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CHAPTER

1 4 Introduction to Digital Filters

Digital filters are used for two general purposes: (1) separation of signals that have been com-
bined, and (2) restoration of signals that have been distorted in some way. Analog (electronic)
filters can be used for these same tasks; however, digital filters can achieve far superior results.
The most popular digital filters are described and compared in the next seven chapters. This in-
troductory chapter describes the parameters you want to look for when learning about each of
these filters.

Hudpossie GUIBTPHI UCIONB3YIOTCS s ABYX oOmmX 1eneit: (1) pazaeneHne CUTHAIOB, KOTO-
pbie ObLTH 00BEIMHEHBI, U (2) BOCCTAHOBIIEHWE CUTHAJIOB KOTOPBIE OB HUCKAKEHBI HEKOTOPBIM
croco0oM. AHaJOroBble (JEKTPOHHBIE) (HIBTPHI MOTYT HCIOJIB30BAaTHCS UL TEX K€ CaMbIX
3aja4; OJHAKO, IU(PPOBBIE (WIBTPHI MOTYT JOCTUTATh JAJIEKO MPEBOCXOMISIINX PE3YJIbTATOB.
Haubosnee nomynsipasie mudpoBbie GUIBTPHI OMUCAHBI U CPABHEHBI B CIEAYIOIINX CEMHU IJIaBaXx.
Ota BBOJIHAS TJIaBa OMUCHIBACT IMapaMeTpbl, KOTOpbIe BBl XOTHTE UCKATh MPU U3yYSHUH OTHOCH-
TETHHO KaXI0T0 U3 ATUX (QUIHTPOB.

Filter Basics
OcHoBbl PUIbTPa

Digital filters are a very important part of DSP. In fact, their extraordinary performance is one of
the key reasons that DSP has become so popular. As mentioned in the introduction, filters have
two uses: signal separation and signal restoration. Signal separation is needed when a signal has
been contaminated with interference, noise, or other signals. For example, imagine a device for
measuring the electrical activity of a baby's heart (EKG) while still in the womb. The raw signal
will likely be corrupted by the breathing and heartbeat of the mother. A filter might be used to
separate these signals so that they can be individually analyzed. Signal restoration is used when a
signal has been distorted in some way. For example, an audio recording made with poor equip-
ment may be filtered to better represent the sound as it actually occurred. Another example is the
deblurring of an image acquired with an improperly focused lens, or a shaky camera.

Hudpossie GmIbTpsI - odeHb BaxkHas yacth LJOC. dakTudecku, ux skcTpaopanHapHas dhdek-
TUBHOCTb - OJTHO KJIFOUEBBIX 3aKIIF0OUEHUI J0BOAOB pasyMa, 4to L{OC cTan HacTONbKO MOmyJsip-
HeIM. Kak yrmoMsHyTO BO BBeIEHWH, (DUIBTPHI UMEIOT JIBA MCIIOJIB30BAHMS: pa3zoeieHue CUTHATIA
u soccmaHosnenue curnana. Paznenenne Curnana HeoOXoIuMO, KOTJa CUTHAN ObUT 3arpsi3HEH
uHTepdEepeHITNCH, ITyMOM, WIH IPYTUMH CUTHaiamu. Hampumep, BooOpa3uTe yCTPOWCTBO ISt
U3MEpEHHs dIEKTpHUUecKoro Aeiictus cepamna miaaenna (OKI') B To Bpems kKak OH elile B MaTKe.
Heob6paboTtanusiii curnan OyAeT BEpOSTHO MCKAXKEH JIbIXaHHEM M OUEHUEM Ccepjlia MaTepH.
OuIbTp MOT OBl UCMOJB30BATHCS, YTOOBI OTACTUTH 3TU CUTHAIIBI TaK, YTOOBI OHU MOTIIU OBITH
WHIUBUyAIbHO TpPOAHAIN3UPOBAHbl. BOCCTaHOBICHHE CHUTHAIA UCIOJIb3YETCs, KOT/a CUTHAJ
OBLT HCKa)KEeH HEKOTOPhIM criocobom. Hampumep, 3BykoBasi peructpanus, celaHHas ¢ MIOXUM
000pyI0BaHUEM MOXET OBITh (DUIBTPOBAHA, YTOOBI JyUIle MPEICTABUTH 3BYK, OCKOJIBKY ITO
daktuyecku npousomnio. Jpyroit npuMep — ycTpaHeHHE pa3MBITOCTH H300pakeHus, mpuoodpe-
TEHHOTO ¢ HEHA/JISKAIUM 00pa3oM c(hOKyCUPOBAHHOW JTMH3O0M, WITH MIATKOW KaMEpOi.
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These problems can be attacked with either analog or digital filters. Which is better? Analog fil-
ters are cheap, fast, and have a large dynamic range in both amplitude and frequency. Digital fil-
ters, in comparison, are vastly superior in the level of performance that can be achieved. For ex-
ample, a low-pass digital filter presented in Chapter 16 has a gain of 1 +/- 0.0002 from DC to
1000 hertz, and a gain of less than 0.0002 for frequencies above 1001 hertz. The entire transition
occurs within only 1 hertz. Don't expect this from an op amp circuit! Digital filters can achieve
thousands of times better performance than analog filters. This makes a dramatic difference in
how filtering problems are approached. With analog filters, the emphasis is on handling limita-
tions of the electronics, such as the accuracy and stability of the resistors and capacitors. In com-
parison, digital filters are so good that the performance of the filter is frequently ignored. The
emphasis shifts to the limitations of the signals, and the theoretical issues regarding their proc-
essing.

OTH npobiaeMbl MOTYT OBbITh aTaKOBAaHBI MM C aHAJIOTOBBIMU WM C IU(PPOBBIMU (DUIBTPAMH.
Koropsiii siBisieTcst mydiie? AHaJIOTOBbIe (GUIBTPHI JEHIEBbI, OBICTPBI, © UMEIOT OOJIBIIION JTUHA-
MHUYECKUN JMana3oH M [0 aMIUIUTYJe U 1o yacTtoTe. LludpoBbie GUIBTPHI, A7 CpaBHEHUS, SIB-
JSIFOTCSA 3HAYMTEIBHO BBILIE MO YPOBHIO 3((EKTUBHOCTH, KOTOpas MOXKET ObITh JOCTUTHYTA.
st mpumMepa, nudpoBOil HU3KOYACTOTHBIN (HIIBTD, NMPEICTaBICHHBIN B Ii1aBe 16 uMeeT yBenu-
yenue(korpunuent ycuwnenus) 1 + /- 0.0002(equnuity) oT moctostHHOro Toka a0 1000 repi, u
yBenuuenue(ycunenue menbine ueM 0.0002 mist yactot 6onee yem 1001 repir. [lonnas nepenaua
IIPOUCXOIUT B Ipezenax Toibko 1 repua. He oxkupaiite 310 0T 0p amp(OnepanoHHbIX yCUIIHU-
teneit) cxem! LludpoBbie GMIBTPBI MOTYT TOCTUTaTh YPGEKTUBHOCTH B mblicAuU pa3 JTydIlIeH,
4YeM aHaJoroBble (QUIBTPHL. DTO [JENIaeT APaMaTUYECKylO0 pa3HOCTh B TOM, Kak INpOOJIEeMbI
¢unbTpanuu gocturarorcs. C aHaIOroBbIMU (PUIBTPAMH, aKIIEHT HaXOAUTCS Ipu 00paboTKe or-
PaHMUYEHUH PIIEKTPOHHUKH, TUIA TOYHOCTH M CTAOMIBHOCTH PE3UCTOPOB M KOHAEHCATOPOB. [
cpaBHEeHMs, IU(POBbIE (PUIBTPHI HACTOIBKO XOPOIIH, YTO 3((HEKTUBHOCTh (UIBTPA YACTO UT-
HOpHUpYyeTcs. AKIEHT CABUraeTcss K OTPAHUYEHUSAM cucHanos, U meopuu (meopemudeckux npo-
O.1emM) OTHOCUTEIBHO X 00pabOTKH.

It is common in DSP to say that a filter's input and output signals are in the time domain. This is
because signals are usually created by sampling at regular intervals of time. But this is not the
only way sampling can take place. The second most common way of sampling is at equal inter-
vals in space. For example, imagine taking simultaneous readings from an array of strain sensors
mounted at one centimeter increments along the length of an aircraft wing. Many other domains
are possible; however, time and space are by far the most common. When you see the term time
domain in DSP, remember that it may actually refer to samples taken over time, or it may be a
general reference to any domain that the samples are taken in.

