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Continuous Signal Processing
O0padoTka HenpepbIBHBIX CHTHAJIOB

CHAPTER

13

Continuous signal processing is a parallel field to DSP, and most of the techniques are nearly
identical. For example, both DSP and continuous signal processing are based on linearity, de-
composition, convolution and Fourier analysis. Since continuous signals cannot be directly rep-
resented in digital computers, don't expect to find computer programs in this chapter. Continuous
signal processing is based on mathematics; signals are represented as equations, and systems
change one equation into another. Just as the digital computer is the primary tool used in DSP,
calculus 1s the primary tool used in continuous signal processing. These techniques have been
used for centuries, long before computers were developed.

O6paboTka HEMPEPHIBHBIX CUTHAJIOB - moJie(o0aacTs) nmapamiensHas [{OC, u 60abIIMHCTBO Me-
To10B TouTH uaeHtTuyHo. Hampumep, u [IOC u o6paboTka HEMpepbIBHBIX CUTHAIOB OCHOBAHbBI
Ha JTUHCHHOCTH, JCKOMIIO3HIINH, CKPYIHMBaHUH(CBEPTKE) U aHan3e Dyphe(aHaan3e rapMOHUK).
Tak kak HempepbIBHbIE CUTHAIIBI HE MOTYT OBITh HEMOCPEACTBEHHO MPEACTABICHBI B IIHU(PPOBBIX
KOMIIBIOTEpAX, HE OKUIANTEe HAXOJIUTh KOMITBIOTEPHBIC MPOTPAMMEBI B 3TOM riaBe. Hempepbis-
Hasi 00pab0TKa CUTHAJIOB OCHOBAaHA HAa Mamemamuke; CATHAJBI IPEJICTABICHBI KaK YpaBHEHHUSI, U
CHUCTEMBI U3MEHSIOT(3aMEHSI0OT) OJIHO YpaBHEHHUE B pyroe. Takxke, Kak yugposoti komnvromep -
NEPBUYHBIN MHCTPYyMEHT, ucnonbzyembid B L1OC, ucuucnenue - nepBUYHBIA MHCTPYMEHT, HC-
MOJIb3yEMbI B HEMPEPHIBHON 00pabOTKEe CUTHAIOB. DTH METOAbI HCIIOIH30BAJIUCH B TEUCHUE
CTOJIETHI{, HAMHOTO paHbIlle, YeM OBLITU pa3padoTaHbl KOMITBIOTEPOB.

The Delta Function
Heabra @yHKIUSA

Continuous signals can be decomposed into scaled and shifted delta functions, just as done with
discrete signals. The difference is that the continuous delta function is much more complicated
and mathematically abstract than its discrete counterpart. Instead of defining the continuous delta
function by what it is, we will define it by the characteristics it has.

HenpepbiBHBIE CHUTHAJIBI MOTYT OBITH PAaCUJICHEHbI B MACHITA0OMPYyeMOHl M CIABHUHYTOH Oerbma
@yHKyuu, Tak e, Kak 3TO JIeNaeTcsl ¢ AUCKPETHBIMM CUrHajlamu. Pa3sHuua B ToM, 4TO Hempe-
pBIBHAs JlenbTa (PyHKLUS SBISETCS HAMHOTO Oojiee CIOKHOM M MaTeMaTH4ecKu abCTpakTHee,
4yeM ee JUCKpeTHbIN nyOnukar. Bmecto onpeneneHus HeNpepbIBHOM AenbTa (QyHKIMU TEM, YTO
3TO €CTh, MBI OIIPEJEIINM €€ B COOTBETCTBUU C XAPAKMEPUCTNUKAMU, KOMOPblE OHA UMeem.

A thought experiment will show how this works. Imagine an electronic circuit composed of lin-
ear components, such as resistors, capacitors and inductors. Connected to the input is a signal
generator that produces various shapes of short pulses. The output of the circuit is connected to
an oscilloscope, displaying the waveform produced by the circuit in response to each input pulse.
The question we want to answer is: how is the shape of the output pulse related to the character-
istics of the input pulse? To simplify the investigation, we will only use input pulses that are
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much shorter than the output. For instance, if the system responds in milliseconds, we might use
input pulses only a few microseconds in length.

MEICIEHHBIA SKCTIEPUMEHT TIOKaXET, Kak 3T0 paboraer. BooOpa3uTe 3JIeKTPOHHYIO CXEMY, CO-
CTaBJICHHYIO U3 JIMHEWHBIX KOMIIOHEHTOB, THIIa PE3UCTOPOB, KOHIACHCATOPOB M KaTYyIIEK MHIYK-
TUBHOCTHU. [IOKITIOUMM K BXOAY MU3MEPUTEIbHBINA TeHepaTop, KOTOPBIA MPOU3BOAUT PA3IUYHBIE
(opMBI KOPOTKUX HMMITYJIbCOB. BBIXOJ cXeMbl cBsi3aH ¢ ocummiorpadom, otodpaxas Gopmy
BOJIHBI, TIPOU3BEJAECHHYIO CXEMOM B OTBET Ha Ka) bl BXOAHON UMITyJibCc. Bompoc, Ha KOTOPBI
MBI XOTHM OTBETUTH: KaK - (hopmMa UMNYIbCa HA 8bIX00e, C8A3AHA C XAPAKMEPUCTNUKAMU 6X00-
Ho20 umnynvca? YToObl yIpOCTUTh MCCIIEIOBAHKUE, MBI OyJIeM HCIOJIb30BaTh TOJIBKO BXOJHBIE
HMITYJIbCBI, KOTOPBIE SBIISIOTCS HAMHOTO KOpOUe, YeM BhIXO/AHbIe. Hanmpumep, eciiu cucrema oT-
BeuaeT(pearupyer, cpabarbiBaeT) B MIJTUCEKYHaX, MBI MOTJIM ObI UCIIOIh30BaTh BXOIHBIEC MM-
MyJIbCHI TUTETFHOCTh TOJMBKO HECKOJIBKO MUKPOCEKYHI.

After taking many measurement, we come to three conclusions: First, the shape of the input
pulse does not affect the shape of the output signal. This is illustrated in Fig. 13-1, where various
shapes of short input pulses produce exactly the same shape of output pulse. Second, the shape
of the output waveform is totally determined by the characteristics of the system, i.e., the value
and configuration of the resistors, capacitors and inductors. Third, the amplitude of the output
pulse is directly proportional to the area of the input pulse. For example, the output will have the
same amplitude for inputs of: 1 volt for 1 microsecond, 10 volts for 0.1 microseconds, 1,000
volts for 1 nanosecond, etc. This relationship also allows for input pulses with negative areas.
For instance, imagine the combination of a 2 volt pulse lasting 2 microseconds being quickly fol-
lowed by a -1 volt pulse lasting 4 microseconds. The total area of the input signal is zero, result-
ing in the output doing nothing.

[Tocne B3ATHS MHOTHX M3MEPEHHUN, MBI MPHUXOJUM K TPEM 3aKiIoueHusM: Bo mepBbIX, ¢opma
BXOJIHOTO MMITYJIbCA HE 3aTparuBaeT (popMmy curHaia BeIX0Jla. DTO UJUTIOCTPUPOBAHO PHUCYHKOM
13-1, rne paznuyabie GOPMBI KOPOTKHX BXOJHBIX HMITYJIHCOB MTPOU3BOJISAT TOYHO TY KE CaMYIO
(dhopMy ummysbca Beixosia. Bo BTOpbIX, popma (popMbl BOJTHBI BEIX0/1a MTOJHOCTHIO ONpezesieHa B
COOTBETCTBUU C XAPAKTEPUCTUKAMU CUCTEMBI, TO €CTh, 3HAUEHUM U PACIIONIOKEHUSI PE3UCTOPOB,
KOHJICHCATOPOB U KaTylIeK WHIAYKTHUBHOCTH. TpeTrbe, amniumyoa MMIyJbca BbIXOJAA - HEMO-
CPEICTBEHHO YICH MPOIOPIHU K 0O1acmu BXOJAHOTO uMmybca. Hampumep, Beixo OyaeT uMeTh
Ty K€ CaMyl0 aMIUTUTYAy JJisi BBOAOB: 1 BOibT mia 1 mukpocekyHabl, 10 BonbT mist 0.1 Mmukpo-
cexyHz, 1000 BoapT ans 1 HaHOCEKYHIBI, U T.A. DTU OTHOLIEHUS TaKXKE YUYUTHIBAIOT BXOIHbBIE
UMITYJIbCHI C ompuyamenvusimu odnactsiMu. Hanpumep, BooOpazuTe KOMOMHALINIO U3 UMITYJIbCa
aMIUTUTYI0M 2 BOJBbTA C JIUTEIBHOCTHIO 2 MHUKPOCEKYHHBI, OBICTPO COMPOBOXKIAEMOTO HM-
MyJI5COM — aMIUTUTYI0N 1 BONBT C JUTMTEIBHOCTHIO 4 MUKpOCeKyH/IbI. [TosHast 061acTh BXOIHO-
T'O CUTHAJa Hy/1e6dsi, MPUBOJIA K BBIXOAY, BBITIOJIHSIONIEMY HUYMO.

Input signals that are brief enough to have these three properties are called impulses. In other
words, an impulse is any signal that is entirely zero except for a short b/ip of arbitrary shape. For
example, an impulse to a microwave transmitter may have to be in the picosecond range because
the electronics responds in nanoseconds. In comparison, a volcano that erupts for years may be a
perfectly good impulse to geological changes that take millennia.

BxoaHble CUTHANBI, KOTOPBIE SIBJIAIOTCS JOCTATOYHO KOPOTKUMH, YTOOBI UMETh 3TU TPH CBOUCT-
Ba, HA3bIBAIOTCS MMNYJbCaMM. J[pyrumMu clioBaMU, UMITYJIbC - JTFOOOH CHUTHAJN, KOTOPBIH SBIIS-
€TCs MOJIHOCTBIO HYJIEBBIM, €CITM Obl HE KOPOTKUI BBIOpOC NMPOM3BONIBHOM (Gopmbl. Hampumep,
UMITYJIbCY HA MUKPOBOJIHOBBIH TEpeaaTyrK, BEPOSTHO, IPUAETCS OBITh B ANAMA30HE NUKOCEKYH-
Obl, IOTOMY YTO 3JIEKTPOHHKA OTBEYACT B HAHOCEeKYHOax. JlJis cpaBHEHUSs, N3BEPIKEHUE BYJIKaHa,
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KOTOPOC MJIUTCA HECKOJIBKO JICT, MOXKCT OBITh COBCPHICHHO XOpOUINUM MMITYJIbCOM K I'€OJIOrNYC-
CKHUM U3MCHCHUAM, KOTOPBIC 3aHUMAIOT ThICAYCITICTHA.

Mathematicians don't like to be limited by any particular system, and commonly use the term
impulse to mean a signal that is short enough to be an impulse to any possible system. That is, a
signal that is infinitesimally narrow. The continuous delta function is a normalized version of
this type of impulse. Specifically, the continuous delta function is mathematically defined by
three idealized characteristics: (1) the signal must be infinitesimally brief, (2) the pulse must oc-
cur at time zero, and (3) the pulse must have an area of one.

MareMaTHKu He JIO0AT OBITH OIpaHUYEHHBIMHU JIIO00H CreU(pHUECKON CUCTEMOM, U OOBIYHO
UCTIOJIB3YIOT TEPMUH UMNYAbC U1 0003HAUYEHUS! CUTHANA, KOTOPBIN SBISAETCS AOCTATOYHO KO-
POTKHM, YTOOBI OBITH UMITYJIBCOM JUIS 1000 803MONMCHOU CUCTEMBI. TO €CTh CUTHAN, KOTOPBIHA
ABIsieTCs Oeckoneuno mano y3kuM. HempepbiBHast 1esibTa QyHKIHSA - HOPMAJIM30BaHHAs Bep-
CHsI 3TOro TUMNa uMmIrysbca. OnpeneneHHo, HempepbIBHAsA AesibTa (YHKINS MaTeMaTHYECKU OIl-
peneneHa B COOTBETCTBUM € TpeMs MJ€aIM3UPOBAaHHBIMHU XapakTepucTukamu: (1) curnan noi-
KeH OBITh OECKOHEYHO MaJlo KPaTokK, (2), MMITYJIbC JOJDKEH MPOU30UTH B HyJIEe BpeMeHH, U (3),
UMITYJIbC JOJKEH UMETh 00J1aCTh €ANHULIBI.

