHTPUPOBaHHASA B 4acTOTe BONHBI cuHyca. CnekTp wacrot ["ayc-
cuad - ['ayccuaH neHTpupoBaH B HyJIeBOM yactoTe. CKpydnBaHUE 3TUX ABYX Mpou3BoAuT ["ayc-
CHaH LIEHTPUPOBAHHBIM B YacTOTE BOJHBI CHHYCAa. JTO JIOJKHO BBIMVIAAETh 3HAKOMBIM; A3TO
UICHTUYIHO MPOLCAYPE AMNAUMYOHOU MOOYAAYUU, OTIICAHHOUW B TIPOIIION TJIaBe.

Gibbs Effect
dPpPexT I'n6o6ca
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Figure 11-6 shows a time domain signal being synthesized from sinusoids. The signal being re-
constructed is shown in the last graph, (h). Since this signal is 1024 points long, there will be 513
individual frequencies needed for a complete reconstruction. Figures (a) through (g) show what
the reconstructed signal looks like if only some of these frequencies are used. For example, (f)
shows a reconstructed signal using frequencies 0 through 100. This signal was created by taking
the DFT of the signal in (h), setting frequencies 101 through 512 to a value of zero, and then us-
ing the Inverse DFT to find the resulting time domain signal.

Pucynok 11-6 moka3piBaeT CUTHaAJ IOMEHA BPEMEHU, CHUHTE3UPYEMbIM OT cuHycoui. Boccra-
HaBJIMBAaEMBI CUTHAJ TOKa3bIBaeTca B mocinenHeM rpaduke, (h). Tak kak stor curnan - 1024
TOYKH JUIMHHOM, OyyT UMeThcs 513 MHIMBHIYyaTbHBIX YacTOT, HEOOXOMUMBIX IS TIOJIHOW pe-
KOHCTpYKIMU. PucyHku ot (a) 10 (g) moka3sIBarOT TO, YTO BOCCTAHOBJICHHBIM CUTHAJI HAITOMH-
HAeT, €CJIM UCIOJIb3YIOTCS TOJIBKO HEKOTOpbIe U3 3TUX yacToT. Hampumep, (f) mokassiBaeT Boc-
CTaHOBJIGHHBIN CUTHAN, UCHOJb3yst YacToTel 0 10 100. DTOT curHan Obin co3naH, Oeps AIID
curHana B (h), ycranaBnuBas yactotrsl 101 mo 512 x 3Ha4eHHIO HYJIs, M 3aTeM HCHoiab3ys O0-
patsbiii J{I1D, 9T00bI HAWNTH 3aKAaHUYMBAIOIIUNACS CUTHAJ TIOMEHA BPEMEHHU.

As more frequencies are added to the reconstruction, the signal becomes closer to the final solu-
tion. The interesting thing is ~ow the final solution is approached at the edges in the signal. There
are three sharp edges in (h). Two are the edges of the rectangular pulse. The third is between
sample numbers 1023 and 0, since the DFT views the time domain as periodic. When only some
of the frequencies are used in the reconstruction, each edge shows overshoot and ringing (decay-
ing oscillations). This overshoot and ringing is known as the Gibbs effect, after the mathemati-
cal physicist Josiah Gibbs, who explained the phenomenon in 1899.

[TockonbKy Oosiblliee KOJUYECTBO YAaCTOT J0OABICHO K PEKOHCTPYKIMH, CUTHAJ CTAaHOBUTCS
O5mKe K KOHEUHOMY(3aKIIOUUTEIbHOMY) pellleHuio. MIHTepecHas! Belllb COCTOUT B TOM, KAK K
KOHEYHOMY (3aKJIFOUUTEILHOMY) PELICHUIO TPUOIMKAIOTCA epanu B curHasie. VIMeroTest TpH Kpy-
ThIX ¢ponTa B (h). JIBe — rpanu(cpe3sl) IpsIMOYTOJILHOTO UMITYJIbca. TpeThs - MKy BHIOOpKa-
Mmu 1023 u 0, Tak kak JAII® paccmaTpuBaer JOMEH BpeMEHHU Kak nepuoanueckuid. Korna tosnpko
HEKOTOpBIE U3 YaCTOT UCMOIB3YIOTCS B PEKOHCTPYKIIUH, KaX/1as rpaHb MOKA3bIBAET nepepezyiu-
posanue(BEIOpOC Ha (GPOHTE UMIYJIbCA) U 360H(TIEPEXOIHBINA MPOIIECC B BUJAE 3aTyXalOIIUX KO-
nebanuit). DTO mepeperyaupoBaHie U 3BOH M3BECTHHI Kak 3 dexT I'nd0ca, mo uMeHn MaTema-
Tuaeckoro ¢usuka /Ixozedcona I'mdb6ca, KOTOpbIil 00BsICHUI 3TO ABNIeHHE B 1899.
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Look closely at the overshoot in (e), (f), and (g). As more sinusoids are added, the width of the
overshoot decreases; however, the amplitude of the overshoot remains about the same, roughly 9
percent. With discrete signals this is not a problem; the overshoot is eliminated when the last fre-
quency is added. However, the reconstruction of continuous signals cannot be explained so eas-
ily. An infinite number of sinusoids must be added to synthesize a continuous signal. The prob-
lem is, the amplitude of the overshoot does not decrease as the number of sinusoids approaches
infinity, it stays about the same 9%. Given this situation (and other arguments), it is reasonable
to question if a summation of continuous sinusoids can reconstruct an edge. Remember the
squabble between Lagrange and Fourier?