9710 00619HO B [1OC, 4TOOBI TOBOPHTH, YTO CHUTHAJIBI BBOJA U BHIBOJIA (PMIIHTPA HAXOATCS B JI0-
MEHE BPEMEHHU. ITO - TO, TOTOMY YTO CHTHAIBI OOBIYHO CO3MAIOTCS, MPOU3BOMAS BHIOOP paBHO-
MepHO BpeMeHu. Ho 3To - He eAMHCTBEHHBIM MyTh MPOU3BOAUTH BHIOOP MOXKET UMETh MECTO.
BTOpOIl Hambosee OOBIYHBIA MyTh OCYIIECTBICHHS BHIOOPKH - B PaBHBIX HHTEpPBAJaX B IPO-
cTpancTBe. Hampumep, BooOpa3ure OpaTh OJHOBpPEMEHHBIE YTEHHUS OT MAacCHBa JAaTYMKOB Ha-
MPSDKCHUS, YCTAHOBIICHHBIX B OJHUX NPUPAIICHUSX CAaHTHMETpa MO JJIMHE KpbLla CaMmoJeTa.
MHoro apyrux ITOMEHOB BO3MOKHBI; OJHAKO, BpeMs U IMPOCTPAHCTBO(PACCTOSHHE) HAMHOIO
HaubOonee oObryHbl. Korga Bel Bugute Tepmun nomen Bpemenu B [{OC, moMHUTE, 94TO 3TO MO-
KeT (PaKTHIECKU OTHOCUTBHCS K BEIOOpPKaM, TPEOYIOIUM TEUCHUS BPEMEHH, HJIA 9TO MOXET OBITh
o0111as1 CChUIKA Ha JII0OOH TI0MEH, 4TO BHIOOPKU MPUHSTHI.

As shown in Fig. 14-1, every linear filter has an impulse response, a step response and a fre-
quency response. Each of these responses contains complete information about the filter, but in
(c) ABTOKC, Cankr-IlerepOypr, http:/www.autex.spb.ru, e-mail: info@autex.spb.ru
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a different form. If one of the three is specified, the other two are fixed and can be directly calcu-
lated. All three of these representations are important, because they describe how the filter will
react under different circumstances.

Kak nokaszano B puc. 14-1, xaxaplii TUHEWHBIA (QUIBTP UMEET UMIMYJILCHYIO MepeaaTOYHYI0
GyHKUMIO, peakUI0 HA CKAYOK(CTYNEHbKY) U YACTOTHYIO XapakTepuctuky. Kaxneri u3
3TUX OTBETOB COJAEPKUT IMOJHYIO MH(POPMALIMIO OTHOCUTENIBFHO (QMIIBTPA, HO B Pa3nu4YHON (op-
Mme. Eciin oiuH 13 3TUX TpeX oNpeneneH, Apyroi 1Ba yCcTaHOBIEHbI((PUKCHPOBAHBI, ONIPEIEIIEHBI,
MIOCTOSIHHBI) ¥ MOTYT OBITh HEMOCPEICTBEHHO pacCUMTaHbl. Bce Tpu M3 3TUX NpeicTaBiIeHUN
Ba)KHBI, IOTOMY YTO OHM ONUCBIBAIOT, KaK GUIBTP pearupyeT Ipu pa3IMuHbIX 00CTOSTEIbCTBAX.

The most straightforward way to implement a digital filter is by convolving the input signal with
the digital filter's impulse response. All possible linear filters can be made in this manner. (This
should be obvious. If it isn't, you probably don't have the background to understand this section
on filter design. Try reviewing the previous section on DSP fundamentals). When the impulse
response is used in this way, filter designers give it a special name: the filter kernel.

HaunGonee mpsimMoit crioco0 ocymiecTBIsATh MUGPOBOM (PMIIBTp - cKpyuu6as BXOAHOW CHUTHAI C
UMnyIbCHOU nepedamounoll @yukyuet 1MppoBoro ¢GuibTpa. Bce BO3MOXKHBIE TUHEIHHBIE
(GUIABTPBHI MOTYT OBITH CHEJAHBI 3THM CHOCOOOM. (DTO OJDKHO OBITH OYEBUIAHO. DTO eciu Bol,
BEPOSATHO, HE UMEETE MOATOTOBKH, YTOOBI MOHITH ATOT pa3fe no npoekty ¢uibrpa. [Ipodyiite
paccMOTpeTh NMpeAbIayIuid pasaen mo ocHoBHbIM npuHnmnaMm [{OC). Korga ummnynbcHas niepe-
naTovHask (YHKLHUS HMCIIONB3YyeTCS TakuM 00pa3oM, MPOEKTUPOBUIMKH (UIBTpa JAIOT ITOMY
crenuaibHOe Ha3BaHUE AP0 PUIbTPA.

There is also another way to make digital filters, called recursion. When a filter is implemented
by convolution, each sample in the output is calculated by weighting the samples in the input,
and adding them together. Recursive filters are an extension of this, using previously calculated
values from the output, besides points from the input. Instead of using a filter kernel, recursive
filters are defined by a set of recursion coefficients. This method will be discussed in detail in
Chapter 19. For now, the important point is that all linear filters have an impulse response, even
if you don't use it to implement the filter. To find the impulse response of a recursive filter, sim-
ply feed in an impulse, and see what comes out. The impulse responses of recursive filters are
composed of sinusoids that exponentially decay in amplitude. In principle, this makes their im-
pulse responses infinitely long. However, the amplitude eventually drops below the round-off
noise of the system, and the remaining samples can be ignored. Because of this characteristic,
recursive filters are also called Infinite Impulse Response or IIR filters. In comparison, filters
carried out by convolution are called Finite Impulse Response or FIR filters.

Nmeercs Takxke apyroit cocob nenarh 1udpoBsie GUILTPHI, Ha3biBacMbie peKypcueii. Korma
(GUIBTP OCYIIECTBICH CKPYYMBAHUEM, KaKJash BHIOOPKA B BBIXOJIE PACCUUTAHA 638eULUBAHUEM
BBIOOPKH BO BBOJIC, M CJIIOKEHUS X BMecTe. PekypcuBHBIE (DUIBTPHI - pacuiupeHue(TpoJICHIE )
3TOT0, UCTIONB3YS MPEIBAPUTEIHLHO PACUECTHBIC 3HAYCHUS OT 8bIX00d, IOMUMO TOUYEK OT 8800d.
BwmecTo ucnionp3oBanus sjupa GUIbTpa, PEKypPCUBHBIC (PHIIBTPHI ONMPECICHB HAO0pOM KO (-
(puuueHTOB peKkypcuM. DTOT MeToa OyaeT oOcyxnaeH moapoOHo B riase 19. Iloka, BakHBIN
MYHKT - TO, YTO BCE€ JIMHEWHbIE (PUIBTPHI UMEIOT UMITYJIbCHYIO MEepeAaToOuHy0 (QYHKIUIO, AaxKe
ecnu Bel He UCTONB3yeTe 3TO, YTOOBI OCYIMIECTBUTH (GUIbTp. HaxoIuTh UMITYyJIbCHYIO TEepena-
TOUHYI0 (QYHKIMIO PEKYPCUBHOTO (DUIBTPA, MPOCTO MOJAIOT UMITYJIbC, U CMOTPST TO, YTO BBIii-
net. UMnynscHbIe TiepeaaToynble PYHKIIMU PeKYPCUBHBIX (DUIBTPOB COCTABJICHBI U3 CUHYCOUI,
KOTOpBIE TI0 SKCIIOHEHTE pachajalTcs B aMIUIuTyie. B npuHIune, 370 aenaer ux UMITYJIbCHbIE
nepenaTouHble PYHKINH OeckoHeuHo OnunHbimu. OTHAKO, aMIUIUTY/1a B KOHEYHOM CUYEeTe TIOHU-
JKACTCSI HIDKE IIIyMa OKPYTJICHHSI CHCTEMbI, U OCTAIOIIUECS BBIOOPKH MOTYT HUTHOPHUPOBATHCA.
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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W3-3a 3T0i XapakTepUCTUKU, pEKypCUBHBIC (PUIBTPHI Takke Ha3biBaloTcsi beckoneunoi Mm-
nyJbcHoii [lepenarounoii ®ynkunueii v BUX-puabTpel(GuabTpbl ¢ 0eCKOHEYHOH HM-
NyJbCHOW XapakTepucTHKOM). /i1 cpaBHeHUs, (PUIBTPHI, BHIOJIHEHHBIE CKpyYHMBaHHEM Ha-
3piBalOTCsl @uiabTpamMu ¢ Koneunoit UmnyabcHol mepexarouHoi ¢ynkumen win KHUX-
¢puabTpamMu(puiabTpamMu ¢ KOHEYHOH MMITYJIBCHOM XapPaKTePHCTHKOM).