Since the delta function is defined to be infinitesimally narrow and have a fixed area, the ampli-
tude is implied to be infinite. Don't let this bother you; it is completely unimportant. Since the
amplitude is part of the shape of the impulse, you will never encounter a problem where the am-
plitude makes any difference, infinite or not. The delta function is a mathematical construct, not
a real world signal. Signals in the real world that act as delta functions will always have a finite
duration and amplitude.

Tak kak genbTa QYHKUIUS ONpeaesieHa, YTOOb! ObITh OECKOHEYHO MaJIO Yy3KOW ¥ UMETh yCTAHOB-
JICHHYIO 00J1aCTh, MOPAa3yMEBACTCs, YTO aMIUTUTY1a JOJDKHA OBITh OeckoneyHol. He mo3BoibTe
3TOMy OecrokouTh Bac; 3To coBepIIeHHO He3HAUMUTENIbHO. Tak Kak aMIUIUTYJA - YacTh (hopmbl
UMITyJIbca, BBl HUKOT]a HE CTOJKHETECh C MPOOJIEMOii, T/Ie aMIUIUTY 1A pa3IndaeTcs, OecKoHed-
Hast Wiy HeT. Jlenpra QyHKIMS - MaTeMaTH4ecKasi KOHCTPYKIIMS, HE peallbHbIi MUPOBOW CUTHAI.
CurHasiel B pealbHOM MHpe, KOTOpBIE Oelicmgyiom Kak nenbTa (GpyHKnnu, Bcerga OyayT MMeTbh
KOHEYHYIO MPOJAOJDKUTEIBHOCTD U aMILTUTY Y

Just as in the discrete case, the continuous delta function is given the mathematical symbol: *( ).
Likewise, the output of a continuous system in response to a delta function is called the impulse
response, and is often denoted by: % (). Notice that parentheses, ( ), are used to denote continu-
ous signals, as compared to brackets, [ ], for discrete signals. This notation is used in this book
and elsewhere in DSP, but isn't universal. Impulses are displayed in graphs as vertical arrows
(see Fig. 13-1d), with the /length of the arrow indicating the area of the impulse.

Taxxe, Kak B JUCKPETHOM CiIy4ae, HETIPEPbIBHOM /ebTe QYyHKIUS JalOT MaTeMaTHUECKUNA CUM-
BOJI: *('). AHAJIOTUYHO, BBIXOJI HEMPEPHIBHON CHCTEMBI B OTBET Ha JIe/IbTa (DYHKIIMIO HA3bIBACTCS
HMIIYJIbCHOW mepenaTouyHoil gpyHkmueit, n gacro obo3nauvaercs: /#( ). OOpaTuTe BHUMAaHHE,
YTO KpYTJble CKOOKH, (), HCIIONB3YIOTCS, YTOOBI 0003HAYUTh HETIPEPHIBHBIC CUTHAJIBI, TI0 CPaB-
HEHHUIO C KBaJIpaTHBIMH CKOOKaMH, [ |, I TUCKPETHBIX CHUTHAJIOB. JTa cHUCTeMa 00O03HAaYeHUU
UCIIOJIB3yeTCsl B 3TOM KHUre u B apyrom mecre B L{IOC, Ho He yHuBepcaibHa. MIMIyJbChl OTO-
OpaxeHbl B amarpamMmax(rpadukax) Kak BepTHUKaJIbHbIE cTpenku (cM. puc. 13-1d), ¢ onunoii
CTPEJIKH, YKa3bIBAIOUICH 001acmb UMITYJIbCA.

To better understand real world impulses, look into the night sky at a planet and a star, for in-
stance, Mars and Sirius. Both appear about the same brightness and size to the unaided eye. The
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reason for this similarity is not obvious, since the viewing geometry is drastically different. Mars
is about 6000 kilometers in diameter and 60 million kilometers from earth. In comparison, Sirius
is about 300 times larger and over one-million times farther away. These dimensions should
make Mars appear more than three-thousand times larger than Sirius. How is it possible that they
look alike?

YroOBI JTyyllle HOHAThH pealbHble MUPOBBIE UMITYJIbChI, IOCMOTPUTE HA HOYHOM HEOE nianemyl 1
36€30b1, 1U1s1 00paszna, Mapc u Cupuyc. O0a NOSIBISIOTCS OTHOCHTEIBHO C OJIMHAKOBOM SPKO-
CTBIO M Pa3MEPOM ISl HEBOOPY>KEHHOTO Tasa. [IpuynHa 11 3Toro mogo0usi He OYEBUAHA, TaK
KaK TEOMETPHs ITPOCMOTpa PEIIUTENBHO paznudHa. Mapc - npuommusutensHo 6000 KuIoMeTpoB
B quamerpe U B 60 MHJUIMOHAX KMWJIOMETPOB OT 3emud. J{is cpaBHeHus, Cupuyc — npuoInsm-
tenasHO B 300 pa3 Gosbllie ¥ B MIJIJTMOH pa3 JaJIbIlIe OT 3eMJIM. DTH U3MEPEHUS JOJIKHBI 3acTa-
BUTh Mapc MOSIBUTBCS yepe3 BpeMsi B TpH ThicsuM pa3 Oombine yem Cupuyc. Kak Bo3MOXHO,
YTOOBI OHM BBITJISIICNIA aHAJIOTUYHO(OIMHAKOBO)?

9 Linear
: System
b Linear
' System
Linear

C ‘ “ : System ‘ /\‘\

‘ ] o(t) )

Linear
d. System

FIGURE 13-1

The continuous delta function. If the input to a linear system is brief compared to the resulting output, the shape of
the output depends only on the characteristics of the system, and not the shape of the input. Such short input signals
are called impulses. Figures a, b and c illustrate example input signals that are impulses for this particular system.
The term delta function is used to describe a normalized impulse, i.e., one that occurs 0 at # = 0 and has an area of
one. The mathematical symbols for the delta function are shown in (d), a vertical arrow and o(¢) .

PUCYHOK 13-1. HenpepriBHas nembTa QyHKIHSA.

Ecin BBOA K JIMHEIHOW cHUCTeMe KPaTOK MO CPaBHEHHUIO ¢ 3aKaHYMBAIOIIMMCS BBIXOJIOM, (hopMa BEIXOJA 3aBUCHUT
TOJIEKO OT XapaKTePUCTUK CHUCTEMBI, a He OT (GopMbl BBO#a. Takue KOPOTKHE BXOJHBIC CUTHAJIBI HA3bIBAIOTCS UM-
nyavcamu. PUCYHKH a, b U ¢, WIIIIOCTPUPYIOT IIPUMEP CUTHAA BBOJA, KOTOPBIE SBJIAIOTCSA MMITyJIbCaMU JUIS 3TOMH
criennpuyeckoi cucteMsl. TepMUH Oervma ¢hyHKyus NCIIONB3yeTCs, YTOObI ONHMCATh HOPMAJIM30BaHHBINA UMITYIIBC,
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TO €CTb, TOT, KOTOPBIH MPOUCXOAUT B ¢ = 0 U mMeeT 00JacTh equHUIBI. MaremMaTiieckue CUMBOJIBI JUIS JeIbTa
¢yHkMK nokassiBatoTes B (d), BepTHKaJIbHAS CTpeska 1 o(%).

These objects look the same because they are small enough to be impulses to the human visual
system. The perceived shape is the impulse response of the eye, not the actual image of the star
or planet. This becomes obvious when the two objects are viewed through a small telescope;
Mars appears as a dim disk, while Sirius still appears as a bright impulse. This is also the reason
that stars twinkle while planets do not. The image of a star is small enough that it can be briefly
blocked by particles or turbulence in the atmosphere, whereas the larger image of the planet is
much less affected.

OTH 00BEKTHI BUJATCS OJUHAKOBO, IIOTOMY 4YTO OHU JOCTATOYHO MaJlbl, YTOOBI OBITh UMNYIbCA-
MU K 4YEJIOBEYECKOM BU3yallbHOW cucTeme. Bocrpunaras gopma - UMITyJIbCHAs NepeaaTovHas
(GyHKLHMsA r1a3a, He paKTUYECKoe U300pakeHne 3BE3/1bl WK IJIaHEThl. DTO CTAHOBUTCS OYEBUJI-
HBIM, KOTJa JiBa OOBEKTa PAacCMOTPEHBI Yepe3 MaJIeHbKUH Tesieckorn; Mapc mosBisieTcs Kak
TYCKJIBIM JUCK, B TO BpeMsl Kak CHUpHyC NOSIBISIETCS KaK APKUN UMITYJIbC. DTO - TaKKe MPUUHMHA,
YTO 3BE€3/lbl MEPLAIOT, B TO BpeMs Kak IUIaHeThl HeT. M300paskeHue 3Be3/1 JOCTATOUYHO MaJleHb-
KO€, Y4TO 3TO MOXKET OBITh KPaTKO OJIOKMPOBAHO(3aTCHEHO) YaCTUIIAMH MU TYpPOYJIIEHTHOCTBIO B
aTMocdepe, MpUHUMAs BO BHHMAaHHE 4TO M300pa’keHHE IUIaHEThl HaMHOro OoJibllle, Ha Hee
MEHBIIIE BO3/ICHCTBUS.

Convolution
KonsBouronus

Just as with discrete signals, the convolution of continuous signals can be viewed from the input
signal, or the output signal. The input side viewpoint is the best conceptual description of how
convolution operates. In comparison, the output side viewpoint describes the mathematics that
must be used. These descriptions are virtually identical to those presented in Chapter 6 for dis-
crete signals.

Takxe, Kak C JUCKPETHBIMH CUTHajJaMH, KOHBOJIOLHUSA ((CKpyunMBaHUE(CBEPTKA) HEMPEPHIBHBIX
CUTHAJIOB MOXKET OBITh MPOCMOTPEHA OT 6X00H020 CUSHANA, WIN cucHala evixooda. BxonHas mo-
004Hasl TOUKa 3pEHMs - Jydlllee KOHLENTYyaJlbHOE ONHCAHUE TOrO, KAK KOHBOJIIOLUS PabOTaerT.
Jlnis cpaBHEHHMsI, TOUKA 3pEHUs CTOPOHBI BBIXO/1a OMUCBIBAET MAaTEMATUKY, KOTOpasl JAOJIKHA UC-
MIOJIB30BATHCSA. JTO OnucaHue (PaKTUIECKH WIACHTUYHO OIMCAHMIO TUCKPETHBIX CUTHAJIOB, TPEI-
CTaBJIEHHOE B I1aBe 6.

Figure 13-2 shows how convolution is viewed from the input side. An input signal, x(¢), is passed
through a system characterized by an impulse response, 4(f), to produce an output signal, y(7).
This can be written in the familiar mathematical equation, y(¢) = x(¢) *h(¢). The input signal is
divided into narrow columns, each short enough to act as an impulse to the system. In other
words, the input signal is decomposed into an infinite number of scaled and shifted delta func-
tions. Each of these impulses produces a scaled and shifted version of the impulse response in
the output signal. The final output signal is then equal to the combined effect, i.e., the sum of all
of the individual responses.

Pucynok 13-2 moka3blBaeT, Kak KOHBOJIOLHUS BBITJISAUT CO CTOPOHBI BXoja. BxonHo# curHan,
x(%), MPOMyCKaIOT Yepe3 JIMHCHHYIO CUCTEMY, XapaKTepHU3YIOITYIOCs UMITYJIbCHOHN MepeaaToOuHOM
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byHKImen, A(f), TpOU3BOIAIICH CHTHAT BBIX0O/A, }(f). DTO MOXKET OBITH 3aMMMCaHO 3HAKOMBIM Ma-
TEMaTUYECKUM ypaBHeHHEM, V(f) = x(f) *h(f). BxomHOoW curHam pasneieH Ha y3KHe CTOJIOIHI,
KaX/IbIil TOCTaTOYHO KOPOTKHUM, 4TOOBI BO3ICHCTBOBATH HAa CHCTEMY KakK UMIyJbC. pyrumu
CJIOBaMH, BXOJHOW CUTHAJ pacuJieHEH Ha OECKOHEYHOE YUCIIO MACIITAOUPYEMbIX U CABHUHYTHIX
nenbra QyHKuid. Kaxapii U3 3THX HMITYJIhCOB MPOU3BOAUT MACIITAOMPYyEeMYIO U CABUHYTYIO
BEPCHUIO UMITYJILCHOM MepeIaTouHoi (QyHKIMU B CUTHAJE BbIXoJa. CUrHaAJI OKOHYATEIBLHOTO pe-
3yJbTaTa TOT/Ia PaBEH COBMECTHOMY IEHCTBHIO, TO €CTh, CYMMa BCEX MHIUBUAYaJIbHBIX OTBE-
TOB(OTKJIMKOB Ha UMITYJIbC?).