Cwmotpute Ommke Ha nepeperyaupoBanue B (€), (f), u (g). [TockonbKy Gosblliee KOJIMYECTBO CH-
HYCOUJ T00aBJICHO, IIUPUHA TIEPEPETyIUPOBAHNS YMEHBIIACTCS; OJTHAKO, aMIUIUTY1a epepery-
JUPOBAHUS OCTACTCSI OTHOCUTEIBLHO TOU K€ caMoi, Tpy0o 9 mporeHToB. C AUCKPETHBIMHU CUTHA-
JaM# 3TO - He mpoliema; mepeperyaIupoBaHiue YCTPAHEHO, KOTAa MOCIIETHSST 9acToTa Jo0aBe-
Ha. OHaKO, PEKOHCTPYKLMIO HEMPEPHIBHBIX CUTHAIOB HEJb3sl OOBSACHATH Tak Jierko. beckoHeu-
HO€ YMCJIO CHHYCOUJ JOJDKHO OBITH JOOABJIEHO, YTOOBI CHHTE3UPOBATH HEMPEPHIBHBIA CHUTHAIL.
[TpoGnema, aMmInTy1a IEpeperyIupoOBaHUs HE YMEHBIIAETCS KaK YHCIO CUHYCOU MPHOIIKa-
eTcsl K OECKOHEUYHOCTH, 9TO OCTAeTCsI OTHOCHTEIBHO TOH ke camoit 9 %. JlanHas cutyanus (4
JIpyTrHe apryMEeHThI), 3TO Pa3yMHO K BOIPOCY, YTO CYMMHUPOBAaHUE HEMPEPHIBHBIX CUHYCOU MO-
KET BOoCcCTaHaBIHUBaTh kpai(¢ppoHT). [lomHuTe ccopy mexnay Jlarpanxem u @ypne?

The critical factor in resolving this puzzle is that the width of the overshoot becomes smaller as
more sinusoids are included. The overshoot is still present with an infinite number of sinusoids,
but it has zero width. Exactly at the discontinuity the value of the reconstructed signal converges
to the midpoint of the step. As shown by Gibbs, the summation converges to the signal in the
sense that the error between the two has zero energy. Problems related to the Gibbs effect are
frequently encountered in DSP. For example, a low-pass filter is a truncation of the higher fre-
quencies, resulting in overshoot and ringing at the edges in the time domain. Another common
procedure is to truncate the ends of a time domain signal to prevent them from extending into
neighboring periods. By duality, this distorts the edges in the frequency domain. These issues
will resurface in future chapters on filter design.

Kputnueckuii ¢pakTop B pemieHuy 3TOW MpoOJIEMBI - TO, YTO IIMPUHA MEPEPETYITUPOBAHUS CTa-
HOBUTCSI MEHBIIEH, TOCKOJIbKY OOJIblIIee KOJIMYECTBO CUHYCOU T BKITIOUeHO. [lepeperynupoBanue
- BCE ellle MPEJCTaBICHO OECKOHEYHBIM YHCIOM CHHYCOM]I, HO 3TO MMEET H)/egyl0 IIHUPHUHY.
TouHO B pa3pbIBE 3HAYEHHE BOCCTAHOBJIEHHOI'O CUTHAJIA CXOIUTCS K CEpeIUHE(CPEAHEN TOUKE)
nrara. Kak nokazano 'n66com, cyMMHpoBaHHE CXOAUTCA K CUTHANY B CMBICIIE, YTO OUUOKA Me-
KLy STUMH JABYMSI UMEET HyJeBYyIo 3Hepruto. C npobiemamu, cBA3aHHBIMU ¢ 3¢ pextom ['n06ca
gacto ctankuBaroTcs B LJOC. Hanpumep, puibTp HIKHUX 4acTOT - yceueHue 00Jiee BHICOKHX
4acToT, MPUBOJUT K NEPEPEryIMPOBAHUIO U 3BOHY B TPaHAX B domeHe gpemenu. Jlpyras oObId-
Has Ipoleaypa J0JKHA yCedb KOHIIBI CHTHAala JOMEHAa BpEMEHH, YTOObI MPEAOTBPATUTh UX OT
pacnpocTpaHeHus(IpOAJIEHUs]) B COCEHUE NEpUoAbl. /yanbHOCTBIO, 3TO HCKaXXaeT I'PaHU B
4acmomHom oomere. ITU MPoOIeMbl OyIyT BBIHBIPHYT HAa MOBEPXHOCTh B OyAYIIMX TaBax IO
IPOEKTY QUIIBTPA.
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FIGURE 11-6. The Gibbs effect.
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PUCYHOK 11-6. O¢ddexr 'nbOca.