As you know, the impulse response is the output of a system when the input is an impulse. In this
same manner, the step response is the output when the input is a step (also called an edge, and an
edge response). Since the step is the integral of the impulse, the step response is the integral of
the impulse response. This provides two ways to find the step response: (1) feed a step waveform
into the filter and see what comes out, or (2) integrate the impulse response. (To be mathemati-
cally correct: integration is used with continuous signals, while discrete integration, i.e., a run-
ning sum, is used with discrete signals). The frequency response can be found by taking the DFT
(using the FFT algorithm) of the impulse response. This will be reviewed later in this chapter.
The frequency response can be plotted on a linear vertical axis, such as in (c), or on a logarithmic
scale (decibels), as shown in (d). The linear scale is best at showing the passband ripple and roll-
off, while the decibel scale is needed to show the stopband attenuation.

Kak Bw1 3HaeTe, omkxaux Ha umnyasc(UmMnynvchHas nepedamodnas @yHkyus) - BBIXOJ CUCTEMBI,
KOTJa BBOJX - umnynavc. B 3TOM e camoil MaHepe, peakyus(OmKkiuk) Ha CKaA4oK(CmynemvKy) -
BBIXOJI, KOTJIa BBOJ — cmyneHbka (TakKe Ha3bIBAEMBI Kpaem, U omeemom Kpas. Tak Kak CTy-
NeHbpKa(11ar) - MHTerpajl UMITyJbca, peaklusa(OTKINK) Ha CKaYOK - MHTErpaJl UMITyJIbCHOM Iepe-
TaToYHOU (QyHKIMH. DTO oOecrmeunBaeT JaBa criocoda HAWTH peakiuio Ha ckadok: (1) momaror
(hopMy BOJHBI CTYIIEHBKH B (HIIBTP, U CMOTPSAT HA TO, YTO OYJET Ha BBIXOJE, WM (2) HHTETpH-
PYIOT UMITYJIBCHYIO MepeAaTouHyto GpyHKuuo0. (UToObI ObITh MAaTEMATHUECKU TOYHBIM: HHTETPH-
POBaHUE HMCIOIB3YETCsl C HENMPEPHIBHBIMU CUTHAJIAMH, B TO BpEMS KaK JUCKPETHOE WHTETPUPO-
BaHUE, TO €CTh, BHITIOJMHSIONIAS CYMMa, UCTIONb3YETCsl ¢ TUCKPETHBIMU CHUTHanaMu). YacToTHas
XapaKTepUCTHKA MOKeT ObITh HailneHa, Oeps HIID (ucnonw3ys anroput™m bII®) ummynscHoN
nepenaTouyHoi GyHKIUU. DTO OyAeT pacCMOTPEHO MO3Ke B 3TOH rnase. ['paduk yacToTHOM Xa-
PaKTEepUCTUKH MOKHO COCTABIISITh HA JIMHEHHOI BEPTUKAIBHOM OCH, THTIA B (C), WK B JIorapud-
MUYEeCKOM MaciuTade (Iernubens), kak nmokaszano B (d). JInHelHbI MaciTad JTydimui mpu noka-
3€ MyJbCcalui(HEPaBHOMEPHOCTH) TIOJIOCHI TPOITyCKaHUA M crajia(3aBasia), B TO BpeMs KaKk Mac-
mTab B genubenax HeoOXoauM, 4TOOBI MOKa3aTh MOJOCY 3aTyXaHUs((MOJIOCY 3aJep KUBAHMS)
ocnabyieHusl.

Don't remember decibels? Here is a quick review. A bel (in honor of Alexander Graham Bell)
means that the power is changed by a factor of ten. For example, an electronic circuit that has 3
bels of amplification produces an output signal with 10x10x10 = 1000 times the power of the
input. A decibel (dB) is one-tenth of a bel. Therefore, the decibel values of: -20dB, -10dB, 0dB,
10dB & 20dB, mean the power ratios: 0.01, 0.1, 1, 10, & 100, respectively. In other words, every
ten decibels mean that the power has changed by a factor of ten.

He momuute uto Takoe aeruodens? Umeercst ObicTphiii 0030p. bedt (B uecty Anekcanapa ['pama,
banna) o3Hagaer 4TO MOILTHOCTH M3MEHEHA K02 duyuenmom(pakmopom) oecams. Hampumep,
JJICKTPOHHAS CXeMa, KOTopas UMeeT ycuiieHue 3 Oemna, mpou3BoauT curHai Berxoga B 10x10x10
= 1000 pa3 6omnbire morrHOCcTH BBoAA. denubes (dB) - necaras gacts 6ena. [ToaTomy, 3HaUeHUs
neruoena: -20dB, -10dB, 0dB, 10dB u 20dB, o3HavaroT oTHOMmEHUA(KOIDPHUITUESHTHI) MOIITHO-
creit: 0.01, 0.1, 1, 10, u 100, coorBeTcTBeHHO. [pyruiMu cloBaMu, KaKIble JIECITh NEIUOCIOB
MOApa3yMeBaloT, YTO MOIIbL U3MEHIIIACh KO3(PPHUITMEHTOM AeCATh(B ACCATH pa3).

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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FIGURE 14-1

Filter parameters. Every linear filter has an impulse response, a step response, and a frequency response. The step
response, (b), can be found by discrete integration of the impulse response, (a). The frequency response can be
found from the impulse response by using the Fast Fourier Transform (FFT), and can be displayed either on a linear
scale, (¢), or in decibels, (d).

PUCYHOK 14-1. [Tapametpsr @uibTpa.

Kaknplit TMHEHHbIH QUIBTP HMEeT UMITYJIbCHYIO MepeaToOuHy0 (pyHKIMIO, pEeaKklnIo Ha CKaYOK, ¥ YaCTOTHYIO Xa-
pakrepuctuky. Peakius Ha cka4ok, (b), MokeT ObITh HalJieHa JUCKPETHBIM MHTETPUPOBAHUEM HMITYJILCHOM Tepe-
JnarouHoit ¢yHkuH, (a). YacToTHas XapaKTEpUCTHKa MOXKET ObITh HaiiieHa OT MMITYJICHOHM NepenaTouHoil (hyHK-
MM, ucnoins3ys beictpoe npeodpazoBanne dypoe (BIID), u MoxeT ObITH OTOOpaXKeHa WK B IMHEHHOM MaciiTade,
(c), nim B neumbenax, (d).

Here's the catch: you usually want to work with a signal's amplitude, not its power. For example,
imagine an amplifier with 20dB of gain. By definition, this means that the power in the signal
has increased by a factor of 100. Since amplitude is proportional to the square-root of power, the
amplitude of the output is 10 times the amplitude of the input. While 20dB means a factor of 100
in power, it only means a factor of 10 in amplitude. Every twenty decibels mean that the ampli-
tude has changed by a factor of ten. In equation form:

Nmeercs appeTup(3a 4To 3a1ienuThes): Bel 00b19HO XO0THTE PabOTATh ¢ amnaumy0dol CUTHATA, He
¢ ero mowHocmoio. Hampumep, BooOpasute ycunutensb ¢ yeuiaeHueM 20dB. Ilo onpenenenuto,
3TO 03HAYAET, YTO MOIIHOCTh CUrHaja yBenuumiachk Ha kodpdumuent 100. Tak kak ammiautyaa
MPOMOPIMOHANIbHA K KBaIpATHOMY KOPHIO U3 MOIIIHOCTH, aMIUIUTYa Beixoja — B 10 pa3 6osbiie
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aMIUUTYy 61 BBoJa. B To Bpems kak 20dB B momuOoCcTH 03Havdaet koaddurment(paxrop) 100, B
aMITUTy1e 9TO o3HadaeT kodddunment(dakrop) Tompko 10. Kaxkmple aBaanath AeruOEoB
MOJIpa3yMeEBalOT, YTO aMIUIUTyJa M3MEHMWIach KodpduuueHToM(paktopom) necsite. B dopme
yYpaBHECHHS:

EQUATION 14-1. Definition of decibels. .
Decibels are a way of expressing a ratio between two signals. Ratios of power (P1 & dB = 1{) I{}gm—'
P2) use a different equation from ratios of amplitude (Al & A2). |

14-1 YPABHEHUE. Onpenenenue nenu0enos.
Heumnbensl - MyTh BBIPQXKEHHUS OmMHOWleHUs MEXIy IByMs cUrHanmamu. OTHOIe- A,
HusA(xkod¢ ¢pummentsr) momHOcTe (Pl m P2) mcmons3yroT pasznuyHble ypaBHEHHS OT dB = 20 |ng—_
OTHOIIEHUH aMITUTyAbl (Al 1 A2). A I

The above equations use the base 10 logarithm; however, many computer languages only pro-
vide a function for the base e logarithm (the natural log, written log, x or In x ). The natural log
can be use by modifying the above equations: dB = 4.342945 log e (P, /P; ) and dB = 8.685890
log e (42 /4,1).