Linear :
(1) I yit)
h System

time (t) time(t)
FIGURE 13-2. Convolution viewed from the input side.
The input signal, x(#), is divided into narrow segments, each acting as an impulse to the system. The output signal,
y(t), is the sum of the resulting scaled and shifted impulse responses. This illustration shows how three points in the
input signal contribute to the output signal.

PUCYHOK 13-2. KonBoutonus, TpOCMOTPEHHAs! CO CTOPOHBI BXOJA.

BxonHolt curnain, x(f), pa3esieH Ha y3KHe CerMEHTBI, KaX/blil JEHCTBYIONINIM Ha cUCTeMy Kak uMmynbc. CurHai
BBIX0/1a, y(t), SABJISIETCS CYMMOM 3aKaHUMBAIOUIMXCSl MACIITAOMPOBAHHBIX U CIIBUHYTHIX UMITYJILCHBIX ITEPEIaTOYHBIX
(GyHKIMHA. DTa MILTIOCTPALUSI TOKA3bIBAET, KaK TPH TOUYKH BO BXOJHOM CHUTHAJIE CIIOCOOCTBYIOT CUTHAJTY BBIXOJA.

For this scheme to work, the width of the columns must be much shorter than the response of the
system. Of course, mathematicians take this to the extreme by making the input segments infini-
tesimally narrow, turning the situation into a calculus problem. In this manner, the input view-
point describes how a single point (or narrow region) in the input signal affects a larger portion
of output signal.

Jlnst aTOM cxembl paboTaTh, MIUPUHA CTOJIOIOB JOHKHA OBITh HAMHOTO KOPOYE, YEM OTBET CHC-
tembl. KOHEUHO, MaTeMaTuku OepyT 3TO 10 KpaWHOCTH, Jeliasi BXOJHBIC CETMEHTBI HECKOHEeUHO
Mano y3KUMH, TIOBOpaduBas(IipeBpaiias) CATyalyio B MPoOJIeMy HCYUCIICHUS. DTHM CIIOCOO0OM,
BXOJIHAsl TOUKa 3PEHHSI OMICHIBACT, KaK OT/ACIbHAS TOUKA (WK y3Kas 00J1acTh) BO BXOJTHOM CHT-
HaJie BO3/ICHCTBYET Ha OOJIBIIYIO YaCcTh CHTHAJIA BHIXO/A.

In comparison, the output viewpoint examines how a single point in the output signal is deter-
mined by the various values from the input signal. Just as with discrete signals, each instantane-
ous value in the output signal is affected by a section of the input signal, weighted by the impulse
response flipped left-for-right. In the discrete case, the signals are multiplied and summed. In the
continuous case, the signals are multiplied and integrated. In equation form:

JInst cpaBHEHMsI, TOUKA 3PEHUS BBIXOAA UCCIEAYET, KaK €IMHCTBEHHAas(OT/eIbHAsl) TOYKA B CUT-
Hajle BBIXOJa OIpe/eieHa pa3Iu4YHbIMU 3HAUEHUSAMU OT BXOJHOIO CUTHaja. Takke, Kak ¢ Juc-
KPCTHBIMH CUTHAJIaMU, HA KaKAOC MITHOBCHHOC 3HAYCHUC B CUTHAJIC BbIXOJd BO3HCﬁCTByeT pas-
JIe7T BXOJHOTO CHUTHaja, B3BELICHHOTO 3€pPKaJbHO OTPAKCHHOW HMMITYJIBLCHOM MepeaaTOYHON
GdbyHKIMER cieBa - HampaBo. B IHCKpETHOM cilydae, CHUTHAIIBI YMHOXEHBI U CyMMuposansl. B
HEMpPEpPHIBHOM CJIy4ae, CUTHAJIbI MYJbTUIUIMLHUPOBAHBI(YMHOKEHbI) U uHmezpuposansl. B dop-
M€ ypaBHEHUS:

13-1 YPABHEHUE. HaTerpan koHBOMIOIHA((CKPYyUNBaHUS(CBEPTKH). r _ _
OTo ypaBHEHHE ompenernsieT 3HadeHue: y(¢ ) = x(t )*h(t). yu ) f x(t) h (r=1) dr

o
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This equation is called the convolution integral, and is the twin of the convolution sum (Eq. 6-1)
used with discrete signals. Figure 13-3 shows how this equation can be understood. The goal is
to find an expression for calculating the value of the output signal at an arbitrary time, ¢. The first
step is to change the independent variable used to move through the input signal and the impulse
response. That is, we replace ¢ with 1 (a lower case Greek tau). This makes x(¢) and A(¢) become
x(7) and (), respectively. This change of variable names is needed because ¢ is already being
used to represent the point in the output signal being calculated. The next step is to flip the im-
pulse response left-for-right, turning it into /(-7). Shifting the flipped impulse response to the lo-
cation ¢, results in the expression becoming /(¢ - 7). The input signal is then weighted by the
flipped and shifted impulse response by multiplying the two, i.e. x(z) A(¢-7), . The value of the
output signal is then found by integrating this weighted input signal from negative to positive
infinity, as described by Eq. 13-1.

OT0 ypaBHEHHE HA3bIBAECTCS MHTETPAIOM KOHBOMIOIMH((CKPYUUBAaHUSA(CBEPTKH), U - OJIIM3HELIOM
CYMMBI CKpy4MBaHUs(CBEPTKH) (ypaBHEHHE 6-1) MCHONB3yeMOH C AMCKPETHBIMHU CHUTHAJaMH.
Pucynok 13-3 moka3biBaeT, Kak 3T0 ypaBHEHHE MOKET ObITh MOHATO. Llenb cocTout B TOM, 4TO-
Obl HATH BBIpa)KEHUE JJIS BBIUUCIICHHS 3HAUEHMs CUTHajla BBIXOJAa B MPOM3BOJBHOE BpeMs, f.
[lepBrIii mar, U3SMEHEHHE HE3aBUCUMOM MEPEMEHHOM HCMOIb3yeMON, YTOOBI IBUraThCs Yepe3
BXOJHOI CUTHAJl M UMITYJIbCHYIO MepeaTounyo GyHkuuto. To ecTh Mbl 3aMeHsieM ¢ Ha T (CTpoU-
Has rpedeckas Oyksa tay). Oto aenaet x(¢) u h(t) cratb x(7) u h(r), COOTBETCTBEHHO. JTa 3aMEHa
UMEH MepeMEHHON He00X0AMMO, IOTOMY UTO f YK€ UCIOJIb3YEeTCsl, YTOOBI IPEJCTaBUTh TOUKY B
paccuuThIBAEMOM CHUTHaje BbIxoja. Creayromuil mar JOHKEH 3€pKajbHO OTPa3uTh MMITYJIbC-
HYIO NepelaTo4yHylo (DYyHKIMIO clieBa - HalpaBo, IpeBpamas 31o B A(-t). [Ipu cMemmenun 3ep-
KaJIbHO OTPa)K€HHOM HMMIYJIbCHOW INEpeAaToOdyHON (YHKUIMU K pPacCIOJIOKEHHUIO !, IPUBOIUT K
CTAHOBJICHUIO BBIpAXKEHMS /(f - 7). BXOAHON cuUrHan TOraa B3BELIEH 3€pPKaJIbHO OTPAKEHHBIM U
CABUHYTBHIM MUMITyJIbCOM OTBETA, YMHO)XEHHEM ITHX JABYX, TO €CTh, X(7) /(#-7). 3HaUeHUE BBIXO1a
CUTHaJIa TOT/Ia Hall/IeHO, MHTErpupys 3TOT B3BEILIEHHBIN BXOAHOM CUTHAT OT OTPULIATENILHON 10
MOJIO’KUTENBHON OECKOHEYHOCTH, KaK OMMCAHO ypaBHEHHEM 13-1.

If you have trouble understanding how this works, go back and review the same concepts for
discrete signals in Chapter 6. Figure 13-3 is just another way of describing the convolution ma-
chine in Fig. 6-8. The only difference is that integrals are being used instead of summations.
Treat this as an extension of what you already know, not something new.

Ecnu Bel nMeeTe HEMPUITHOCTh, B IOHUMaHUH TOTO KaK 3TO pab0oTaeT, BO3BPATUTECH, U JIENaiiTe
0030p TeX K€ CaMbIX KOHLIETIHNH ISl TUCKPETHBIX CUTHAJIOB B riaBe 6. PucyHok 13-3 - Tonmbko
JIpyroi MyTh OMUCAHM MEXaHW3Ma CKpy4YHBaHUs HA puc. 6-8. EAMHCTBEHHAs pa3HOCTh - TO, YTO
BMECTO CYMMHPOBAHHS HCIONB3YIOTCS HWHTerpanbl. OOpaboraiiTe 3TO Kak,  pacuimpe-
HUe(MPOI0JKEHUE ) TOTo uTO BhI yke 3HaeTe, He HeUTO HOBOE.

Linecar V(1)

X(T)
System

time (1) time(t)
FIGURE 13-3. Convolution viewed from the output side.
Each value in the output signal is influenced by many points from the input signal. In this figure, the output signal at
time ¢ is being calculated. The input signal, x(t), is weighted (multiplied) by the flipped and shifted impulse re-
sponse, given by /(z-1). Integrating the weighted input signal produces the value of the output point, y(t)
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PUCYHOK 13-3. CkpyuuBaHue, IpOCMOTPEHHOE OT CTOPOHBI BBIXOA.

Kaxxnoe 3HaueHue B CUTHANE BBIXOJA - MO BIUSHUEM MHOTHX TOYEK OT BXOIHOTO CHrHaia. B aToM pucyHke, cur-
HaJl BBIXOZa BO BpeMsi ¢ BeIUMCIsieTcsl. BXxomHOM curHai, X(T), sBIseTCsl B3BEIICHHBIM YMHOXKEHHOW 3epKaJIbHO OT-
PaKCHHOW M CIBHUHYTOW MMITYJIbCHOHM IepenaTo4yHol (yHKumel, naHHol. A(#-t). IHTerpupoBaHue B3BEILIEHHOTO
BXOJIHOTO CHI'HaJIa IIPOU3BOJIUT 3HAYECHUE TOUYKH BBIX0/a, V(f)

a(t) h(t)

[
bt

=

1
1
1
1
- o e e
1
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Amplinde

Aapelinade
L
-

Time Time

FIGURE 13-4. Example of a continuous linear system.
This electronic circuit is a low-pass filter composed of a single resistor and capacitor. The impulse response of this
system is a one-sided exponential.

PUCYHOK 13-4. [Ipumep HENpepbIBHOM THUHEWHOW CHCTEMBI.
OTa 2JIeKTpOHHAs cXxeMa - QUIBTP HWKHHUX YacTOT, COCTABJICHHBIA M3 SMHCTBEHHOTO PE3HCTOPa M KOHJCHCATOpA.
VmmynbcHas nepenatovHas GyHKIUS STOH CUCTEMBI - OAHOCTOPOHHSS MOKa3aTenbHast (QYHKIHL.