Harmonics

I"'apmonuku

If a signal is periodic with frequency f, the only frequencies composing the signal are integer
multiples of £, i.e., f, 2f, 3f, 4f, etc. These frequencies are called harmonics. The first harmonic
is f, the second harmonic is 2f, the third harmonic is 3/, and so forth. The first harmonic (i.e., f)
is also given a special name, the fundamental frequency. Figure 11-7 shows an example. Figure
(a) is a pure sine wave, and (b) is its DFT, a single peak. In (c), the sine wave has been distorted
by poking in the tops of the peaks. Figure (d) shows the result of this distortion in the frequency
domain. Because the distorted signal is periodic with the same frequency as the original sine
wave, the frequency domain is composed of the original peak plus harmonics. Harmonics can be
of any amplitude; however, they usually become smaller as they increase in frequency. As with
any signal, sharp edges result in higher frequencies. For example, consider a common TTL logic
gate generating a 1 kHz square wave. The edges rise in a few nanoseconds, resulting in harmon-
ics being generated to nearly 100 MHz, the ten-thousandth harmonic!

Ecnu curnan nepuoauyeckuii ¢ 4acTOTOH f, €IMHCTBEHHBIE YaCTOThI, COCTABIISIIOIINE CUTHAI -
KpaTHbIE f, TO €CTh, f, 2f, 3f, 4f, 1 T.1. DTH 4acTOTHI Ha3bIBalOTCs rapMoHukamu. IlepBas rap-
MOHMKA - f, BTOpasi TADMOHUKA - 2f, TpeTbsi TapMoHuKa - 3f, u T.1. [lepBoii rapmoHuke (TO
€CTh, f) TaKXkKe JaroT creruanbHoe HazBanue, CodcTtBenHasi(OcHoBHas) yacToTa. PucyHok 11-
7 mokasbiBaeT npuMmep. PucyHok (a) - umcras BonHa cuHyca, u (b) - ero AII®, enquHCcTBEH-
HBI(OTIENpHBIN) TTHK. B (¢), BoJIHA cHHyca ObUTa MCKaKEHA, 3alHChi0 TI0 MAIIMHHOMY ajpe-
Cy(3amuchI0 B STYCHKY OTIEPAaTUBHOM MaMATH) B BEPXHHUX YacTAX MUKOB. PucyHok (d) moka3biBaer
pE3yNBTAT ATOTO UCKAKEHUS B YaCTOTHOM JoMeHe. [I0CKONbKY MCKaKeHHBIM CUTHAI TIEPHOIM-
YECKUH C TOM K€ caMOM 4acTOTOM Kak IMEepBOHAYaJIbHAsi BOJIHA CHHYCA, YACTOTHBIA JOMEH CO-
CTaBJICH W3 MEPBOHAYAIBHOTO O MHKA IUTIOC TAPMOHHUKHU. [ apMOHUKHA MOTYT MMETh JIOOYIO aM-
IUIMUTYAY; OJHAKO, OHU OOBIYHO CTAHYT MEHBIIMMHU, TOCKOIbKY OHHM YBEIUYUBAIOTCS B YACTOTE.
Kak ¢ m100b1M curHanom, kpymeie ¢opormel IPUBOIAT K Ooiiee gvicokum yacmomam. Hampumep,
noJiaraiiTe, OOBIYHBIN BeHTUIb(Torudeckuii anemeHT) TTJI, renepupyromuii KBaipaTHYIO BOJHY
1 k', ['paHu MOBBIIAOTCS B HECKOIBKUX HAHOCEKYHJIAX, MPUBOJS K TAPMOHHUKAM CTE€HEPUPO-
BaHHBIM TTouTH 100 MI'11, Oecamu-muicaunas rapmonukal
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FIGURE 11-7
Example of harmonics. Asymmetrical distortion, shown in (c), results in even and odd harmonics, (d), while sym-
metrical distortion, shown in (¢), produces only even harmonics, (f).