BeimeynomsiHyThIe ypaBHEHHSI UCIIONIB3YIOT JIorapudmM ¢ ocHoBanueM 10; oJHaKo, MHOTO Ma-
IIMHHBIX S3BIKOB 00ECTICUYMBAIOT (D)YHKIIMIO TOJBKO IS JIoTapr(ma ¢ OCHOBaHUEM e (HaTypajib-
HBII orapudm, 3anuceiBaeMblii log. x unu In x). HatypanbHblit 1orapudm MoxeT ObITh HCTIONb-
30BaH, W3MEHss BhIEYNoMsHyToe ypaBHeHue: dB = 4.342945 log e (P> /P; ) u dB = 8.685890
log e (42/Ay).

Since decibels are a way of expressing the ratio between two signals, they are ideal for describ-
ing the gain of a system, i.e., the ratio between the output and the input signal. However, engi-
neers also use decibels to specify the amplitude (or power) of a single signal, by referencing it to
some standard. For example, the term: dBV means that the signal is being referenced to a 1 volt
rms signal. Likewise, dBm indicates a reference signal producing 1 mW into a 600 ohms load
(about 0.78 volts rms).

Tak kak gennOensl - crocod BRIPaKEHUsS] OTHOIICHHSI MEXKY IBYyMsI CUTHAJIAMH, OHU HJCaTbHBI
JUIsL OIIMCAHUSl YCWIIEHUSI CUCTEMBI, TO €CTh, OTHOIIECHHS MEXy BBIXOIHBIM M BXOJHBIM CHUTHA-
aoM. OnHaKo, MHKEHEPHI TaKKe MCHOJB3YIOT JEHUOeNbl, YTOOBl OMPEACTUTh AMIUIUTYy (MU
MOIIIHOCTh) OTAEIBHOIO CUTHAJA, CChUIASICh IIPU 3TOM Ha HEKOTOphIi craHzapT. Hampumep,
TepmuH: dBV 03Hadaer, 4TO TOBOPUTCS O CUTHAJIE CO CPEIHEKBAAPATUYHBIM 3HAYECHHEM OJHH
BOJIbT. AHasoruyHo, dBm yKka3pIBaeT 4TO CUTHAJ, BbIEsAeT Ha Harpy3ke 600 oM MOmHOCTH |
mW (munuBart) (mpubimzurensho 0.78 cpeHeKBaIpaTHYHOTO 3HAUCHHSI B BOJIBTAX).

If you understand nothing else about decibels, remember two things: First, -3dB means that the
amplitude is reduced to 0.707 (and the power is 60dB = 1000 therefore reduced to 0.5). Second,
memorize the following conversions between decibels and amplitude ratios:

Ecnu Bbl He coBceM MMOHMMAETe YTO-HUOYIb OTHOCUTEIBHO J1eIMOEeI0B, TOMHHTE Be Benn: Bo
nepBbIX, -3dB o3Havaer, yto ammutyaa ocnadiena B 0.707 paza (u mouraocTs 60dB = 1000
nosToMy npuseneHa(ciabnena k 0.5). Bo BTOpbIX, 3aIOMHUTE ClIEeIyIONIUE TPeoOpa3oBaHus
MEXIY JenHrOenaMy ¥ aMILIUTY THBIMHA OTHOIICHHUSIMU:

40dB = 100
20dB = 10
0dB = 1
-20dB= 041
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-40dB = 0.01
-60dB = 0.001

How Information is Represented in Signals
Kak Undopmanus npeacrabiaena B Curaanax

The most important part of any DSP task is understanding how information is contained in the
signals you are working with. There are many ways that information can be contained in a sig-
nal. This is especially true if the signal is manmade. For instance, consider all of the modulation
schemes that have been devised: AM, FM, single-sideband, pulse-code modulation, pulse-width
modulation, etc. The list goes on and on. Fortunately, there are only two ways that are common
for information to be represented in naturally occurring signals. We will call these: information
represented in the time domain, and information represented in the frequency domain.

HaunGonee BaxxHas yacth nr000i 3ampaun [{OC noHumars, Kak uHgpopmayus CONEPKUTCS B CHUT-
HaJax, ¢ KoTopeiMu Bel paboraere. IMetoTcss MHOTO crmoco00B, KOTOPHIMU MH(DOPMAIIHST MOKET
COJIEPXKAThCSA B CUTHAJIE. DTO - OCOOCHHO WCTWHA, €CIM CUTHAJI MCKYCCTBEHHBIN. Hampumep,
paccMOTpUTE BCE MOIYJISALMOHHBIE CXEMBbI, KOTOpble ObUIM M300pereHsl: AM, UM, komoBo-
UMITYJIbCHAsI MOJYJISIUSL C €AMHCTBEHHOM OOKOBOMW MOJI0Ca, MOIYJISALUS IIUPUHBI UMITYJIbCa, U
T.4. Cnucok nponoinkaeTcst U npoposkaercs. K cyacTpro, UMEIOTCS TONBKO JBa IyTH, KOTOPBIE
ABIIAIOTCA OOBIYHBIMU JJI1 MH(pOpMaluu, KoTopas OyAeT MpeacTaBieHa B €CTECTBEHHO MOSB-
JSIOMIMXCS CUTHanax. Mbl Ha3oBeM HMX: MHGpOpMAaIus, MpeICTaBICHHAs B JOMEHE BPEMEHH, U
uHbopMalus, IpeCTaBIeHHAs B YaCTOTHOM JIOMEHE.

Information represented in the time domain describes when something occurs and what the am-
plitude of the occurrence is. For example, imagine an experiment to study the light output from
the sun. The light output is measured and recorded once each second. Each sample in the signal
indicates what is happening at that instant, and the level of the event. If a solar flare occurs, the
signal directly provides information on the time it occurred, the duration, the development over
time, etc. Each sample contains information that is interpretable without reference to any other
sample. Even if you have only one sample from this signal, you still know something about what
you are measuring. This is the simplest way for information to be contained in a signal.

Nudopmanus, npeacraBieHHas B JOMEHE BPEMEHH OMHCHIBAET, KOTJA KOE-4TO MPOUCXOANT H,
KaKoOBa aMIUINTY1a MeCTOHaxoxaeHus. Hampumep, BooOpasuTe, 4To SKCIIEPUMEHT H3y4yaeT CBe-
TOBOM BBIXOJI(CBETOOTAauY) OT coJiHlla. CBETOBOI BBIXOJ U3MEPEH U 3apETUCTPUPOBAH OJUH pa3
B Kaxkyto cekyHay. Kaxxaas BpiOOpka B cUTHaJIe yKa3bIBaeT TO, YTO CIy4aeTcsl B TOT MOMEHT, U
YPOBCHB Cliydad. Ecnu conneyHas BCOBINIKA MMPpOUCXOAUT, CUTHAJI HCIIOCPCACTBCHHO OGGCHG‘-II/I-
BaeT MHGOPMAIMIO OTHOCUTEIBHO BPEMEHH, KOI/Ia 3TO MPOU30LLIO, MPOJIOJKUTEIBHOCTD, pa3-
BUTHE Yepe3 Kakoe-To Bpems, u T.1. Kaxaas BeIOOpKa comepXuT MHGOPMAIUIO, KOTOpasl SBIIS-
€TCsl TIOJIAIONIEHCS TOJKOBAaHHWIO, HE3aBHCHMO OT JIFOOOW Apyroi BeiOOpku. Jlake ecnmm Bol
UMEETe TOJBKO OJHY BBIOOPKY OT 3TOTO CHTHalNa, BBI Bce elle 3HaeTe KOe-4TO OTHOCHUTEIHHO
TOTO, 4YTO BBI mM3Mepsiere. DTO - caMblii IPOCTON MyTh sl HH(GOPMAITUH, KOTOPYIO HYXKHO CO-
ACPIKaTh B CUTHAJIC.

In contrast, information represented in the frequency domain is more indirect. Many things in
our universe show periodic motion. For example, a wine glass struck with a fingernail will vi-
brate, producing a ringing sound; the pendulum of a grandfather clock swings back and forth;
stars and planets rotate on their axis and revolve around each other, and so forth. By measuring
the frequency, phase, and amplitude of this periodic motion, information can often be obtained
about the system producing the motion. Suppose we sample the sound produced by the ringing
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wine glass. The fundamental frequency and harmonics of the periodic vibration relate to the
mass and elasticity of the material. A single sample, in itself, contains no information about the
periodic motion, and therefore no information about the wine glass. The information is contained
in the relationship between many points in the signal.