An example will illustrate how continuous convolution is used in real world problems and the
mathematics required. Figure 13-4 shows a simple continuous linear system: an electronic low-
pass filter composed of a single resistor and a single capacitor. As shown in the figure, an im-
pulse entering this system produces an output that quickly jumps to some value, and then expo-
nentially decays toward zero. In other words, the impulse response of this simple electronic cir-
cuit is a one-sided exponential. Mathematically, the impulse response of this system is broken
into two sections, each represented by an equation:

[Ipumep MLTIOCTPUPYET, KAaK UCIIOJIB3YETCsl HENMPEPHIBHOE CKPYYMBAHME B PEajbHBIX MHUPOBBIX
npobnemax u Tpedyemon matematuke. Ha pucynke 13-4 mokazaHa mpocTasi HeTpephIBHAS JIH-
HelfHas cucTema: 3JIeKTPOHHBIH (QUIBTP HUXKHUX YacTOT, COCTaBJIEHHBIA U3 €AMHCTBEHHOI'O pe-
3UCTOpa U €AMHCTBEHHOTO KOHAEHcaropa. Kak mokazaHo B pUCyHKE, UMITYJIbC, BXOJAIIUN B ATy
CHCTEMY MPOU3BOIUT BBIXO, KOTOPBIH OBICTPO MEPEXOIUT K HEKOTOPOMY 3HAUYEHUIO, U 3aTeM I10
HKCIIOHEHTE pacmafaeTcss K Hyro. Jpyrumu cioBamu, MMITYJIbCHAs TepeaaToyHast (yHKIHS
3TOU MPOCTOM MEKTPOHHON CXEMBI - 0OHOCMOPOHHSAA noKazamenvHas ynkyus. Marematude-
CKH, UMITYJIbCHAs TiepefaTodHas (GyHKIHs ATOH CHCTeMBI pa30HWTa B JBa pasjena, KaXIblid u3
KOTOPBIX IPEJCTABJIEH YPABHEHUEM:

h(t) = 0 fort=10

’{?{\” = oe o fort= 0

where (o = 1/RC is in ohms, C is in farads, and 7 is in seconds). Just as in the discrete case, the
continuous impulse response contains complete information about the system, that is, how it will
react to all possible signals. To pursue this example further, Fig. 13-5 shows a square pulse en-
tering the system, mathematically expressed by:

I'me (o = 1/RC naxogutcs B omax, C Haxomutes B (papanax, u ¢ — B cekyHaax). Taxxke, Kak B
JMCKPETHOM Ciy4ae, HENpepbIBHAs MMIIYJbCHas INepelaTodyHas (YHKLUS COAEPKUT MOJIHYIO
MH(OPMALIMIO OTHOCUTEIBHO CUCTEMBI, TO €CTh, KaK 3TO pearupyer Ha BCE BO3MOKHBIE CHUTHa-
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nel. [Ipumep, cnepyrommii nanee, puc. 13-5, mokasbiBaeT KBaJApaTHBIA UMITYJIbC, BXOASIIUNA B
CHUCTEMY, MAaTEMATHUYE€CKU BHIPAKEHHBIM:

x(t) = 1 for 0 <1< 1

x(t) = 0 otherwise

X(t) h(t)

b

—
—

R

-

[ [SSNE—

Amplinde
.II.

Amplide
I
I
I
Amplhibwie

\

-1 0 [ 2 2 x| 0 |
Time Time
FIGURE 13-5. Example of continuous convolution.
This figure illustrates a square pulse entering an RC low-pass filter (Fig. 13-4). The square pulse is convolved with
the system's impulse response to produce the output.

"
=
g = e
(]
"

PUCYHOK 13-5. [IpuMep HEnpepbIBHOTO CKPYIUBAHHSL.
OTOT PUCYHOK WILTIOCTPUPYET KBAAPATHBIA UMITYIIBC, BXoAsamuii B RC ¢unbtp HIkHEX yactoT (puc. 13-4). Kean-
PaTHBIA UMITYJIbC CBEPHYT(CKPYUCH) C HMITYJIbCHOM NepeaaTouHOi GyHKIUEH CHCTEMBI, YTOOBI POU3BECTH BBIXO.

Since both the input signal and the impulse response are completely known as mathematical ex-
pressions, the output signal, y(7), can be calculated by evaluating the convolution integral of Eq.
13-1. This is complicated by the fact that both signals are defined by regions rather than a single
mathematical expression. This is very common in continuous signal processing. It is usually
essential to draw a picture of how the two signals shift over each other for various values of 7. In
this example, Fig. 13-6a shows that the two signals do not overlap at all for # < 0. This means
that the product of the two signals is zero at all locations along the 7 axis, and the resulting output
signal is:

C Tex mop Kak ¥ BXOJHOIM CUTHAJ U UMITYJIbCHAs MepeaaToyHast pyHKIHS MOJHOCTbIO NU3BECTHBI
KaK MaTeMaTH4YeCKUe BhIPaXKECHUS, CUTHAJ BBIXO/IA, )'(f), MOXKET OBITh PACCUMTAH OLIEHKON HHTE-
rpajia CKpy4uBaHusi(CBepTKH) ypaBHeHus 13-1. 3To ycinoxxkHeHO (akToM, 4TO 00a CHUrHaja orf-
peneneHsl 00JacTSIMHU CKOpee YeM eIMHCTBEHHOE(OTAEeIbHOE) MAaTEMAaTUYECKOE BhIpaKEHUE. ITO
OYeHBb OOBIYHO B 00pa0OTKE HEMIPEPHIBHBIX CHTHAIOB. OOBIYHO CYIIECTBEHHO(HEOOX0IUMO) BhI-
BeCTH n300pakeHne(KapTHUHKY) TOTO0, KaK JIBa CUTHAJA CIBUTAIOTCS OTHOCUTENBHO IPYT JIpyra
JUIsl pa3iIMyuHbIX 3HaYeHUi 7. B aTom npumepe, puc. 13-6a nokaspiBaeT, 4To ABa CUrHaiIa s ¢ <
0 He HaKJIAABIBAIOTCS BOOOIIE. DTO O3HAYAET 3TO MPOU3BEACHHUE(IIPOIYKT) U3 IBYX CUTHAJIOB
HYJIEBOE BO BCEX PACIOJIOKEHUSX T10 T OCH, U 3aKaHUYMBAIOIIUNCS CUTHAJ BBIXOJIA!

_}_r{f} = ﬂ fort =10

a. No overlap b. Partial overlap c. Full overlap
(t==10) (0=t=1) t=1)
t

] 1 0o i I
-— T — i T —= T —
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FIGURE 13-6. Calculating a convolution by segments. Since many continuous signals are defined by regions, the
convolution calculation must be performed region-by-region. In this example, calculation of the output signal is
broken into three sections: (a) no overlap, (b) partial overlap, and (c) total overlap, of the input signal and the
shifted-flipped impulse response.

PUCYHOK 13-6. Boruucnenue ckpyunBaHusi(CBEpTKH) CETMEHTaMHU.

Tak Kak MHOTO HENPEPBIBHBIX CHUTHAJIOB ONPEICICHBI 001acmaMu, BEIYUCIEHHE CKPYUYNBAHUS JOJDKHO OBITH BBI-
mosrHeHo "o6nacTh 06macTeio". B 3TOM mpuMepe, BRIYICICHHE CUTHANIA BRIXO/Ia pa30UTO HA TpH paszena: (a) HUKa-
Koe mepekpoITre, (b) JacTHyHOe epeKphITHE, U (C) MOTHOE MePEeKPHITHE, U3 BXOJHOTO CHUTHANIA U CABHHYTOMH - 3ep-
KaJbHO OTPaXEHHOI MMITYJILCHOM NIepeaTouHoi (OyHKIUH.

A second case is illustrated in (b), where ¢ is between 0 and 1. Here the two signals partially
overlap, resulting in their product having nonzero values between 7 = 0 and 7 = ¢. Since this is the
only nonzero region, it is the only. section where the integral needs to be evaluated. This pro-
vides the output signal for 0 < ¢ < Igiven by:

Bropoii cnyuaii ummtoctpuposan B (b), rae ¢ - mexay O u 1. 31ech nBa cCUrHajga 4acTUYHO Ha-
KJIQJIBIBAIOTCSI, TIPUBOJIA K WX MPOAYKTY(TIPOU3BEACHUIO), UMEIOIIEMY 3HAYCHHUS OTIIMYHOE OT
Hyna Mexay 7= 0 u 7 = t. Tak Kak 3TO - eTUHCTBEHHAs! 00JIaCTh OTIUYHAS OT HYJISI, 3TO - IH1H-
CTBEHHBIN pa3jiell, TJie¢ HHTeTpal JOJDKEH ObITh OLICHEH. DTO 00ecreynBaeT CUTHAN BBIXOJa IS
0 <t<1 pano:

e

y(t) = fx{ﬂ h(t-1)dt  (start with Eq. 13-1)

=

‘
yit) = [I' oe ™ iplug in the signals})
0

[}

_p“‘ ) = ¢ - ot [ e ﬂ'-7] i{evaluate the integral)

0

¥ty = e “ e -1] ireduce)

y(it) = 1-e ™ for0 << |

Figure (c) shows the calculation for the third section of the output signal, where t > 1. Here the
overlap occurs between 7 = 0 and 7 = 0 7 = 1, making the calculation the same as for the second
segment, except a change to the limits of integration:

PucyHok () moka3pIBacT BBIYMCIEHHUE Ul TPETHErO pasjiea CUrHajla BeIXo1a, rae ¢ > 1. 3xech

nepexpbITie npoucxoaut Mexxay T =0 u =0 7 = 1, nenas BIYUCICHHUE TEM K€ CaMbIM YTO Ka-
CaeTCsl BTOPOr0 CETMEHTA, KpPOME U3MEHEHUS IIPE/IeTIOB HUHTETPUPOBAHUS:
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1
y(t) = fl-n:w. et gt (plug into Eq. 13-1)
0
|
yit) = e L | e ”J {evaluate the integral)
0
y(t) = [e®-1]e ™ for t> 1

The waveform in each of these three segments should agree with your knowledge of electronics:
(1) The output signal must be zero until the input signal becomes nonzero. That is, the first seg-
ment is given by (¢ ) = 0 for # < 0. (2) When the step occurs, the RC circuit exponentially in-
creases to match the input, according to the equation: y(¢) = 1-e-“. (3) When the input is returned
to zero, the output exponentially decays toward zero, given by the equation: y(f) = ke-* (where k
= ¢” - 1, the voltage on the capacitor just before the discharge was started).

dopma BOJHBI B KQXKIIOM U3 3THUX TPEX CETMEHTOB HE JIOJDKHA MPOTHBOPEUUTH BAIIUM 3HAHUSM
anekTpoHuky: (1) CurHan BbIXo/a TOJKEH OBITh paBeH HYJIIO, IOKAa BXOJHOW CUTHAll HE CTaHET
OTJIMYHBIM OT HyJis. To ecTb nepBbIil cermeHT naercs () = 0 npu ¢ < 0. Korna mar npoucxoaur,
RC cxema yBenuumuBaeTcsi M0 3KCIIOHEHTE, YTOObI COOTBETCTBOBAThH BBOJI, COIVIACHO YPaBHEHHUIO:
(1) = 1-e-*. (3) Koraa BBoj — Bo3BpalieH K 0, BBIXO/ MO KCIIOHEHTe pacnafaercs k 0, JaHHOMY
ypaBHenueM: y(f) = ke-* (rme k = e” - 1, Hanps’KeHHe HAa KOHJEHCATOPE TOJLKO MPEKIE, UeM
OBLIT HAYAT paspsin).

More intricate waveforms can be handled in the same way, although the mathematical complex-
ity can rapidly become unmanageable. When faced with a nasty continuous convolution prob-
lem, you need to spend significant time evaluating strategies for solving the problem. If you start
blindly evaluating integrals you are likely to end up with a mathematical mess. A common strat-
egy is to break one of the signals into simpler additive components that can be individually con-
volved. Using the principles of linearity, the resulting waveforms can be added to find the an-
swer to the original problem.

Bonee crnoxabie GOPMBI BOJIHBI MOTYT OBITH 00pa0OTaHBI TAKUM K€ 00pa30oM, XOTS MaTeMaTHIe-
CKasl CII0’KHOCTh MOKET OBICTPO CcTaTh Heympasisiemoii. Koraa BcTpeuaeTcst mpoTHUBHAs Mpooiie-
Ma HEIMPEPHIBHOTO CKpY4YUBaHUS, BBl TOIDKHBI TPATUTh CYIIECTBEHHOE BPEMsi, OLICHUBAS CMpa-
meeuu s perieHus npoodineMsl. Ecnu Bl HauHeTe Benenmyro OIeHUBAaTh UHTErpalibl, Bbl, Bepo-
SATHO, 3aKOHUYUTE MaTeMAaTHYeCKUM OecmopsiikoM. OOBIYHAS CTPATETHUS COCTOUT B TOM, YTOOBI
pa30ouTh OJIMH U3 CUTHAJOB Ha Oojee MpocThie J0OABOUYHBIE KOMIIOHEHTHI, KOTOPBIE MOTYT OBITh
CKpYYEHBI uHOUBUOyanvbHo. VICToNnb3ysi NMPUHIMIBI JTUHEHHOCTH, 3aKaHYMBAIOMIHECS (OPMBI
BOJIHBI MOT'YT OBITh CIIO’KEHBI, YTOOBI HAWTH OTBET Ha MEPBOHAYATIBHYIO MPOOIEMY.

Figure 13-7 shows another strategy: modify one of the signals in some linear way, perform the
convolution, and then undo the original modification. In this example the modification is the de-
rivative, and it is undone by taking the integral. The derivative of a unit amplitude square pulse
is two impulses, the first with an area of one, and the second with an area of negative one. To
understand this, think about the opposite process of taking the integral of the two impulses. As
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you integrate past the first impulse, the integral rapidly increases from zero to one, i.e., a step
function. After passing the negative impulse, the integral of the signal rapidly returns from one
back to zero, completing the square pulse.