PUCYHOK 11-7. Ilpumep rapMoHUK. ACUMMETPHUYHOE HCKaXXKEHUE, TIOKa3aHHOE B (C), IPUBOJIUT J1aXKe U HEUETHHIE
rapMOHHUKH, (d), B TO BpeMs Kak K CHMMETPUYECKOMY UCKa)XEHUIO, I0OKa3aHHOMY B (€), IPOU3BOJIUT TOJIBKO YETHBIE
rapMoHukw, (f).

Figure (e) demonstrates a subtlety of harmonic analysis. If the signal is symmetrical around a
horizontal axis, i.e., the top lobes are mirror images of the bottom lobes, all of the even harmon-
ics will have a value of zero. As shown in (f), the only frequencies contained in the signal are the
fundamental, the third harmonic, the fifth harmonic, etc.

PucyHok (€) 1eMOHCTpUpPYET TOHKOCTh TapMOHMYECKOTO aHanu3a. Eciau curHan cummerpude-
CKHUIl BOKPYT TOPU30HTAJIbHON OCH, TO €CTb, BBICIINE JICTIECTKHU - 3epKaJbHbIC N300pakeHUs Jie-
MIECTKOB OCHOBAHMSI, BCE YETHBIA rapMOHUKH OyIyT UMeTh 3HaueHue HyJs. Kak nmokaszano B (f),
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CAUMHCTBCHHBIC YaCTOThI, COACPIKAIIHUCCA B CUTHAJIC - OCHOBHOC IpaBWJIO, TPCThbsA TI'apMOHHKA,
IgaTas rapMOHHKA, U T. .
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Harmonic aliasing. Figures (a) and (b) show a distorted sine wave and its frequency spectrum, respectively. Har-
monics with a frequency greater than 0.5 will become aliased to a frequency between 0 and 0.5. Figure (c) displays
the same frequency spectrum on a logarithmic scale, revealing many aliased peaks with very low amplitude.

PUCYHOK 11-8. I'apmoHn4ecKkoe HaJlI0KEHHE CIEKTPOB.

Pucynku (a) u (b) mokaspIBalOT MCKKEHHYIO BOJIHY CHHYCA M €€ CIIEKTpP 4acTOT, COOTBETCTBEHHO. ['apMOHMKH C
gacToTol Oompmie yem (.5 craHeT cMmemaHHBIM K yactote Mexay 0 u 0.5. PucyHok (¢) oToOpaskaeT TOT JKe camMblit
CIEKTpP YacTOT B JOrapu()MHUECKOM MacuITade, MOKa3blBasi MHOTO CMEIIAHHBIX ITMKOB C OYE€Hb HU3KOW aMILIHATY-
JIOH.

All continuous periodic signals can be represented as a summation of harmonics, just as de-
scribed. Discrete periodic signals have a problem that disrupts this simple relation. As you might
have guessed, the problem is aliasing. Figure 11-8a shows a sine wave distorted in the same
manner as before, by poking in the tops of the peaks. This waveform looks much less regular and
smooth than in the previous example because the sine wave is at a much higher frequency, re-
sulting in fewer samples per cycle. Figure (b) shows the frequency spectrum of this signal. As
you would expect, you can identify the fundamental and harmonics. This example shows that
harmonics can extend to frequencies greater than 0.5 of the sampling frequency, and will be ali-
ased to frequencies somewhere between 0 and 0.5. You don't notice them in (b) because their
amplitudes are too low. Figure (c) shows the frequency spectrum plotted on a logarithmic scale
to reveal these low amplitude aliased peaks. At first glance, this spectrum looks like random
noise. It isn't; this is a result of the many harmonics overlapping as they are aliased.