Hanpotus, nnpopmanus, npeacTaBieHHas B 4aCTOTHOM JIOMEHe Oosiee KOCBEHHas. MHOro Be-
el B Hamiel o0JIacTH MOKa3bIBAIOT MEPUONUECKoe ABIKeHHe. Hanpumep, 60kai, HaxkaThId ¢
HoOrTeM OyzeT BUOPHPOBATH, MPOU3BOIS 3BYK OKPY’KEHUS; MAATHUK JEAYIIKH CUHXPOHU3UPYET
KosiebaHue Ha3aJ W BIIEpel; 3BE3/bl U IUIAHEThl BPAIAIOTCS Ha MX OCH M BPAILAIOTCS BOKPYT
Apyr npyra, u T.4. M3mepsas yactoTy, a3y, U aMIUIUTYJy 3TOTO NEPUOJUYECKOrO JABHIKCHMS,
uHpOpMaLKs MOXET YacTO MOJy4aTbCs OTHOCUTENBHO CHCTEMbI, NMPOU3BOISIIICH IBM)KEHUE.
[IpeanonoxumM, 4To Mbl MPOU3BOAMM BBIOOPKY 3BYKa, MPOU3BEICHHOTO OOKAJIOM OKPY’KEHHMS.
@dyHaaMeHTaIbHas YacTOTa U TApMOHMKH MEPUOANYECKON BHOpAlMU KacaroTcs MacChl M ajar-
TallMOHHOM criocoOHOCTH MaTepuania. OTnenpHas BBIOOpKa, cama Mo cede, He COIEPKUT HUKa-
KOl mH(pOpMalUU OTHOCHUTEIBHO MEPHOAMYECKOTO JIBUKEHHUS, U MO3TOMY HHUKAKOH HMH(pOpMa-
LUK OTHOCHUTENBHO Ookana. HpopmMaius conepkutcs B omHouieHusAx MeXJly MHOTUMH TOYKa-
MU B CUTHAJIE.

This brings us to the importance of the step and frequency responses. The stepresponse describes
how information represented in the time domain is being modified by the system. In contrast, the
frequency response shows how information represented in the frequency domain is being
changed. This distinction is absolutely critical in filter design because it is not possible to opti-
mize a filter for both applications. Good performance in the time domain results in poor per-
formance in the frequency domain, and vice versa. If you are designing a filter to remove noise
from an EKG signal (information represented in the time domain), the step response is the im-
portant parameter, and the frequency response is of little concern. If your task is to design a digi-
tal filter for a hearing aid (with the information in the frequency domain), the frequency response
is all important, while the step response doesn't matter. Now let's look at what makes a filter op-
timal for time domain or frequency domain applications.

OTO NPUHOCUT HaM K Ba)KHOCTH IIara M YaCTOTHBIX XapaKTePUCTUK. Peaxyus(omriuk) na cxa-
YOK OIUCHIBAET, KaK MH(OPMAIH, TPEICTABICHHAS B 0OMeHe 6peMeHl N3MEHSETCS CUCTEMOM.
Hanportus, wacmomnas xapakxmepucmuka TOKa3bIBaeT, KaK M3MEHsETCS MHpOpMaLus, Ipea-
CTaBJICHHAS B YACMOMHOM OoMeHe. DTO pa3andue abCOIIOTHO KPUTHIECKOE B MpOeKTe (PuibTpa,
MOTOMY YTO HE BO3MO>KHO ONTHMM3HPOBATH (DUIIBTP 751 000UX MpHIIOKeHHH. Xopomast 3dek-
THBHOCTH B JIOMEHE BPEMEHH MPHUBOAUT K IUTOXOH 3((PEKTUBHOCTH B YACTOTHOM JOMEHE, U Ha-
oboport. Ecin Brl pazpabatsiBaete GuiabTp, uToOb! ynanuth myMm u3 curtana IKI' (uadopma-
Vs, TIPE/ICTABIICHHAs B JIOMEHE BPEMEHH), PEaKlus Ha CKaYOK - BAKHBIN IMapaMeTp, U 4acToT-
Has XapaKTepUCTHKa UMeeT Hebobioe OecnokoiicTBo. Ecnu Bamma 3agaya COCTOUT B TOM, YTO-
OBI TPOCKTUPOBATH ITU(PPOBOI PUIBTP AJIA CIYXOBOTO ammapara (¢ nHpopManue B 4aCTOTHOM
JIOMEHE), YaCTOTHAs XapaKTepUCTHKA BECh Ba)KHA, B TO BPEMs KaK peakiys Ha CKauOK HE UMEeT
3HaueHHe. Teneps AaBaiiTe CMOTPETH TO, YTO AETAET QHILTP ONTHMAIBHBIM ISl IPHIIOKCHUH B
JIOMEHE BPEMEHHU WJIM YaCTOTHOM JIOMEHE.

Time Domain Parameters
IMapamerpsl [lomena Bpemenu

It may not be obvious why the step response is of such concern in time domain filters. You may
be wondering why the impulse response isn't the important parameter. The answer lies in the
way that the human mind understands and processes information. Remember that the step, im-
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pulse and frequency responses all contain identical information, just in different arrangements.
The step response is useful in time domain analysis because it matches the way humans view the
information contained in the signals.

He mMoxet ObITh O4EBUIHO, TIOUYEMY PEAKIHMs Ha CKAYOK MMEET TaKoe OECIIOKONHCTBO B (pUIbTpax
JIOMEHa BpEMEHH. BBl MOXkeTe 3amaBaThCsi BOIPOCOM, IOYEMY HWMITYJIbCHAs TeperaTodHast
(GyHKUMS HE BaKHBIA mapameTp. JIo)kp oTBeTa B MyTH, KOTOPBIM Y€JIOBEYECKOE MHEHUE TTOHMUMA-
eT u obpabareiBaeT nHpopmanuio. [loMHUTE, YTO THAr(CTyneHbKa), UMITYJbC M YaCTOTHBIC Xa-
PaKTEepUCTUKH BCE COJIEPXKAT UICHTUYHYIO MH(POPMALIMIO, TOIBKO B PA3JIMYHBIX PA3MELICHUSX.
Peaxmust Ha ckadoK IMoJie3HA B aHAIM3E IOMEHA BPEMEHH, TOTOMY YTO 3TO COOTBETCTBYET ITyTH,
KOTOPBIM JIFOAM PACCMATPUBAIOT UH(OPMALIHIO, COAEPKAILYIOCS B CUTHAJIAX.

For example, suppose you are given a signal of some unknown origin and asked to analyze it.
The first thing you will do is divide the signal into regions of similar characteristics. You can't
stop from doing this; your mind will do it automatically. Some of the regions may be smooth;
others may have large amplitude peaks; others may be noisy. This segmentation is accomplished
by identifying the points that separate the regions. This is where the step function comes in. The
step function is the purest way of representing a division between two dissimilar regions. It can
mark when an event starts, or when an event ends. It tells you that whatever is on the left is
somehow different from whatever is on the right. This is how the human mind views time do-
main information: a group of step functions dividing the information into regions of similar
characteristics. The step response, in turn, is important because it describes how the dividing
lines are being modified by the filter.

Hampumep, npennonoxkure, BaM maroT CUTHaT HEKOTOPOTO HEU3BECTHOTO MPOUCXOXKICHUS U
IPOCSIT €ro aHanu3upoBath. [lepBas Bems, KoTOpyto Bl Oyzaere nenaTh - IEIUTH CUTHAT Ha 00-
JacTH ¢ MOJOOHBIMH XapaKTePUCTHKAMU. Bl HE MOXETe HE BBIMOIHSITH ITOTO; Ballle COZHAHUE
Oyzer nenath 3TO aBToMaTu4ecku. HekoTopbie u3 obiacteit MOTYT OBITh IIAJKU; IPYTHAE MOTYT
UMETh OOJBIIINE aMIUIUTYIHbIC MHUKHU; APYTHE MOTYT OBITH HTYMHBIE. DTa CETMEHTAIHS BBIIIOJI-
HSETCSA, WIACHTUQUIMPYS TOYKH, KOTOPBIE OTACISIOT 00nacTu. DTO - TO, TIE CTyleHYaras
byskus BxoauT. CryneHvaras QyHKIUS - CAMBIA YHCTHIN My Th TPEICTABICHUS pa3/iesia MexIy
JBYMsI HECXOJHBIMH OOJIACTSIMH. DTO MOXKET OTMEYaTh, KOTJa HAYMHAETCS Cydaii(coObITHE,
WM KOT/Ia CIy4ai(coObITHE) 3aKaHYMBaeTCs. DTO coobmaeT BaM, 4To 6€30THOCHTENIBHO SIBIIS-
€TCsl, Cleda TaK WIM WHAYe OTIMYAETCS TOTO, UTO - Chpasd. JTO - TO, KaK YeJI0BEYECKOE MHEHHE
paccmaTpuBaeT HH()OPMALIHIO JOMEHA BPEMEHU: TPyIa CTYNEeHYaThIX (YyHKIUH, pa3aesionux
uH(pOpMaIMio B 007aCTH MOJTOOHBIX XapaKTepUCTUK. Peakiysi Ha CKa4oK, B CBOIO OYepe.lb, SB-
JISIETCSI BOKHOM, MTOTOMY YTO ATO OINHKCHIBACT, KaK pa3/eIUTEIbHbIC JIMHUNA U3MEHSIOTCS (DUITBT-
poM.