Pucynok 13-7 moxa3bpIBaeT Opyryr0 CTPaTEruio: U3MEHMTE OJUH U3 CUTHAJIOB HEKOTOPBIM JIH-
HEIHBIM CIIOCOOOM, UCIOIHUTE CKpYUUBaHue, U 3aTeM OTMEHUTE MEepPBOHAYAIbHYI0 MOJU(HKa-
uuio. B aToM mpumepe MoauduKanMg - #pouzsoOHAs, U 3TO YHUUYTOXKEHO, Oeps unmezpai.
IIpon3BosnHas uMIysbca KBajpaTa MOJIYJIS aMIUIMTYJIbl - JBAa MMIIYJIbCA, NEPBBIM ¢ 00JIacThIO
€IMHUIIBI, ¥ BTOPOU € 00JaCThI0 MUHYC eIMHUIBI. YTOOBI MOHUMATh 3TO, TyMalTe OTHOCUTEIb-
HO IIPOTHBOIIOJIOKHOTO IIPOIIEcca O B3ATUU MHTErpalla U3 3TUX ABYX UMITyJIbCOB. [Tockonbky Bel
MHTErpupyeTe MHUMO(TIPOLUIBIH) mepBoro(if) UMIynbca, HHTErpajl OBICTPO YBEIMYHMBACTCS OT
HyJISl 10 €IMHMIIBI, TO €CTh, CTyneHuaTol GyHKiuu. [Tocie npoxoxkaeHus: OTpULATEIbHOTO UM-
MyJibCa, MHTErpall CUrHajia OBICTPO BO3BpAIIAETCS OT €AWHUIIBI HA3aJ], K HYJIO, 3aBeplias KBaj-
paTHBIA UMITYJIBC.

Taking the derivative simplifies this problem because convolution is easy when one of the sig-
nals is composed of impulses. Each of the two impulses in x'(f) contributes a scaled and shifted
version of the impulse response to the derivative of the output signal, y'(¢). That is, by inspection
it is known that: y'(¢) = A(¢) - h (¢) - 1). The output signal, can then be found by (), plugging in
the exact equation for and integrating the expression.

B3siTue npousBoiHOM ympoiaeT 3Ty npodiieMy, HOTOMY YTO CKpy4YMBAaHHE IMPOCTO, KOTAa OJIUH
W3 CUTHAJIOB COCTAaBJIEH M3 MUMMYJbCOB. Kaxnplii W3 3THX JBYX HUMIYJIbCOB B X'(f) XKEPTBYET
MacHITabupyeMyIo U CABUHYTYIO BEPCUIO UMITYJIbCHOM MepeaaTouHoN (pyHKINU K TPOU3BOAHON
CUTHaja BbIX0Ja, )'(f). To ecTh 0cCMOTpOM(IKCIIEPTH30#) H3BECTHO 4TO: V() = h(t) - h (¢) - 1).
CurHan BbIX0J1a, MOXKET TOr/1a ObITh HaleH )(f), MOIKIIOYAIOIIMMCS B TOYHOE YpaBHEHUE IS U
WHTETPUPOBAHUS BBIPAKCHHUSI.
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A strategy for convolving signals. Convolution problems can often be simplified by clever use of the rules govern-
ing linear systems. In this example, the convolution of two signals is simplified by taking the derivative of one of
them. After performing the convolution, the derivative is undone by taking the integral.

PUCYHOK 13-7. Ctparerus ajs CKpy4HUBaHHsI CUTHAJIOB.

[Ipobnembl cKpy4YHMBaHHSI MOTYT YacTO YIIPOIIATHCS YMHBIM HCIIOJIb30BAaHHEM IPABWII, YIPABISIOMINX JTHHEHHBIMU
cucreMamu. B aToM npumepe, ckpy4unBaHH€e ABYX CHTHAJIOB YIPOLIEHO, Oeps NpOM3BOIHYIO OgHOTO M3 HuX. [Tocie
BBITIOJTHEHHS CKPYUYHBaHUS, IPOU3BOIHAS YHUUTOXKEHA, Oepsi HHTerpail.

A slight nuisance in this procedure is that the DC value of the input signal is lost when the de-
rivative is taken. This can result in an error in the DC value of the calculated output signal. The
mathematics reflects this as the arbitrary constant that can be added during the integration. There
1s no systematic way of identifying this error, but it can usually be corrected by inspection of the
problem. For instance, there is no DC error in the example of Fig. 13-7. This is known because
the calculated output signal has the correct DC value when ¢ becomes very large. If an error is
present in a particular problem, an appropriate DC term is manually added to the output signal to
complete the calculation.

HeOonbiast momexa B 3ToM mporneaype - TO, 4TO 3HAUCHHUE IMOCTOSTHHOTO TOKAa BXOJITHOTO CUTHAIA
MOTEPSHO, KOT/1a IPOU3BOAHAS MMPUHATA. DTO MOXKET MPUBOAUTH K OMIMOKE B 3HAYEHUH MOCTO-
SSHHOTO TOKa PacdyeTHOI0 CUTHAaJa BBIXOJa. MaremaThka OTpakaeT 3TO KakK MpPOM3BOJIbHAS TIO-
CTOSIHHAsA, KOTOpasi MOKET ObITh J00aBjieHa B T€UeHUE MHTErpupoBaHus. He mmeercs HUKaKOro
CUCTEMATHYECKOTO MYTH WICHTU(DHUKAIIMHA dTOW OMIMOKH, HO 3TO MOXKET OOBIYHO MUCTIPABISATHCS
ocMOTpoM mpobnembl. Hampumep, He UMeeTcss HUKaKO# OMMOKKA MOCTOSTHHOTO TOKa B MIPUMEpe
puc. 13-7. 910 U3BECTHO, MOTOMY YTO PACUETHBIN CUTHAJ BBIXOJIa UMEET MPABUILHOE 3HAUCHHUE
MOCTOSTHHOTO TOKA, KOTJa / CTAHOBUTCSI OUeHb OonbInM. Eciu ommlka mpucyTCTByeT B CIELU-
¢uyeckoit mpobIeMe, COOTBETCTBYIONINI TEPMHUH(UICH) MOCTOSHHOTO TOKa BPYYHYIO H00aBIIsi-
€TCs K CUTHATY BBIXO/a, YTOOBI 3aKOHYHUTH BHIYHCIICHUE.

This method also works for signals that can be reduced to impulses by taking the derivative mul-
tiple times. In the jargon of the field, these signals are called piecewise polynomials. After the
convolution, the initial operation of multiple derivatives is undone by taking multiple integrals.
The only catch is that the lost DC value must be found at each stage by finding the correct con-
stant of integration.

OTtoT MeTon paboTaeT TakkKe JIJsl CUTHAJIOB, KOTOPbIE MOTYT OBITh COKpAIEHBbl K UMITYJIbCAM,
Oepst IPOM3BOIHBIE MHOJICECHEEHHble BpEMEHA. B jxaprone moiisi, 3TU CUTHAJIBI HA3bIBAIOTCS K)-
counvimu mrozounenamu. Ilocne ckpyunBaHUs(CBEPTKHU ), HaYalIbHAas ONepalisi MHOKECTBEHHBIX
IIPOU3BOJHBIX YHUUTOXKEHA, Oepsi KpaTHble MHTErpaibl. EAMHCTBEHHBIN appeTHp - TO, YTO MOTe-
PSIHHOE 3HAaY€HHUE IMOCTOSHHOIO TOKAa JOJDKHO OBITh HAiIeHO B KaKJIOW cTaauM, HaxXoAs Ipa-
BHJIBHYO ITOCTOSIHHYI0 UHTEIPUPOBAHUS.

Before starting a difficult continuous convolution problem, there is another approach that you
should consider. Ask yourself the question: Is a mathematical expression really needed for the
output signal, or is a graph of the waveform sufficient? If a graph is adequate, you may be better
off to handle the problem with discrete techniques. That is, approximate the continuous signals
by samples that can be directly convolved by a computer program. While not as mathematically
pure, it can be much easier.

[lepen craproM TPyAHOH MPOOJIEMBI HEMPEPHIBHOTO CKPYYHBAHUS(CBEPTKH), UMEETCS APYTon
MOJIX0/1, KOTOPBIH BBI JOKHBI paccMOTpeTh. 3amaiiTe cede BOIPOC: Mamemamuieckoe 8ulpa-
JHcenue  0eticmeumensHo HeoOXo0uMo OJisl CUCHANA 8blX00d, UlU - OOCMAMOYHO Ouazpam-
mol(epagpura) popmur 6onnwt? Ecnu quarpamma(rpaduk) ajgekBaTHa, Bel MoxkeTe O0JIbIIE BBHIUT-
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patb, oOpabaTbIBas mpodIeMy ouckpemHuimMu MeTogaMH. To eCTh anmpoKCUMUPYITE HENpephIB-
HBIE CUTHAJIbI BRIOOPKAMHU, KOTOPBIE MOTYT OBITh HEMOCPEICTBEHHO CBEPHYTHI(CKPYUYEHBI) KOM-
MBIOTEPHOU MporpaMmoid. B To BpeMst kak HE YHCTO MaTeMaTHYECKH, 3TO MOKET ObITh HAMHOTO
TMIpoI1IIE.

The Fourier Transform
IIpeoopa3zoBanue @ypne(Tpanchopmanta Dypne)

The Fourier Transform for continuous signals is divided into two categories, one for signals that
are periodic, and one for signals that are aperiodic. Periodic signals use a version of the Fourier
Transform called the Fourier Series, and are discussed in the next section. The Fourier Trans-
form used with aperiodic signals is simply called the Fourier Transform. This chapter describes
these Fourier techniques using only real mathematics, just as the last several chapters have done
for discrete signals. The more powerful use of complex mathematics will be reserved for Chapter
31.

[Ipeo6pazoBanne Dypbe(Tpanchopmanta Pypre) A7 HEMPEPHIBHBIX CUTHAIIOB Pa3leNieHO Ha
JIB€ KaTE€ropuH, OAMH JUIsl CUTHAJIOB, KOTOPBIE ABISAIOTCS nepuoouyeckumu, 1 OJWH i1 CUTHa-
JIOB, KOTOpBIE SIBISIIOTCS anepuoduyeckumu. llepruoanyeckue CUTHAIBI HCIONB3YIOT BEPCHIO
[IpeobpazoBanus @ypre HazpiBaeMoro Psgom @ypbe, u 00CYXKICHBI B CICAYIOMIEM pa3fele.
Tpanchopmanta Dypbe, HUcmonb3yeMas C anepUOAMYECKUMH CHUTHAJIaMU HA3bIBAETCS MPOCTO
IIpeodpa3oBannem Pypbe. OTa ri1aBa OMUCHIBAET 3TU MeTObl Dypbe, UCTIOIB3YS TOJIBKO Ge-
uecmseeHHyr0 MaTeMaTHKy, TaK ke, KaK MOCIEIHHE HECKOJbKO TJIaB JAeNanu il AUCKPETHBIX
curHajioB. boriee MoIlHOE HCIOJIB30BAaHUE KOMNIEKCHOU MaTEMaTHKH, 3ape3epBUPOBAHO IS
riaBsl 31.

Figure 13-8 shows an example of a continuous aperiodic signal and its frequency spectrum. The
time domain signal extends from negative infinity to positive infinity, while each of the fre-
quency domain signals extends from zero to positive infinity. This frequency spectrum is shown
in rectangular form (real and imaginary parts); however, the polar form (magnitude and phase) is
also used with continuous signals. Just as in the discrete case, the synthesis equation describes a
recipe for constructing the time domain signal using the data in the frequency domain. In
mathematical form:

Pucynok 13-8 moka3piBaeT mpuMep HEMPEPHIBHOTO ANEPHOJIMYECKOTO CHUTHAJIA U €r0 CHEKTpa
gactoT. CUrHal JOMEHA BPEMEHHU MPOCTHPACTCS OT OTPHUIATEIbHON OECKOHEUHOCTH 0 TO0JIO-
KUTEIbHON OECKOHEYHOCTH, B TO BpeMs KakK Ka)JIblil U3 CUTHAJIOB YaCTOTHOTO JIOMEHA MPOCTH-
pacTeCia OT HYJIA OO0 MHOJIOKUTENbHOMI GGCKOHC‘-IHOCTI/I. 9T10T CIICKTP YaCTOT IMOKAa3bIBACTCA B IIp-
MOYTOJIBHOU (hopMe (BEIIeCTBEHHBIC 1 MHUMBIC YaCcTH); OJHAKO, TIOJIApHas (opma (BeTuYruHA U
(haza) TakxKe UCMONB3YIOTCSA C HEMPEPHIBHBIMU CUTHANIaMU. Tak ke, Kak B JUCKPETHOM cllydae,
YPaBHeHHE CHHTe3a OMMCHIBAET PELENT ISl IOCTPOCHHUS CUTHAJIA IOMEHAa BPEMEHHU, UCTIOJb3Ys
JaHHBIE B YaCTOTHOM JIOMeHe. B Mmaremarudeckoii hopme:

EQUATION 13-2. The Fourier transform synthesis equation.
In this equation x(f), is the time domain signal being synthesized, and ReX(®) and /m X(w) are the real and imagi-
nary parts of the frequency spectrum, respectively.