Bce nenpepwvisnvie nepmoguveckie CUTHajIbl MOTYT OBITh MPEACTABICHBI KaK CYMMHPOBAaHHE
TapMOHUK, TAaK)Ke, KaK OMHCaHO. /Juckpemmusie TIEPUOJMUECKUE CUTHAIBI HMEIOT TPo0IeMy, KO-
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TOpasi HapylIaeT 3TO NpocToe oTHoueHue. [lockonbky Bl Moriu Obl Mpeanoa0kKuTh, Ipobdiaema
- Hanooicenue cnekmpos. Pucynok 11-8a mokaspiBaeT BOJIHY CHHYCA, HCKaKEHHYIO TEM XK€ ca-
MBIM CIIOCOOOM Kak IMpeXe, 3alHuChiBas 0 MATMHHOMY aJpecy B BEpXHUX YaCTAX MHUKOB. JTa
(opMa BOJTHBI BBITJISIIUT HAMHOTO MEHEE PErYJSIPHOW M TIIaKOW YeM B MPEABIIYIIEM MpUMepe,
MIOTOMY YTO BOJIHA CHHYCA - B HAMHOT'O 00Jiee BBICOKOM 4acTOTE, MPUBO/SA K MEHBILIEMY KOJIHYe-
CTBY BBIOOpOK B nuki(repuona). Pucynok (b) moka3piBaeT CHekTp 4acToT 3Toro curHana. Ilo-
CKONBKY BbI oxwunanu O6b1, Bbl MOkeTe MACHTU(HUIMPOBATE OCHOBHOE MPABUJIO U TAPMOHHUKH.
DTOT IpUMeEp MOKa3bIBAET, YTO TAPMOHUKH MOTYT IPOCTUPATHCS HA 4acTOThI Ooubiie 0.5 10 BbI-
OOpOYHOI YacTOThI, U OYAYT cMewiansl K yacToTam rae-HuOy s mexxay 0 u 0.5. Bl He oOpariae-
Te BHMMaHHUe Ha HUX B (b), TOTOMY 4TO WX aMIUTMTY/IbI CIIMITKOM HU3KH. PHCYHOK (C) TTOKa3bIBa-
€T, CIIEKTP YacTOT YTO COCTaBWJI rpaduk B jorapupmMuueckoM macmrade, 4ToObI oKa3aTh 3TU
HU3KHE aMIUTUTYIHbIE CMEIIaHHbIe MUKW, Ha mepBhIii B3TJIs11, ATOT CIIEKTP HAIIOMHHAET CITydaii-
HBIA IIyM. DTO HE; 3TO - PE3yibTaT MHOTUX TapMOHMK, HAKJIAJbIBAIOLINXCS, MMOCKOJIbKY OHH
CMEIIaHbI.

It is important to understand that this example involves distorting a signal after it has been digi-
tally represented. If this distortion occurred in an analog signal, you would remove the offending
harmonics with an antialias filter before digitization. Harmonic aliasing is only a problem when
nonlinear operations are performed directly on a discrete signal. Even then, the amplitude of
these aliased harmonics is often low enough that they can be ignored.

Ba)xHo MOHSTH, YTO 3TOT MpUMEp BKJItOUAET B ceOs(IMOApasyMeBaeT) NCKaKCHHE CUTHAIA TTOCIIEe
TOTO, KaK 3TO ObLIO MpeacTaBieHo B mudpoBoit popme. Ecnu 6b1 3T0 MCKakeHUE MPOU3OILIO B
aHAJOTOBOM CHTHaie, Bbl ymamumu Obl BpeaHbIe TAPMOHUKU C (GUIBTPOM Ui yCTpaHEHUs 3¢-
(exTa HaJIOKEHUS CIIEKTPOB neped nmpeobpa3oBanueM B 1udpoByto Gopmy. ['apmonnueckoe Ha-
JIO’)KEHHE CIEKTPOB - MPOoOJIeMa, TOJIBKO KOT/a HEIMHEWHBIE ONepaliy BHIIOIHEHBI HETTOCPE/CT-
BEHHO Ha JMCKPETHOM curHaiue. Jlaxke Torza, aMIiUTya 3THX CMEIIAHHBIX FAPMOHHUK - 4acCTO
JOCTaTOYHO HU3KA, YTO OHU MOTYT HTHOPHPOBATHCH.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

The concept of harmonics is also useful for another reason: it explains why the DFT views the
time and frequency domains as periodic. In the frequency domain, an N point DFT consists of
N/2+1 equally spaced frequencies. You can view the frequencies between these samples as (1)
having a value of zero, or (2) not existing. Either way they don't contribute to the synthesis of the
time domain signal. In other words, a discrete frequency spectrum consists of harmonics, rather
than a continuous range of frequencies. This requires the time domain to be periodic with a fre-
quency equal to the lowest sinusoid in the frequency domain, i.e., the fundamental frequency.
Neglecting the DC value, the lowest frequency represented in the frequency domain makes one
complete cycle every N samples, resulting in the time domain being periodic with a period of N.
In other words, if one domain is discrete, the other domain must be periodic, and vice versa. This
holds for all four members of the Fourier transform family. Since the DFT views both domains
as discrete, it must also view both domains as periodic. The samples in each domain represent
harmonics of the periodicity of the opposite domain.