The step response parameters that are important in filter design are shown in Fig. 14-2. To dis-
tinguish events in a signal, the duration of the step response must be shorter than the spacing of
the events. This dictates that the step response should be as fast (the DSP jargon) as possible.
This is shown in Figs. (a) & (b). The most common way to specify the risetime (more jargon) is
to quote the number of samples between the 10% and 90% amplitude levels. Why isn't a very
fast risetime always possible? There are many reasons, noise reduction, inherent limitations of
the data acquisition system, avoiding aliasing, etc.

[TapameTpsl peakliiy Ha CKa4OK, KOTOpPbIE SIBJISIOTCS BaXKHBIMH B MPOEKTe (QUIbTpa, MOKa3bIBa-
10Tcs B puc. 14-2. UtoOb! pa3nuyarb(0TanyaTh) COOBITUSI B CUTHAJIE, IPOJOKUTEIEHOCTD PeaK-
IIUM HA CKAYOK JOJDKHA OBITh KOpOYEe YeM MHTepBaj COOBITHM. DTO IUKTYET, YTO Peakius Ha
CKa4yoK JTOJKHA OBITh Tak Ovicmpa (xapron [{OC) HacKOIBbKO BO3MOXKHO. JTO MOKa3aHO B CHUC.
(a) u (b). Hanbosiee 0OBIYHBIN CIIOCOO OTPEICIIUTH MEPEeXoaHOe ObICTPOaeiicTBHE (BpeMsl HA-
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pacTaHusi; BpeMsl YCTAHOBJIEHUSI; JJIMTEJbLHOCTh BpeMsl HAPACTAHUS HUMITYJIbCA; JJINTeIb-
HOCTH (PpOHTA MMIYJIbca) (OObIIEe KOJIMYECTBO KAPTOHA) COCTOUT B TOM, YTOOBI IIMTUPOBATH
qrcao BeIOOpoK Mexay 10% u 90% ypoBusmu ammnutya. [louemy He oyeHb ObICTpoe BpeMms
HapacTaHus, Bcerga Bo3MOKHO? MIMEOTCS MHOTO MPUYWH, IITYMOBOE NMPUBEIAEHUE, CBOMCTBEH-
HBIE OTPAaHUYEHUS CUCTEMBI cOOpa TaHHBIX, N30eKaHUe HAJIOKEHHSI CIIEKTPOB, U T.1I.
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FIGURE 14-2. Parameters for evaluating time domain performance.

The step response is used to measure how well a filter performs in the time domain. Three parameters are important:
(1) transition speed (risetime), shown in (a) and (b), (2) overshoot, shown in (c) and (d), and (3) phase linearity
(symmetry between the top and bottom halves of the step), shown in (e) and (f).

(PUCYHOK 14-2. ITapamerps! [uist OLIeHKH 3()(hEeKTUBHOCTH JOMEHA BPEMEHH.
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Peakuus Ha CKa4oK MCIOJIB3YeTCs, YTOOBI MIMETh apaMeTphl, KaK XOpouIo GUIBTP UCIIONHSET B BpeMs JoMeH. Tpu
napameTpa BaxkHsl: (1) nepexoaHoe ObicTpoeiicTBHE (BpeMsi HapacTaHus ), mokasanHoe B (a) u (b), (2) nepeperynu-
poBanue, nokazanuoe B (¢) u (d), u (3) pazoBast TMHEHHOCTH (CUMMETPHUS MEX/y BEPXHHUMHU M HHKHUMH TIOJIOBH-
HAMH CTYIICHBKH ), TTOKa3aHHOU B (e) u (f).

Figures (c) and (d) shows the next parameter that is important: overshoot in the step response.
Overshoot must generally be eliminated because it changes the amplitude of samples in the sig-
nal; this is a basic distortion of the information contained in the time domain. This can be
summed up in one question: Is the overshoot you observe in a signal coming from the thing you
are trying to measure, or from the filter you have used?

Pucynku (c) u (d) moka3pIiBaloT cleayromuil mapaMeTp, KOTOpbIil sBisieTcst BaxkHbIM: Ilepepery-
JUPOBAaHHUe B PEaKIMU Ha CKaudok. [lepeperynupoBanne JOIKHO BOOOIIE YCTPAHATHCS, TIOTOMY
YTO 3TO M3MEHSET aMIUIMTYIy BBIOOPOK B CHTHaJle; 3TO - OCHOBHOE HCKa)keHHe MH(opMaiu,
coJepKaleiics B JOMEHEe BpeMEHH. DTO MOXKET ObITh CYMMHPOBAHO B OJTHOM BoOIpoce: SIBiseT-
Csl JIu TiepeperyIupoBaHue, KoTopoe Brl HabmonaeTe B CUrHaje, HCXOAALIMM U3 BELIH, KOTOPYIO
Br1 mpoOyete u3mMepsTh, Wi oT GUIbTPa, KOTOPHI Bl ncnons3oBanu?

Finally, it is often desired that the upper half of the step response be symmetrical with the lower
half, as illustrated in (e) and (f). This symmetry is needed to make the rising edges look the same
as the falling edges. This symmetry is called linear phase, because the frequency response has a
phase that is a straight line (discussed in Chapter 19). Make sure you understand these three pa-
rameters; they are the key to evaluating time domain filters.

Haxkomner, 3To 9acTo kenaTeinbHO, 9TOOBI BEPXHSS IMOJIOBUHA PEaKIIUN Ha CKA4OK ObLIIa CHMMET-
puueckas ¢ 0ojiee HU3KOM MOJOBUHOM, Kak WILTIOCTpUpoBaHo B (€) u (f). Ota cummerpust HeoO-
X0JIUMa, YTOOBI JIeNaTh BUJI Hapacmawnus eparel(HapacTalomuil (poHT) TEM ke CaMbIM KaK na-
oarowue epanu. ITa CAMMETPUS Ha3bIBaeTCs JIMHEHHOM (pa3oii, MOTOMY YTO 4acTOTHAs Xapak-
TEPUCTHKA UMeET a3y, KOTopasi sSBIIETCS NpsMoii TuHuel (00cyxneHHas B riaase 19). Y nocro-
BEPUTECH, YTO BbI MOHMMaeTe 3TH TpU MapaMeTpa; OHM - KJIH04Y K OLEHKe (UIBTPOB IOMEHA Bpe-
MEHH.

Frequency Domain Parameters
IHapamerpsl YacToTHOro /{lomena

Figure 14-3 shows the four basic frequency responses. The purpose of these filters is to allow
some frequencies to pass unaltered, while completely blocking other frequencies. The passband
refers to those frequencies that are passed, while the stopband contains those frequencies that
are blocked. The transition band is between. A fast roll-off means that the transition band is
very narrow. The division between the passband and transition band is called the cutoff fre-
quency. In analog filter design, the cutoff frequency is usually defined to be where the amplitude
is reduced to 0.707 (i.e., -3dB). Digital filters are less standardized, and it is common to see 99%,
90%, 70.7%, and 50% amplitude levels defined to be the cutoff frequency.

Pucynok 14-3 mOKa3bIBacT YEThHIPE OCHOBHBIX YACTOTHBIX XapaKTepUCTUKH. Llenb aTux QuibT-
POB COCTOUT B TOM, LITO6]>I IMO3BOJIUTH HCKOTOPBIM YaCcTOTaM HNPOXOJUTH HCHU3MCHHBIMHU, IMPU
TIOJTHOM OJIOKMpOBaHUU Apyrux 4actoT. [loJioca mpomyckaHusi OTHOCUTCS K TEM 4acTOTaM, KO-
TOpBIE MPOIYCKAIOT, B TO BPEMsI KaK MoJ10ca 3a1epKuBaHus(11010ca 3aTyXaHus, 10JI0ca 0ciao-
JICHUs1) COJICPXKHT T€ YacTOThI, KOTOphIe Oi0KkupoBaHbl. [lepexoaHas moyoca - Mexay. beicTphbrii
3aBaji(cmaa) O3HA4YaeT, YTO MEePEXOHAsl M0JI0ca OYeHb y3Kas. Pazaen(nenenue) Mexmay moocoi
NPOMYCKaHUs U TIEPEXOTHON TOJIOCON Ha3bIBAETCS YaCTOTOW OCTaHOBA. B aHAIOrOBOM MpoOEKTe
¢GuIbTpa, YaCTOTa OCTAHOBA(TPAHMYHAS YACTOTA; YACTOTA OTCEYKH) OOBIYHO ONpPEACTISACeTCS,
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9TOOBI OBITH, Te aMIuIUTy1a cokpaiieHa k 0.707 (to ects, -3dB). Lludposbie GDUIBTPH MEHBIIIE
CTaHIapTU3UPOBaHBIL, U o011ee(00b19HO0) BUAETh 99 %, 90 %, 70.7 %, u 50% ypoBHEl aMILTUTY 1,
OTIpeJieNIeHHbIE, YTOOBI ObITh YaCTOTOM OCTaHOBA(IPAaHMYHON YaCTOTOMN).