YPABHEHME 13-2. YpaBHuenue cuntesza npeodbpasoBanus Oypre(tpanchopmantsl Oypee).

B sToM ypaBHeHun x(f), SIBISETCS CUTHAI JJOMEHA BPEMEHH, CHHTE3UPYIOINi U ReX(w) n Im X(®) BelecTBEHHbBIE U
MHHMBIE YaCTH CIIEKTPa 4aCTOT, COOTBETCTBEHHO.
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x(t) = lfﬁﬁﬁ'[m}cﬂs{mr} - ImX(w)sin(wt) dw
TC
[i]

In words, the time domain signal is formed by adding (with the use of an integral) an infinite
number of scaled sine and cosine waves. The real part of the frequency domain consists of the
scaling factors for the cosine waves, while the imaginary part consists of the scaling factors for
the sine waves. Just as with discrete signals, the synthesis equation is usually written with nega-
tive sine waves. Although the negative sign has no significance in this discussion, it is necessary
to make the notation compatible with the complex mathematics described in Chapter 29. The key
point to remember is that some authors put this negative sign in the equation, while others do
not. Also notice that frequency is represented by the symbol, ®, a lower case Greek omega. As
you recall, this notation is called the natural frequency, and has the units of radians per second.
That is ® = 2nf, where f'is the, frequency in cycles per second (hertz). The natural frequency no-
tation is favored by mathematicians and others doing signal processing by solving equations, be-
cause there are usually fewer symbols to write.

B cnoBax, curnan qomeHa BpeMeHU cOpMHUpPOBaH, MpuodaBiiss (C UCIOJIB30BaHUEM HHTErpaia)
0ECKOHEUHOEe YUCIIO MAacIITaOMpPyEeMbIX BOJIH CHHYCa U KOCHHYca. BelecTBeHHas 4acTh 4acToT-
HOTO JTOMEHA COCTOUT U3 K03 duireHToB((pakTopoB) MacTabMpoBaHus I BOJH KOCHHYCA, B
TO BpeMs KaK MHHMasl 4acThb COCTOUT U3 K03 uiueHToB((hakTOpoB) MacIITaOUpOBaHUS s
BOJIH cuHYyca. Tak e, Kak ¢ JUCKPETHBIMHA CHTHAJIAMH, YPAaBHEHHE CHHTE3a OOBIYHO 3aIMChIBA-
€TCs C OTPULIATENIbHBIMU BOJIHAMH CHHYCA. XOTs OTpULATEIbHBIN 3HAK HE UMEeT HUKAKOIro 3Ha-
YEeHHs B 3TOM OOCYXKICHHH, HEOOXOAUMO JIeNaTh CUCTEMY O0O3HAYeHHWH COBMECTUMOHN C KOM-
IUIEKCHOM MaTeMaTuKOM, onucaHHON B riaBe 29. KioyeBoit MyHKT, 4TOOBI MOMHHUTH - TO, YTO
HEKOTOPBIE aBTOPHI MOMEIIAIOT 3TOT OTPULIATEIbHBIN CUTHAJI B YpaBHEHHE, B TO BPEMs Kak JIpy-
rue 3Toro He jaenaroT. Takke oOpaTuTe BHUMaHME, YTO YacTOTA MPEACTaBIE€HA CHUMBOJIOM, (,
cTpouHasi rpeueckas OykBa omera. Kak Bbl momHHTE, 3Ta cucteMa 00O3HAUYCHHI HA3bIBACTCS
COOCTBEHHOM 4acTOTOM, M UMEET MOJLyJIM paJuaHbl B CeKyHIy. To ecTh @ = 2mf T1e, f 4acToTa B
repuax (repi). Cuctema 0003HaUYECHUH COOCTBEHHOW YacTOTHI 0JJ0OpEHA MaTeMaTUKAMH U JPY-
T'MMH, Jienasg o0pabOTKy CHUTHAJIOB, pellas ypaBHEHMs, IOTOMY YTO MMeeTCsl OOBIYHO MEHbIIee
KOJIMYECTBO CHMBOJIOB, YTOOBI 3aIIUCATh.
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FIGURE 13-8. Example of the Fourier Transform. The time domain signal x(t), extends from negative to positive

infinity. The frequency domain is composed of a real part, ReX(®), and an imaginary part, Im X(®), each extending

from zero to positive infinity. The frequency axis in this illustration is labeled in cycles per second (hertz). To con-

vert to natural frequency, multiply the numbers on the frequency axis by 2.

PUCYHOK 13-8. [Ipumep [Ipeodpazosanus Oypre.

Curnain nmoMeHa BpeMeHH Xx(f), IPOCTUPAETCSI OT OTPUIATEIBHOM 10 MOJIOKUTEIbHONH OCCKOHEYHOCTH. YacTOTHBIM
JIOMEH COCTaBJIEH M3 BEIllECTBEHHOW YacTh, ReX(®),, » MHUMOI1 YacTH, Im X(®), KaK10€ pacpoCTpaHseTCs OT HYJIS
K TMOJIOXKUTEIbHONW OeckoHeuHOoCcTH. YacToTHas och B 3TOW MJUTIOCTpPALlMM NOMedyeHa B reprax. YToObl mpeoOpaszo-
BBIBAaTh K COOCTBEHHOI 4acTOTe, yMHOXbTE YiciIa(HOMepa) Ha YaCTOTHOM OCH Ha 27.

The analysis equations for continuous signals follow the same strategy as the discrete case: cor-
relation with sine and cosine waves. The equations are:

YpaBHeHMsI aHAJIU3A I HENPEPHIBHBIX CUTHAJIOB CIEAYIOT 3a TOM YK€ CaMOW CTpaTerueu Kak
JUCKPETHBIN Cllydail: KOppesilus ¢ BOJTHAMU CUHYCa U BOJIHAMU KOCHHYCA. Y PABHEHUS:

EQUATION 13-3
The Fourier transform analysis equations ReX(®) & I/m X(®). In this

+

equation, are the real and imaginary parts of the frequency spec- R(:’/Y{m} = f x(f) cos{w() dl
trum, respectively, and x(f) is the time domain signal being ana-

lyzed. o

YPABHEHUE 13-3 =

VYpasuenust ananuza [IpeodpazoBanus Dypbe. ImX (w) = - j x(1) sin(wi) dt
B sTom ypaBHeHuu, u - BemecTBeHHas ReX(w) nu manMas Im X(o)

YacTH CIIEKTPa YacTOT, COOTBETCTBEHHO, M X(f) - aHAIM3UPyEeMBIH =

CHUI'HaJI IOMC€HA BPEMCHMU.
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As an example of using the analysis equations, we will find the frequency response of the RC
low-pass filter. This is done by taking the Fourier transform of its impulse response, previously
shown in Fig. 13-4, and described by:

Kax npumep ucnonp3oBaHusl ypaBHEHUI aHaaM3a, Mbl HallJIEM YaCTOTHYIO XapakTepuctuky RC

(GbuIBTpa HIWKHUX YacTOT. DTO cAelaHo, Oeps mpeoOpazoBanne Dypbe U3 €ro UMITYIHLCHOM T1e-
penaToyHoi (QYHKLIUH, IPEIBAPUTEIBHO MOKa3aHo B puc. 13-4, u onmcaHo:

h(t) = 0 fort =0
h(t) = oe ™' fortz=0

The frequency response is found by plugging the impulse response into the analysis equations.
First, the real part:

YacroTHast XapaKTepUCTHKA HaijieHa, TOAKIIOYas MMITYJIbCHYIO TepelaTOYHy0 (YHKIHIO B
ypaBHEHUs aHanu3a. Bo nmepBbIX, BEIIECTBEHHAS YaCTh:

Re H{w) - ’\h[r] cos(wit) dt (start with Eq. 13-3)
Re H(w) = [ ce "' cos(wi) dt (plug in the signal}
0
e ol . T
Re H(w) = —— | -ccos{wt) + wsin(wi)] (evaluate)
o+ W 3
mi
Re H(w) = -
¢+ W

Using this same approach, the imaginary part of the frequency response is calculated to be:

Hcnonb3ys TOT e camblid TOJIX0J, MHIMAsl 4aCTh YaCTOTHON XapaKTEPUCTUKH PACCUUTAHA, YTO-
OBI OBITH:

Im H(w) = _wa

o+ W

Just as with discrete signals, the rectangular representation of the frequency domain is great for
mathematical manipulation, but difficult for human understanding. The situation can be reme-
died by converting into polar notation with the standard relations: MagH(®w) = [ReH(®)2 - Im
H(®)*]” and Phase H(®) = arctan [Re H(®) / Im H(o)]. Working through the algebra provides

the frequency response of the RC low-pass filter as magnitude and phase (i.e., polar form):

Tak KC, KaK ¢ OJUCKPCTHBIMH CUTHAJIaMH, MPAMOYTOJBbHOC MPCACTABJICHUC YaCTOTHOIO JOMCHA
OouplIIe I MaT€MaTH4CCKOIo Hp606p8.30BaHI/I$I, HO TPYAHO JIA YC€JIOBCYECKOI'0 IMOHUMAHMUA.
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Cutyanust MOXeT ObITh HCIIpaBlieHa, NpeoOpa30BbIBasi B MOJIAPHYIO CUCTEMY OOO3HAUYEHUH CO
CTaHAapTHBIME OTHOWeHMsIMI: MagH(0) = [ReH(®)2 - Im H(w)*]”* u Phase H(®) = arctan [Re
H(w) / Im H(®)]. PaboTa uepe3 anredpy obecreunBaeT 4acTOTHYIO Xapakrepuctuky RC ¢puibt-
pa HIKHUX YacTOT KakK BEJIMUMHY U ¢azy (To ecTb, mosisipHas Gopma):

Mag H{w) = «

[l.'JS: 3 mll 1/2

C

Figure 13-9 shows graphs of these curves for a cutoff frequency of 1000 hertz (i.e. o = 21000, ).

Phase H{w) = arctan

Pucynok 13-9 moxkasbiBaeT nuarpamMmbl(TpaduKu)3TUX KPUBBIX 171 4yacToThl cpe3a 1000 repu
(to ectb, o0 =2m1000).
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FIGURE 13-9. Frequency response of an RC low-pass filter.
These curves were derived by calculating the Fourier transform of the impulse response, and then converting to po-
lar form.

PUCYHOK 13-9. YactoTHas xapaktepuctrka RC puinbpTpa HUKHUX 9acTOT.
OTH KpHUBbIe OBUIM MOJYYeHBI, BBIUUCIIL peoOpasoBanue Dypwe(Tpanchopmanty Dypbe) UMIYIbCHON nepexna-
TOYHOU (PYHKLMH, U 3aTeM IIpeoOpa30oBhIBast K MOJSIPHOH (hopme.

The Fourier Series
Psan ®ypbe

This brings us to the last member of the Fourier transform family: the Fourier series. The time
domain signal used in the Fourier series is periodic and continuous. Figure 13-10 shows several
examples of continuous waveforms that repeat themselves from negative to positive infinity.
Chapter 11 showed that periodic signals have a frequency spectrum consisting of harmonics.
For instance, if the time domain repeats at 1000 hertz (a period of 1 millisecond), the frequency
spectrum will contain a first harmonic at 1000 hertz, a second harmonic at 2000 hertz, a third
harmonic at 3000 hertz, and so forth. The first harmonic, i.e., the frequency that the time domain
repeats itself, is also called the fundamental frequency. This means that the frequency spectrum
can be viewed in two ways: (1) the frequency spectrum is continuous, but zero at all frequencies
except the harmonics, or (2) the frequency spectrum is discrete, and only defined at the harmonic
frequencies. In other words, the frequencies between the harmonics can be thought of as having a
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value of zero, or simply not existing. The important point is that they do not contribute to form-
ing the time domain signal.