KoHnenusi rapMOHHK TakKe ToJIe3Ha M0 JAPYTrod MpHYUHE: 3TO 00bscHsET, mouemy JI1D pac-
CMaTpHUBaeT JOMEHbI BPEMEHHU U YaCTOTHI KaK nepuoouyeckue. B vacrornom nomene, 1P Tou-
ki N coctout u3 N/2+1 ogrHAKOBO pa3ielbHON 4acTOThL. BB MOXeTe paccMaTpyuBaTh YaCTOTHI
Medicdy dTUMHU BbIOOpKamu Kak (1) Hanmuue 3HaueHWe HyJs, wiu (2) He cymiecTByrommii. Jlro-
OBbIM IyTEM OHM He CIIOCOOCTBYIOT CUHTE3Y CHUTHAJIa IOMeHa BpeMeHHU. [[pyrumu cioBamu, ouc-
Kpemmbulii CIEKTP YaCTOT COCTOMUT U3 CKOPEE 2apMOHUK, YEM W3 HENPEPBIBHOIO AMANA30HA Yac-
TOT. DTO TpeOyeT, YTOObl JTOMEH BpPEMEHHU, ObLI MEPUOJUYCCKAM C YaCTOTOH PAaBHOM camoi
HHU3KOM CHHYCOHWJE B YaCTOTHOM JIOMEHE, TO €CTh, OCHOBHOH 4acrore. [Ipenebperas 3HaueHHEM
MOCTOSTHHOTO TOKa, caMasi HU3Kasi 4acToTa, MPe/ICTaBJIeHHAsl B YaCTOTHOM JOMEHE JIeJIaeT OJUH
TIOJTHBINA ITUKJI(TIEPHO]]) Kakable N BBIOOPOK, MPHUBOJIS K TIOMEHY BPEMEHH, SIBIISIFOIIEMYCS TIe-
puoIUYecKuM ¢ nepuooM N. JIpyrumu cioBaMu, €ciau OJIUH IOMEH OuckpemeH, Ipyroi TOMeH
JIOJDKEH OBITh nepuoouyeckum, 1 HA00OPOT. DTO JEPKHUTCS I BCEX YETHIPEX YICHOB CEMEUCT-
Ba mipeoOpazoBanus Dypue(Tpanchopmant Dypre). Tak kak 1D paccmarpuBaer oba fOMEHa,
KaK JIUCKPETHBIE, TO JOJDKHO TaK)KE paccMaTpuBaTh 00a JOMEHa Kak neproaundeckue. Beroopku
B K&XKJOM JIOMEHE MPEICTaBISIIOT TAPMOHUKH [TEPUOJUYHOCTH MPOTUBOIIOJIOKHOTO JOMEHA.

Chirp Signals
CurHansl Illeoera

Chirp signals are an ingenious way of handling a practical problem in echo location systems,
such as radar and sonar. Figure 11-9 shows the frequency response of the chirp system. The
magnitude has a constant value of one, while the phase is a parabola:

Curnansl mebera - nu300peTaTeNnbHbli MyTh 00pabOTKU MPAKTUYECKOW MPOOJIEMBI B CUCTEMax
pacIioIOKEHHUs 9X0, TUIA pafapa U ruaponokatopa. Pucynok 11-9 mokaspiBaeT 4acTOTHBIC Xa-
PaKTEepUCTUKU CHCTEMHI IiebeTa. BenuunHa MMeeT MOCTOSTHHOE 3HAUYEHUE EAMHMUIIBI, B TO BpeMs
Kak ¢aza - nmapabona:

EQUATION 11-7 eV . 2
Phase of the chirp system. Phase X “{ ] ok + l}’t‘

YPABHEHUE 11-7
®daza cucTeMsl 111e0€eTa.
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FIGURE 11-9

Frequency response of the chirp system. The magnitude is a constant, while the phase is a parabola.

PUCYHOK 11-9
YacToTHas XapaKTEpUCTHKa CUCTEMBI 1ebeTa. BennunHa - KOHCTaHTa, B TO BpeMs Kak ¢asa - napaboia.

The parameter o introduces a linear slope in the phase, that is, it simply shifts the impulse re-
sponse left or right as desired. The parameter f controls the curvature of the phase. These two
parameters must be chosen such that the phase at frequency 0.5 (i.e. k = N/2) is a multiple of 2.
Remember, whenever the phase is directly manipulated, frequency 0 and 0.5 must both have a
phase of zero (or a multiple of 2z, which is the same thing).

[TapameTp o mpeAcTaBiIsSeT JUHEHHBIA HAKIOH B (aze, TO €CTh ATO MPOCTO CABUTAET OTBET UM-
MyJibca, BIEBO WM BIPABO Kak xkenarenbHo. [lapamerp f ynpaBuseT KpuBu3HOH (ha3pl. DTH 1Ba
rapamMeTpa J0JKHBI ObITh BBIOpaHbI TAKUMU, 4TO ¢aza B yactore 0.5 (To ecth k = N/2) siBnsercs
MHOXKUTeNeM(KpaTHbiM) 27. [loMHMTE, BCSIKUE pa3, Koraa ¢a3za HeMOCPEACTBEHHO YIIPABIISIETCS,
gactota 0 1 0.5 momwkHa 000uX UMETh a3y HyJs (MIM MHOKHUTENb(KpaTHOE) 27, KOTOPBIN SIBJIS-
€TCsl TOU YK€ CaMOil BEIlIbIO).