Figure 14-4 shows three parameters that measure how well a filter performs in the frequency
domain. To separate closely spaced frequencies, the filter must have a fast roll-off, as illustrated
in (a) and (b). For the passband frequencies to move through the filter unaltered, there must be
no passband ripple, as shown in (¢) and (d). Lastly, to adequately block the stopband frequen-
cies, it is necessary to have good stopband attenuation, displayed in (e) and (f).

a. Low-pass ¢. Band-pass
é .l"rr--.ﬂk.h"rl'i i .u-lrr_:i::;.l.‘ri..‘rm —;
E i E
< : <
ni
3 1 sty
Frequency Frequency
b. High-pass d. Band-reject
- 2
= =
[ E
< <
Frequency Frequency
FIGURE 14-3

The four common frequency responses. Frequency domain filters are generally used to pass certain frequencies (the
passband), while blocking others (the stopband). Four responses are the most common: low-pass, high-pass, band-
pass, and band-reject.

YUCJIO(PUCYHOK) 14-3

Yetsipe 0OmMX(OOBIYHBIX) YaCTOTHBIX XapaKTepHUCTHUKH. PHUIBTPHI YaCTOTHOTO JIOMEHa BOOOIIE HCIIOIB3YIOTCS,
4YTOOBI TIepeaTh HEKOTOpbIE YAacTOTHI (I0JIoca MpOIycKaHus), npu Onokuposanun apyrux (Ilomoca 3amepskuBa-
Hus(TI0JI0Ca 3aTyXaHus, rmoyoca ociadiaeHus)). YeTslpe oTBeTa Hanbolnee o0mue(00bdHb): GHIBTP HU3KUX YacTOT,
(UIBTP BEPXHUX YaCTOT, ITOJIOCOBOM, M TTOJIOCOBOH — 3arpaKAAFOIITHIA(PEKEKTOPHBIH) QUIBTP.

Pucynox 14-4 moka3sIBaeT TpH MapamMeTpa, KOTOpbIe HMEIOT pa3Mephbl Kak XOpouo (UIbTP UC-
MOJIHAET B YaCTOTHOM JoMeHe. UToObl OTaenuTh OJU3KO pPacHoIOKEHHBIE YacTOThI, (DUILTP
JOJKEH MMETh OBICTPBII 3aBaji(cnan), Kak wunoctpupoBano B (a) u (b). Jlms 9acToT monocs
MPOITYyCKaHUsl, YTOOBI ABUTaThCS Yepe3 HEU3MEHHbIN (PUIbTp, HE JOHKHO UMEThCS HUKAKOIl He-
PABHOMEPHOCTH I0JIOCHI MPONMYCKAHUSI(HEPABHOMEPHOCTH IMyJIbCAIU; psiOn), Kak MOKa3aHO B
(c) m (d). Hakoner, 4ToOBl COOTBETCTBEHHO OJOKHPOBATh YAaCTOTHI IOJIOCHI 3aJep)KHBa-
HUSA(TI0JIOCH 3aTyXaHMS; TTOJIOCH! OcIa0IeHus1), HE0OX0JMMO UMETh XOpollee OciabieHHe MMoJIo-
CHI 3a/ICPKUBAHMA(TIONIOCKI 3aTYXaHUS; TTOJIOCH! ociiabieHus ), oroopaxeHnHoe B (€) u (f).
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FIGURE 14-4 . Parameters for evaluating frequency domain performance.
The frequency responses shown are for low-pass filters. Three parameters are important: (1) roll-off sharpness,
hown in (a) and (b), (2) passband ripple, shown in (c) and (d), and (3) stopband attenuation, shown in (e) and (f).

PUCYHOK 14-4. [TapameTpsr 151 OlieHKH 3()(HEKTUBHOCTH YaCTOTHOTO JOMEHA.

[oka3aHHbIE YaCTOTHBIC XaPAKTEPUCTUKH - JUIs (UIBTPOB HIDKHUX 4acToT. Tpu mapamerpa BaxHbl: (1) pe3kocthb
3aBana(cmana), moka3zanuas B (a) u (b), (2) HepaBHOMEPHOCTH B ITOJIOCE MPOITYCKaHUS, TOKa3aHHHIX B (¢) u (d), u (3)
ocnabJIeHNH TTOIOCHI 3a/IePKUBaHUA(TIOTIOCH! 3aTyXaHHUST; TIOJIOCHI OCTa0IeHus ), TOKa3aHHBIX B (e) u ().
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Why is there nothing about the phase in these parameters? First, the phase isn't important in most
frequency domain applications. For example, the phase of an audio signal is almost completely
random, and contains little useful information. Second, if the phase is important, it is very easy
to make digital filters with a perfect phase response, i.e., all frequencies pass through the filter
with a zero phase shift (also discussed in Chapter 19). In comparison, analog filters are ghastly in
this respect.

[ToueMy Tam B 3THX MapaMeTpax HET HUUYEr0 OTHOCUTENLHO ¢a3wbl? Bo nepBhIX, a3a HE BakHA B
OOJIBIIMHCTBE MPUIIOKEHUH 4acTOTHOTO noMmeHa. Hampumep, ¢aza 3ByKOBOTO CHrHaja MOYTH
MOJTHOCTBIO CITy4aiiHa, U COJEPKUT HEMHOTO Mosie3Hoi mHopmanuu. Bo BTopsIx, ecnu daza
Ba)XKHA, OYEHb MPOCTO JeNaTh HU(PPOBBIE QUIBTPHI C cogepuierHbiM (HA30BBIM OTBETOM, TO €CTbh,
MPOXOJ BCEX YacTOT 4epe3 GuIbTp ¢ HyJEeBbIM cABUTOM (ha3 (Takxke oOCykmaercs B TiiaBe 19).
Jnist cpaBHEHHMS, aHAJIOTOBbIE (DUIBTPHI Y’KACHBI B 3TOM OTHOLICHHUU.

Previous chapters have described how the DFT converts a system's impulse response into its fre-
quency response. Here is a brief review. The quickest way to calculate the DFT is by means of
the FFT algorithm presented in Chapter 12. Starting with a filter kernel N samples long, the FFT
calculates the frequency spectrum consisting of an N point real part and an N point imaginary
part. Only samples 0 to of the FFT's real and imaginary parts N/2 contain useful information; the
remaining points are duplicates (negative frequencies) and can be ignored. Since the real and
imaginary parts are difficult for humans to understand, they are usually converted into polar no-
tation as described in Chapter 8. This provides the magnitude and phase signals, each running
from sample 0 to sample (i.e. N/2 + 1, samples in each signal). For example, an impulse response
of 256 points will result in a frequency response running from point 0 to 128. Sample 0 repre-
sents DC, i.e., zero frequency. Sample 128 represents one-half of the sampling rate. Remember,
no frequencies higher than one-half of the sampling rate can appear in sampled data.

[Ipeapimymme rnaBel onucany, kak JAI1d nmpeoOpa3oBbIBaeT UMIYJIbCHYIO TIEPEIATOYHYIO (DYHK-
LU0 CUCTEMBI B €r0 YaCTOTHYIO XapakTepucTuky. Mmeercss kpatkuii 0630p. Camblii OBICTpHIi
crioco0 BeruucauTh A1 - mocpencrBom anroputma BII®D, npeacrasinenHoro B riase 12. Hauwn-
HAIOT C siipa QUIbTpa ATUTEIBHOCTHIO N BbIOOPOK, BIIMD BHIUMCIAIOT CHIEKTP YacTOT, COCTOS-
it u3 N Touek gewecmeennou wacmu, 1 N mouex mrumoti 9actv. Tonabko BeiOOpku 0 u3 BITD
B BELIECTBEHHBIX M MHUMBIX 4acTsaX N/2, cojep:kar Moje3Hyro HH()OpMaIio; OCTaloMMecs TOU-
KM - IyOnuKathl (OTpHUIIaTeIbHbIE YACTOTHI) M MOTYT UTHOPUPOBAThCs. Tak Kak BEIIECTBEHHbBIE U
MHHUMBIE YaCTH TPYAHBI JUIS JIIOJEH, YTOOBI MOHATH, OHU OOBIYHO NMPEOOPa30BBIBAIOTCS B MOJISAP-
HYIO CHCTEMYy 00O3HAaYEHUH KaK OMUCAHO B riaBe 8. JTo o0ecreynBaeT BETUYHHY U (da3bl CUT-
HAJIOB, Ka)KJasi BHIIOJHsIOmAscs ot BeiOopku 0, k BbiOOpke N/2 (TO ecth, N/2 + 1 BbIOOpKHU B
Kak1bIi curHan). Hampumep, oTBeT ummnyiibca 256 TOYEK MPUBENET K YaCTOTHON XapaKTEPUCTH-
Ke, BBINOJHsoMmEHCs oT Touku oT 0 mo 128. Bribopka 0 mpencrtaBisieT MOCTOSHHBIN TOK, TO
€CTh., HyJIeBas yacToTa. Beibopka 128 mpencraBisieT MOJOBHHY YacTOTHl BHIOOpKH. Bemomum-
Te(He 3a0ybTe), HUKAKHE YacTOThI BBIIIE YEM MTOJIOBHHA YaCTOThI BHIOOPKH HE MOTYT HMOSBISATH-
csl B BBIOpaHHBIX JTAHHBIX.