DTO MPUHOCUT HAM K TOCieaHeMy(ITPOIIIOMY) JIEMEHTY ceMeicTBa mpeodpasoBanusi dypre:
Ps0 @ypve. Curnan ngoMeHa BpeMeHH, UCTIONb3yeMblil B Psane Dypbe nepuoduueckuii n nenpe-
puisen. Pucynok 13-10 moka3siBaeT HECKOIBKO MMPUMEPOB HEMPEPHIBHBIX ()OPM BOJIHBI, KOTOPHIC
MOBTOPSIIOT €05l OT OTPUIIATENILHON O TOJOKUTENbHON OeckoHeuHocTH. ['maBa 11 mokasaina,
YTO MEPUOANUECKHUE CUTHAIIBI UMEIOT CIIEKTP YacTOT, COCTOALINM 13 rapmMonuk. Hampumep, ecnu
noBTopeHust fomeHa Bpemenu B 1000 repu (mepuos | MUIITMCEKYHA), CIIEKTP 4acTOT OYyAET co-
JepxaTh OCHOBHYIO rapMoHuKy B 1000 repu, Bropyto rapmoHuky B 2000 repii, TpeTbl0 rapMo-
HuKy B 3000 repu, u T.1. OcHOBHasi TapMOHHKA, TO €CTh, YACTOTA, IOBTOPEHUS IOMEHA BPEMEHU
caMoro ce0s1, Tak)Ke Ha3bIBaeTCs (PyHAaMEHTAJIbHOM YaCTOTOH. JTO 03HAYAET, YTO CIEKTP Yac-
TOT MOJKET OBITh MPOCMOTPEH ABYMs criocobamu: (1) CHEeKTp 4acToT HenpepwvigéeH, HO HYJb BO
BCEX YaCTOTaxX KpOME TapMOHHMK, WU (2), CIEKTpP YacTOT OuckpemeH, U onpeoeieH TOJIBKO B
rapMOHMYECKMX YacToTax. JpyruMu cioBaMu, O YacTOTaX MEXKJIYy FapMOHHUKAMHU MOXHO Jy-
MaTh KaK HaJM4he 3HAUYEHHUS HYJISI, UM MPOCTO HE CYIIECTBYIOMMX. BaKHBIA MyHKT - TO, YTO
OHH He CIIOCOOCTBYIOT (POPMUPOBAHMIO CUTHAIA JOMEHA BPEMEHH.

The Fourier series synthesis equation creates a continuous periodic signal with a fundamental
frequency, £, by adding scaled cosine and sine waves with frequencies: f, 2f, 3f, 4f, etc. The am-
plitudes of the cosine waves are held in the variables: al, a2, a3, a4, etc., while the amplitudes of
the sine waves are held in: b1, b2, b3, b4, and so on. In other words, the "a” and "b" coefficients
are the real and imaginary parts of the frequency spectrum, respectively. In addition, the coeffi-
cient is used to hold the DC value of a 0 the time domain waveform. This can be viewed as the
amplitude of a cosine wave with zero frequency (a constant value). Sometimes a0 is grouped
with the other "a" coefficients, but it is often handled separately because it requires special calcu-
lations. There is b0 no coefficient since a sine wave of zero frequency has a constant value of
zero, and would be quite useless. The synthesis equation is written:

YpaBHenue cunre3a Psga Oypbe co3maer HeMpephIBHBIN NEPUOINYECKUNA CUTHAT ¢ PyH/IaMEH-
TAJIbHOW YacCTOTOM, f, MpuOaBIss MacIITaOMpyeMble BOJHBI KOCHHYCA M CHHYCa C YacTOTaMu: f,
2f, 3f, 4f, u T.1. AMIITUTYIbI BOJIH KOCHHYyCa MPOBEJAEHBI(IOACpKaHbl) B IEPEMEHHBIX: al, a2,
a3, a4u T.11., B TO BpeMs KaK aMIUTUTY Il BOJHBI CHHYCA MPOBEICHBI(MOAepKanbl) B: b1, b2, b3,
b4 u Tak nanee. [lpyrumu cnoBamu, "a" u "b", k03 PHUITMEHTHI - BENIECTBEHHBIE U MHUMBIC Yac-
TH CIIEKTPa 4aCTOT, COOTBETCTBEHHO. KpoMe Toro, KO3 PUIIMEHT HCIIONIB3YyeTCs, YTOOBI MPOBEC-
TH(ZepKaTh) 3HAYCHHUE MOCTOSIHHOTO ToKa u3 @0 (HopmMoil BOJHBEI TOMEHA BPEMEHHU. DTO MOXKET
OBITH MPOCMOTPEHO KaK aMIUTHTYAa BOJIHBI KOCHHYCA C YaCTOTOM HYJIS (MIOCTOSSHHOE 3HAYCHHE).
Nuorna a0 crpynmupoBaH ¢ Apyrumu koddduimentamu "a", HO 3TO 9acTo oOpabaTbiBaeTCs OT-
JIENBHO, TIOTOMY YTO 3TO TpeOyeT crelnuanbHbIX BhIYUCIeHUH. He nmeercs Hukakoro xo3ddu-
nueHTa b0, Tak Kak BOJIHA CHHYCA M3 HYJIEBOM 4acTOTHl MMEET MOCTOSHHOE 3Hau€HUe HyId, U
Obu1a ObI BecbMa Oecroie3HON. Y paBHEHNE CUHTE3a HAIMCAHO:

x(t) = a, + Z a,cos(2nfin) - Z b, sm(2mftn)
=1 n=1
EQUATION 13-4. The Fourier series synthesis equation.
Any periodic signal, x(¢), can be reconstructed from sine and cosine waves with frequencies that are multiples of the
fundamental, /. The @, and b, coefficients hold the amplitudes of the cosine and sine waves, respectively.

YPABHEHMUE 13-4. YpaBuenue cunresa Psana Oypee.

JIro06oit nmepuoanueckuii curuai, x(f), MOKET ObITh BOCCTAHOBJICHHBIM OT BOJIH CHHYCa M KOCHHYCa C YacTOTaMH,
KOTOpBIE SIBJISIIOTCSI MHOXKUTEIISIMA OCHOBHOTO TpaBwia, f. Koaddunuents: a, n b, npoBoasaT(aepxar) aMILIHTYIbI
BOJIH KOCUHYCa U CUHYCa, COOTBETCTBEHHO.
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The corresponding analysis equations for the Fourier series are usually written in terms of the
period of the waveform, denoted by 7, rather than the fundamental frequency, /' (where f= 1/T).
Since the time domain signal is periodic, the sine and cosine wave correlation only needs to be
evaluated over a single period, i.e., -7/2 to 7/2, 0 to —T and to 0, etc. Selecting different limits
makes the mathematics different, but the final answer is always the same. The Fourier series
analysis equations are:

CootBeTcTBYIOLINE YPaBHeHHsl aHAaau3a 1 Psaga Oypbe 0OBIYHO 3aMKCHIBAIOTCS B TEPMHUHAX
nepuoia GopMbl BOJIHBI, 0003Ha4YeHbI 1, cKopee, ueM (yHIaMeHTallbHas JyacToTa, f (rae /= 1/7).
Tak kak curHana JoMeHa BPEMEHHU - MEePUOJAMYECKUM, KOppENslHs BOJH CHHYCa, M KOCHHYycCa
JOJKHA OBITh OlIEHEHA TOJBKO B TEYCHHE OTACIBLHOTO Nepruoaa, To ecth, K -7/2 k 7/2, 0k -Tu 0
K -7 u 1.1. OTOOp pa3IWYHBIX TMPEACTOB JeaeT MaTEMATUKY Pa3IMYHON, HO KOHEYHBIA OTBET -
BCET/Ia TOT K€ caMblil. YpaBHeHHs aHanu3a Psana Oypee:

]

T2 ra
1 2 2nin
a@ = = !ﬁx(f}cfr ; e ?I.,x”} cns( — ]dr

&
I

EQUATION 13-5

Fourier series analysis equations. In these equations, x(1) is T2

the time domain signal being decomposed, a is the DC b ‘_2 ¥(7) sin 2nin dt
component. g_ & o hold the amplitudes of the cosine and H T f - T

sine waves, respectively, and T is the period of the signal, —Ti

i.e.. the reciprocal of the fundamental frequency.

EQUATION 13-5. Fourier series analysis equations.

In these equations x(¢), is the time domain signal being decomposed, a, is the DC 0 component, a, & b, hold the
amplitudes of the cosine and sine waves, respectively, and 7 is the period of the signal, i.e., the reciprocal of the
fundamental frequency.

YPABHEHMUE 13-5. YpaBuenus ananuza Psamga @ypee.

B 3TuX ypaBHEHUSIX X(f), IBIISETCS PACUWICHEHHBIM CUTHAJIOM JOMEHA BPEMEHH, @) — KOMIOHEHT IIOCTOSHHOT'O TOKa,
a ¥ b, XxpaHeHNne aMIIIUTYIbI BOJIH KOCHHYCA U CHHYCa, COOTBETCTBEHHO, U I - IIEPHUO]] CUTHANA, TO €CTh, OOpaTHas
BeJIMYMHA (DyHIaMEHTaIbHON YaCTOTHL.
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Time Domain Frequency Domain
a. Pulse A a, = Ad
¥ 24
A a = —— sin(nmnd)
1 . HT
d=KT 1+ I R
o o e . N !
=10 0 © 2 3F 4f 5f of (d = 0.27 in this example)
b. Square A a, = 0
@, = L ";in[ J?'JT)
! HHH e
X b =10
) I I I '
(=0 0 f 2f 3F af 5F 6f (all even harmonics are zero)
¢. Triangle A a, = 0
44
|:’.I'” - -
(Hmy
n = n
] ’ y i y y y
0o £ 2 3f 4F 5F 6f (all even harmonics are zero)
d. Sawtooth A a, = 0
[
a =10
b = i
G L} L} L} ! ! : l- J!I—E
L] f 2f 3f 4f 5f of
¢. Rectified A ay = 2Aim
T -44
A ”J.' = —1
| mdn--1)
b =0
I o S ' "
(=0 0 f 2f 3f 4f 5f o6f
f. Cosine wave A
a, = 4
(all other coefficients are zero)
1= i f 2 3F 4f 3F 6f

FIGURE 13-10. Examples of the Fourier series.
Six common time domain waveforms are shown, along with the equations to calculate their "a" and "b" coefficients.

PUCYHOK 13-10. IIpumepst Psna @ypee.
[lects 0OBIYHBIX GOPM BOJIHBI IOMEHA BPEMEHH [TOKa3bIBAIOTCS, HAPSILY C YPAaBHEHHUSIMHU, YTOOBI BBIYUCIUTD UX
k03¢ ¢unnents"a" u "b".
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FIGURE 13-11. Example of calculating a Fourier series.
This is a pulse train with a duty cycle of d = k/T. The Fourier series coefficients are calculated by correlating the
waveform with cosine and sine waves over any full period. In this example, the period from -77/2 to 7/2 is used.

PUCYHOK 13-11. TIIpumep orancienus Psana @ypre.

3T0 — IMIYIIbCHAS TIOCIEOBATENFHOCTE C MIUKIOM(TIeproIoM) pexnma padoTsl d = k/T. Koapduuuentsr Psana Oy-
pbe paccCUuTaHbl, KOppeIupys GopMy BOJIHBI C BOJHAMU KOCHHYCA M BOJIHAMH CHHYCA B T€YEHHE JI0OO0T0 MOIHOTO
nepuoza. B aTom npumepe, ucnonbdyercs nepuo ot -1/2 no 7/2.