Figure 11-10 shows an impulse entering a chirp system, and the impulse response exiting the
system. The impulse response is an oscillatory burst that starts at a low frequency and changes to
a high frequency as time progresses. This is called a chirp signal for a very simple reason: it
sounds like the chirp of a bird when played through a speaker.

Pucynok 11-10 moka3piBaeT UMIYJIBC, BXOAAIIMK B CHCTEMY IeOeTa, 1 UMITYJIbCHYIO TIepeaa-
TOYHYIO (DYHKIIMIO, BBIXOZSIIYIO M3 CUCTeMbl. MiMmysbcHas nepenarodnas GyHKIMS - Koieba-
TEJbHBIA UMITYJIbC, KOTOPbIA HAYMHAECTCS B HU3KOM YacTOTE U U3MEHSIETCA K BBICOKOM 4acTOTe,
MTOCKOJIbKY BpeMsI IPOTPECCUPYET. ITO HAZBIBAETCS CUTHAIIOM ebema 10 OYeHb MPOCTOH MpH-
YUHE: ATO KaXXETCsl OI00HO IeOETy NTHUIIBI KOTIa TPOUTPAHO TUHAMUKOM.

The key feature of the chirp system is that it is completely reversible. If you run the chirp signal
through an antichirp system, the signal is again made into an impulse. This requires the antichirp
system to have a magnitude of one, and the opposite phase of the chirp system. As discussed in
the last chapter, this means that the impulse response of the antichirp system is found by pre-
forming a left-for-right flip of the chirp system's impulse response. Interesting, but what is it
good for?

['maBHasi 0COOEHHOCTh CHUCTEMBI IIE0ETa - TO, YTO ITO SABJSETCS MOTHOCTBIO oOpamumsim. Ecin
Bb1 BhITIONHSIETE CUTHAN medeTa Yepe3 CHCTEMY anmuujebema, CUTHAI CHOBA CIENaH B UM-
myJibc. DTO TpebyeT, YTOOBl CHUCTeMa aHTHINEOeTa UMella BEIMYNHY €IUHUIBL, H npomusogpasy
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cucreMe mebera. Kak o0Cyx/1eHO B IPONUIOH TiaBe, 3TO O3HAYaeT, YTO UMITYJIbCHAs TMepesa-
TOouHasi QYHKIMSA CUCTEMbI aHTHIeOeTa HalJieHa, mepeOpMHUPOBBIBas JEBO-IPABOE 3EPKAIIb-
HOE OTpaKCHHE MMITYJIbCHOM MepenaTouHoi (yHKIMHU cUcTeMbl mebeta. MHTEpecHO, HO s
YEro 3TO SBJISETCA JIU XOPOIINM?

1.5 1.5

a, Impulse b, Impulse Response

(chirp signal)

Chirp
Svstem

i, 0.5
i | 4} &l il i 120 n 20 40 ¥l By 1) (1)
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FIGURE 11-10
The chirp system. The impulse response of a chirp system is a chirp signal.

PHUCYHOK 11-10
Cucrema mebera. MmynscHas nepeaatouHas pyHKIS CHCTEMEI Iie0eTa - cuTHa mebeTa.

Consider how a radar system operates. A short burst of radio frequency energy is emitted from a
directional antenna. Aircraft and other objects reflect some of this energy back to a radio receiver
located next to the transmitter. Since radio waves travel at a constant rate, the elapsed time be-
tween the transmitted and received signals provides the distance to the target. This brings up the
first requirement for the pulse: it needs to be as short as possible. For example, a 1 microsecond
pulse provides a radio burst about 300 meters long. This means that the distance information we
obtain with the system will have a resolution of about this same length. If we want better dis-
tance resolution, we need a shorter pulse.