Figure 13-11 shows an example of calculating a Fourier series using these equations. The time
domain signal being analyzed is a pulse train, a square wave with unequal high and low dura-
tions. Over a single period from -7/2 to 7/2 the waveform is given by:

Pucynok 13-11 nokassiBaet npumep BbrunciaeHus Psaga dypobe, ncnonb3ys 3Tu ypaBHeHus. AHa-
JU3UPYEMBI CUTHAJ JOMEHA BPEMEHU — UMNYIbCHAS NOCIe008amelbHOCHb, KBaIpaTHas BOJIHA
C HEepPaBHOW BBICOKOH M HHU3KOW MPOJODKHTEIBLHOCTAMU. B TeueHHne OTIeIBHOTO mepuoaa, Ghop-
Ma BOJIHBI naercs u3 -1/2 x 17/2:

x(t) - A for -k/2 < t < ki2

x(ty = 0 otherwise

The duty cycle of the waveform (the fraction of time that the pulse is "high") is thus given by d =
k/T. The Fourier series coefficients can be found by evaluating Eq. 13-5. First, we will find the
DC component, ay:

Luxn(nepuoo) pexcuma Ghopmbl BOITHBI (IPOOB(10J1s1) BpEMEHH, KOTOPOE UMITYJIbC "BBICOK') Ta-

kuM obpazom naercs d = k/T. Koaddunuentsl Psina dypbe MOryT OBITh HAWAECHBI OLIEHKOU
ypaBHeHus 13-5. Bo nepBbIX, Mbl HaliJleM KOMIIOHEHT ITIOCTOSIHHOTO TOKA:

2
1
ay, = = f»""“:'f” (start with Eq. 13-3)
T

-T2
| ki
ay = — fﬁ[ dt (plug in the signal)
T
- k2
a. = ﬁ (evaluate the integral)
ﬂ =
T
a. = A (substitute: o = &/T)
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This result should make intuitive sense; the DC component is simply the average value of the
signal. A similar analysis provides the coefficients "a":

9ToT PE3YIbTAT JOJKCH J€1aTh PIHTynTPIBHI:Iﬁ CMBICJI; KOMIIOHCHT IMOCTOSAHHOI'O TOKA - IIPOCTO

n_mn,

cpennee curnana. [logoOHbIi aHanu3 obecnieunBaet KodpuuueHTs "a'":

n e

Ti2
2, 2

a = I_ j.‘r[r} ms( m”]dr (start with Eq. 13-4)
-T2

L
2 2min
(= — [‘1 cOs dt (plug in the signal)
I I

(evaluate the integral)

24 l o (2nm)
a = sin
" T L2nn T

24 .
a, = —sin(tnd)
nn
The "b" coefficients are calculated in this same way; however, they all turn out to be zero. In
other words, this waveform can be constructed using only cosine waves, with no sine waves be-
ing needed.

(reduce)

Koaddumumentsr "b" paccunTanbl 31€Ch TEM K€ CaMbIM IIyTEM; OJTHAKO, OHM BCE, OKa3bIBACTCA,
Hylesble. JIpyruMu cioBaMH, 3Ta GopMa BOJIHBI MOXKET ObITh CO3/IaHa, UCIIONIB3YSI TOJIBKO BOJTHBI
KOCHHYCa, 0€3 He0OX0IMMBIX BOJIH CHUHYCA.

The "a" and "b" coefficients will change if the time domain waveform is shifted left or right. For
instance, the "b" coefficients in this example will be zero only if one of the pulses is centered on ¢
= 0. Think about it this way. If the waveform is even (i.e., symmetrical around ¢ = 0) it will be
composed solely of even sinusoids, that is, cosine waves. This makes all of the "b" coefficients
equal to zero. If the waveform if odd (i.e., symmetrical but opposite in sign around ¢ = 0) it will
be composed of odd sinusoids, i.e., sine, waves. This results in the "a" coefficients being zero. If
the coefficients are converted to polar notation (say, M, and 6, coefficients), a shift in the time
domain leaves the magnitude unchanged, but adds a linear component to the phase.

Koapduuuents "a" u "b"uzmenstes, eciu ¢popma BOIHBI JOMEHA BPEMEHH CIBUHYTA BJIEBO WJIH
BrpaBo. Hampumep, koaddunments "b" B 3ToM ipumepe OyAyT HyJIEBbIC, €CIIU MOAbKO OJWH U3
UMITYyJIbCOB IIeHTpUpoBaH Ha ¢ = 0. JlyMaioT OTHOCHTENBHO 3TOTO cieayiomuM mytem. Ecnu
dbopma BOJHBI uemHuas (TO €CTh, CHMMETPUYCCKUN BOKPYT ¢ = () 3TO Oy/IeT COCTABJICHO MCKIIIO-
YUTENBHO U3 YemHblX CUHYCOU/I, TO €CTh BOJIH KOCHHYCa. JTO 3aCTaBUT Bce KodhduineHTsr "b"
ObITh paBHBIMU HYJI0. Eciii popma BOJIHBI, €CJIM HEUETHBIN (TO €CTh, CAMMETPUYECKHI HO Ha-
IOPOTHUB B 3HAKE BOKPYT / = 0) 3T0 OyIeT COCTaBJIEHO U3 HEUETHBIX CUHYCOHI, TO €CTh, BOJIH CH-
Hyca. DTO MpUBOIUT K Kodduimentam"a", sBistomuMces HyJeBbIMUA. Ecnu ko3¢ duimeHTs
peoOpa3oBaHbl B MOJSIPHYIO CUCTEMY 0003HaYeHH (CKaxeM, ko3 durments M, u 6,), CIBHUT B
JIOMEHE BPEMEHH OCTAaBIISET BEIUYMHY, HEU3MEHSIEMYI0, HO MPUOABIIAET JIMHEHHBI KOMIOHEHT
K (aze.
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To complete this example, imagine a pulse train existing in an electronic circuit, with a fre-
quency of 1 kHz, an amplitude of one volt, and a duty cycle of 0.2. The table in Fig. 13-12 pro-
vides the amplitude of each harmonic contained in this waveform. Figure 13-12 also shows the
synthesis of the waveform using only the first fourteen of these harmonics. Even with this num-
ber of harmonics, the reconstruction is not very good. In mathematical jargon, the Fourier series
converges very slowly. This is just another way of saying that sharp edges in the time domain
waveform results in very high frequencies in the spectrum. Lastly, be sure and notice the over-
shoot at the sharp edges, i.¢e., the Gibbs effect discussed in Chapter 11.

UTo0bl 3aKOHUUTH 3TOT MPUMEpP, BOOOPA3UTE HUMITYJIbCHYIO MOCJIEI0BATEIbHOCTD, CYIIECTBYIO-
LU B 2JIEKTPOHHOM cxeMme, ¢ yacToTol 1 kI'1, aMIuINTy10M OAMH BOJIBT, U LIUKJIOM(IIEPUOIOM)
0.2. Tabmuma B puc. 13-12 obecrieunBaeT aMIUIUTYAy Ka)XJAOW TapPMOHHMKH, COJEpXKAIICHCS B
31O (popme BoHBL. Pucynok 13-12 Takke mokas3pIBaeT CHHTE3 ()OPMBbI BOJHBI, UCTIONB3YIOLICH
TOJILKO nepavle uemvlpHaoyams U3 3TUX TapMOHUK. Jlake ¢ 3TUM YHCIOM TapMOHHK, PEKOHCT-
pYKLUs HE O4eHb Xopouia. B MaTemaTnueckoM xaproue, Psang ®@ypee cxoodumcs oueHb meoen-
HO. DTO - TOJNBKO JAPYrol MyTh BBICKAa3bIBaHMS, YTO KpPyThle (DPOHTHI B (pOpME BOJHBI JOMEHA
BPEMEHHU MPUBOAAT OYEHb K BBICOKMM 4acToTaM B crekTpe. Hakonen, ybeaurecs, 1 oOpaTure
BHUMaHHUE Ha TIEpPEperyIMPOBaHNE B KPYThIX ()POHTAX, TO €CTh, dhdexT ['nb6ca, 00Cy ICHHBIN
B riase 11.

An important application of the Fourier series is electronic frequency multiplication. Suppose
you want to construct a very stable sine wave oscillator at 150 MHz. This might be needed, for
example, in a radio transmitter operating at this frequency. High stability calls for the circuit to
be crystal controlled. That is, the frequency of the oscillator is determined by a resonating quartz
crystal that is a part of the circuit. The problem is, quartz crystals only work to about 10 MHz.
The solution is to build a crystal controlled oscillator operating somewhere between 1 and 10
MHz, and then multiply the frequency to whatever you need. This is accomplished by distorting
the sine wave, such as by clipping the peaks with a diode, or running the waveform through a
squaring circuit. The harmonics in the distorted waveform are then isolated with band-pass fil-
ters. This allows the frequency to be doubled, tripled, or multiplied by even higher integers num-
bers. The most common technique is to use sequential stages of doublers and triplers to generate
the required frequency multiplication, rather than just a single stage. The Fourier series is impor-
tant to this type of design because it describes the amplitude of the multiplied signal, depending
on the type of distortion and harmonic selected.

Baxnoe npunoxenne Psnga @ypre - 3I€KTPOHHOE YACTOTHOE YMHOkeHue. [[pennonoxum, 4ro
Bbl XoTHTE CO31aTh OYEHb YCTOWYMBBIN reHepaTop BoyiHBI cuHyca B 150 mMI'i. Oto mMormo Obl
OBITb HEOOXOAMMO, HAIPUMEP, B paJvoINepeaTINKe, padoTaroIeM B 3TOM YacToTe. Bricokas
CTaOMIIBHOCTh CXEMBbI 3alpalliBaeT, YTOObl OBITH ympaBisgeMoil KpuctauioM. To ecTh yacTtora
reHepaTopa oIpezesieHa PE30HUPYIOIIMM KBaplLEBbIM KPUCTAIIOM(KBApLEBbIM PE30HATOPOM),
KOTOPBIH SBJsieTCS YacThio cxeMbl. [Ipo0ieMa, KBapIieBble KPUCTALIBI PabOTAIOT TOJIBKO B Yac-
toTe mpubausutenbHo 10 mI . Pemenue coctout B ToM, 4T0061 POPMUPOBATH KPUCTAIIT YIIPAB-
JsieMbIi  TeHepatop, pabortaromuii Tae-HHOyap Mexay 1 u 10 mIm, u 3arem ymHo-
KUTH(MYJIbTUILTUIIMPOBATH) YaCTOTY K TOMY, B ueM Bbl HykJ1aeTech. DTO BBIIIOJHEHO, HCKa)Kas
BOJIHY CHHYyCa, THIA, OTCEKasl MUKW TUOJOM, UM BBIMOJIHAS (GOpPMY BOJIHBI 4epe3 cxemy ooOpa-
00TKH Ha KBajapaT. [[apMOHMKHM B UCKaXEHHON (pOopME BOJHBI TOT/Ia U30JUPOBAHBI C MOJIOCOBBI-
MU (punbTpamMu. ITO MO3BOJISET YACTOTE OBITH YABOSCHHOHM, YTPOEHHOW, WM MYJbTUILUIUIUPO-
BaHHOW(YMHO)XCHHOW) YETHBIMH 00Jiee BBICOKMMH YHCJIaMH(HOMEpaMH) 1eibix uucen. Hanbo-
jee oObIuHAsi METOAMKA JIOJDKHA HMCIIONIb30BATh MOCIIEAOBAaTeNbHbBIC CTa UM YABOUTENIEH U YCT-
pourteneil, yToObl reHepUPOBaTh TpeOyeMOe YaCTOTHOE YMHOKEHHUE, CKOpee YeM TOJIbKO €I1H-
cTBeHHas(oTAenbHas) cTaaus. Pang @ypre BaxeH Al TOrO TUIA MTPOEKTa, TOTOMY UTO 3TO OIHU-
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CBIBACT AMILTUTYy MYJIbTHUILTUIIMPOBAHHOTO(YMHOKEHHOT0) CHTHAIA, B 3aBUCHUMOCTH OT THIA
HCKaXEHUS 1 OTOOPAaHHON TapMOHUKH.

- frequency amplitude
B op (volts)

i _q r“ M DC 0.20000
- 1 kHz 0.37420
g 03 2 kHz 0.30273
= J J_ 3 kHz 0.20182
E L0t A » - . ~ 4 kHz 0.09355
-~ 5kHz 0.00000
6 kHz -0.06237
.3 7 kHz -0.08649
0 ! _ 2 _ E 4 8 kHz -0.07568
Time {milliseconds) 9 kHz 2004158

FIGURE 13-12

Example of Fourier series synthesis. The waveform being constructed is
a pulse train at 1 kHz, an amplitude of one volt, and a duty cycle of 0.2
(as illustrated in Fig. 13-11). This table shows the amplitude of the har-
monics, while the graph shows the reconstructed waveform using only
the first fourteen harmonics.

PUCYHOK 13-12. TIpumep cuntesa Psna @ypse.

Co3naBaemast (opMa BOJIHBI - MMILYJIbCHAsI ITOCJIENOBATEILHOCT B 1
k['1, aMmmnTysa onuH BONbT, U nukina(nepuona) 0.2 (Kak WILTIOCTPUPO-
BaHO B puc. 13-11). Dra Tabmmma moka3slBaeT aMIUIUTYLy TapPMOHUK, B
TO BpeMs Kak nuarpamMMa(rpaduk) MOKa3sBaeT BOCCTAHOBICHHYIO
(hopMy BOJIHBI, UCTIONB3YS TOJILKO MEPBBIC YETBIPHAALIATH TAPMOHHUK.
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