Paccmotpute, kak paboraer pagapHas cuctema. KOpoTKMI MMITyJIbC 3HEPTUU PagHO4acTOTHI
UCIIyCKaeTcs OT HamnpaBieHHOW aHTeHHbl. CaMoleT M Jpyrue oOBEKThl OTPaKarOT 4acThb ATOU
SHEPruy Ha3aJ K paJuolpUEMHHKY, PACIIONIOKEHHOMY psAIOM ¢ nepenatyukoM. HaunHas c ne-
peMeIIeHNs PaiuOBOJIH C MOCTOSHHON CKOPOCTBIO, MPOULIEAIIEE BPEMS MEXAY MepeJaHHbIMU U
HOJYyYeHHbIMU CUTHAJIaMM 00eclieuMBaeT pacCTOSHUE ajpecary. JTo MOJAHUMAET MepBoe Tpedo-
BaHUE JJIs UMILyJIbca: TpeOOBaThCA OBITH MOYTH Kak Bo3MOkHO. Hanmpumep, ummnynsc B 1 Muk-
POCEKYHy oOecreunBaeT UMITYJIbC Pauo AMUHON npubausutensHo 300 MeTpoB. DTO 03HAUaeT,
9T0 WH(POPMAIHS PACCTOSHUS, KOTOPYIO MBI TIOJIy4aeM C CHCTEMOH, OyJeT MMETh pa3peniaro-
IIyI0 CIIOCOOHOCTH OTHOCUTENIBHO 3TOTO TOW k€ caMoil AMHON. Eciii MBI XOTUM JTydIIyo pas-
PELIAONIYI0 CIIOCOOHOCTD PACCTOSHUSA, MBI Hy>K/1aeMcs B 00Jiee KOPOTKOM HMITYJIBCE.

The second requirement is obvious: if we want to detect objects farther away, you need more en-
ergy in your pulse. Unfortunately, more energy and shorter pulse are conflicting requirements.
The electrical power needed to provide a pulse is equal to the energy of the pulse divided by the
pulse length. Requiring both more energy and a shorter pulse makes electrical power handling a
limiting factor in the system. The output stage of a radio transmitter can only handle so much
power without destroying itself.

Bropoe TpeboBaHNE OYEBHIHO: €CIIU MBI XOTUM OOHapYX HUTb 00BEKTHI Oosee naneko, Bel Hyx-
JaeTech B OOJIbIIEM KOJMYECTBE SHEPTUU B BallleM uMIysbce. K coxanenuto, borvuiee konude-
cmeo snepauu N 00JIee KOPOMKULL UMNYIbC HAXOAATCS B MIPOTUBOPEUUH TpeOOBaHUA. DIIEKTPU-
YecKasi MOIb, HeoOXoIuMasi 00ecCIieYrBaTh UMITYJIbC PaBHA SHEPTHH WMITYJIbCA, Pa3/IeICHHOTO
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JUIMHOU uMIysbca. TpeboBaHue U 60bue2o Koauuecmsea sHepeun u 6oaee KOpomKo2o UMnYIsCd
JIeaeT JIEKTPUUECKYI0 MOIIb, 00pabdaThIBAIONIY0 OTpaHUYUBaOMMK K03 dunmeHT(pakrop) B
cucreme. Ctaaus BBIXOAA pajHoNepeaaTyrka MOXKET TOJbKO 00pabaThiBaTh TaK MHOT'O MOIIU
0€e3 TOT0, YTOOBl YHUUTOXUTH(PA3pPYLIUTh) CeOs.

Chirp signals provide a way of breaking this limitation. Before the impulse reaches the final
stage of the radio transmitter, it is passed through a chirp system. Instead of bouncing an impulse
off the target aircraft, a chirp signal is used. After the chirp echo is received, the signal is passed
through an antichirp system, restoring the signal to an impulse. This allows the portions of the
system that measure distance to see short pulses, while the power handling circuits see long du-
ration signals. This type of waveshaping is a fundamental part of modern radar systems.

Curnansl mebera o0ecneunBalOT MyTh MPEOAOJICHUS 3TOro orpanuueHus. [Ipexnae, yem uM-
MyJIbC TIOCTUTaeT KOHEYHOM CTaJuH paauorepeaaTdyuka, 3T0 IPOMyCKaloT Yepe3 CUcCTeMy Iede-
Ta. BMecTo moanpeIruBaHus UMIyJbca OT IEJIEBOTO CaMOJIETa, UCIOJIB3YETCsl CUTHAI IedeTa.
[Tocne Toro, kak 3xo medeTa MoJy4eHo, CUTHAJ MPOITyCKAIOT Yepe3 CUCTeMy aHTulle0eTa, Boc-
CTaHABJIMBAsl CUTHAJI K UMITYJIbCY. DTO MO3BOJISIET YACTH CUCTEMBI, KOTOPBIE U3MEPSIOT PacCTOs-
HUe, YTOOBI BUJIETh KOPOTKHE UMITYJIbCHI, B TO BpeMs KaK MOIIlb, 00pabaTbiBatoas ey BUAUT
JUTMHHBIE CUTHAJIBI MPOJIOJDKUTEILHOCTH. JTOT TUI ()OPMUPOBAHUS CUTHANA - (hyHIaMEHTAb-
Has 4aCTb COBPEMEHHBIX PAJAPHBIX CUCTEM.
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