The number of samples used to represent the impulse response can be arbitrarily large. For in-
stance, suppose you want to find the frequency response of a filter kernel that consists of 80
points. Since the FFT only works with signals that are a power of two, you need to add 48 zeros
to the signal to bring it to a length of 128 samples. This padding with zeros does not change the
impulse response. To understand why this is so, think about what happens to these added zeros
(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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when the input signal is convolved with the system's impulse response. The added zeros simply
vanish in the convolution, and do not affect the outcome.

Yucno BHIOOPOK MCIONB3YEMbIX YTOOBI MPEACTaBUTh UMIYJBCHYIO MEpeaTOYHyI0 (PYHKIIHIO,
MOeET OBITh MPOU3BOJILHO OoybMM. 11t 0Opasiia, NpennoaokuTe, 4To Bel XoTHTEe HallTH Yac-
TOTHYIO XapaKTEePUCTHUKY szpa puibTpa, kotopoe coctouT u3 80 Touek. Tak kak BII® pabGoraer
TOJIKO C CUTHAJIAMH, KOTOPBIE SBJISIOTCS MOIIBIO B2, BbI JOKHBI IpuOaBuTh 48 HyJeH K cur-
Hay, 4TOOBI IPUHECTH ATO K JIMHE 128 BBIOOPOK. DTO dononnerue Hynisamu HE U3MEHSIET UM-
MyJbCHYIO NepenaTouyHyto (QyHKIuo. YToObl MOHUMATh, TOYEMY 3TO - TaK, JTyMaWTe OTHOCH-
TEJIbHO TOTO, YTO CIIy4aeTcsi C 3TUMHU J00aBICHHBIMHU HYJISIMH, KOT/Ia BXOJIHOM CHUTHAll CBEp-
HYT(CKpy4Y€H) C UMITyJIbCHOW INepenaToyHoil (yHKIMel cucteMbl. J[o0aBieHHBIE HYJIU MPOCTO
oOparnraroTcs B HyJIb B CKpYYMBaHUHU(CBEPTKE), U HE 3aTParuBaloOT pe3ysbTarT.

Taking this a step further, you could add many zeros to the impulse response to make it, say,
256, 512, or 1024 points long. The important idea is that longer impulse responses result in a
closer spacing of the data points in the frequency response. That is, there are more samples
spread between DC and one-half of the sampling rate. Taking this to the extreme, if the impulse
response is padded with an infinite number of zeros, the data points in the frequency response are
infinitesimally close together, i.e., a continuous line. In other words, the frequency response of a
filter is really a continuous signal between DC and one-half of the sampling rate. The output of
the DFT is a sampling of this continuous line. What length of impulse response should you use
when calculating a filter's frequency response? As a first thought, try N = 1024, but don't be
afraid to change it if needed (such as insufficient resolution or excessive computation time).

Wns nanee, Bel Mornu npubaBisaTh MHO20 HyJEH K UMITYJIbCHOW NepeaaTOYHON (YHKLUH, YTO-
OBl nenaTh 3TO, cKaxkeM, 256, 512, wim 1024 Toukamu mivHON. Ba)KHOCTh MAEH COCTOUT B TOM,
4710 0OJiee ATUHHBIC UMITYJILCHBIC MEPEAATOUYHbIC (PYHKIIMH MPUBOAIT K MCHBIIEMY HHTEPBATY
MeXy TOYKaMH JaHHBIX B YaCTOTHOM XapakTepucTuke. To ecTb umeercs Oosblliee KOJTUIECTBO
BBIOOPOK PacpOCTPAHEHHBIX MEXK/y MIOCTOSTHHBIM TOKOM U TIOJIOBHHOM 4acTOTHI BRIOOpKH. bepst
3TO 0 KPaHOCTH, €ClIM UMITYJIbCHAsI NIepeaTouHasi (PYHKIHS JOTOIHACTCS OeCKOHeUHblM YHC-
JIOM HYJIeH, TOYKH JAHHBIX B YACTOTHOM XapaKTEPUCTHKE — HAXOATCS OECKOHEYHO MaJIo OJIU3KO
JIpyr K ApPYry, TO €CTh, HENPEPbIBHAS JUHUA. J[pyruMu CIIOBaMM, 4YaCTOTHAsl XapaKTEPUCTUKA
bubTpa - NeHCTBUTENBHO HENMPEPBIBHBIN CUTHAT MEXTy TTOCTOSIHHBIM TOKOM H TTOJIOBUHOM Yac-
TOTHI BhIOOpKH. Beixom II® - ocymecTBieHne BHIOOPKH 3TOM HempepbiBHOHN JmHHH. Kakyio
JUTMHY AMITYJIbCHOM TiepenaTouyHOi (GyHKIMN BBl JOMKHBI UCIIOJIB30BATh MPU BBIYUCICHUH Yac-
TOTHOM XapakTepuctuku GpuibTpa? Kak nepsas mbicib, mpooOyiite N = 1024, HO He OoiTeCch U3-
MEHHUTBH 3TO €CJIM HEOOXOOMMO (THIa HEIOCTaTOYHOM paspeliarolieil criocoOHOCTH WU 4pes3-
MEPHOT'0 BPEMEHH BHIYMCIICHUS).

Keep in mind that the "good" and "bad" parameters discussed in this chapter are only generaliza-
tions. Many signals don't fall neatly into categories. For example, consider an EKG signal con-
taminated with 60 hertz interference. The information is encoded in the time domain, but the in-
terference is best dealt with in the frequency domain. The best design for this application is
bound to have trade-offs, and might go against the conventional wisdom of this chapter. Re-

member the number one rule of education: A paragraph in a book doesn't give you a license to stop
thinking.

Nwmeiite B Buy, uTo "Xopomme" u "mioxue" mapamerpsl, 00CYKICHHBIE B 3TOU IJ1aBE - TOJIBKO
00001m1eHus. MHOTroO CUTHaIOB HE MOMNAJalT TOYHO B KaTteropuu. Hampumep, paccMoTpuTe cur-
Han OKI', 3arpsisHenHblii uHtepdepenuueir 60 repu. Mudopmanus 3akoaupoBaHa B domeHe
épemeHu, HO C MHTep(epeHLnH JTydlle UMETh JeJI0 B Yacmomuom oomere. JlydIuii poeKT 1is
3TOTO NPHJIOKEHHS CBSA3aH C TEM, YTOOBI MOMTH HA KOMIIPOMHUCC, U TONUTH MPOTHB OOBIYHOU
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MyApPOCTH 3TOH TnaBel. [loMHUTE(HE 3a0yIHTE) HOMEP OJTHO MPABUIIO 00Pa30BaAHUS: napazpad) 6
KHuee He 0aem Bam npaesa, umobwl npexpamums Oymams.

Time Domain Frequency Domain
H I I [ . ! 1 1
o H——l a. Original filter kernel | | b, Original frequancy response |
L.
1 a 10
= =
= e =
=) - &
E o2 ﬁ =
= i E -1
[
(N1 -
| [
0.4 0.
i 10 20 30 40 il} i i1 0.2 i3 0.4 .5
Sample number Frequency
o N I b I I I
g _J ¢. Filter kernel with spectral inversion I___ d, Inverted frequency response
| |
i
1.0
4 =
g %4 =
= ™ =
s .2 = Flipped
ﬂi I&._ : top-for-battom |-
(.1 -
0,2
' T
¥, 4 5]
I 1n n k] 4 A0 il i1 i3 (] ind s
Sample number Frequency

FIGURE 14-5. Example of spectral inversion.

The low-pass filter kernel in (a) has the frequency response shown in (b). A high-pass filter kernel, (c), is formed by
changing the sign of each sample in (a), and adding one to the sample at the center of symmetry. This action in the
time domain inverts the frequency spectrum (i.e., flips it top-for-bottom), as shown by the high-pass frequency re-
sponse in (d).

PUCYHOK 14-5. [Ipumep criekTpanbHON HHBEPCU.

SAnpo dwibTpa HIKHMX YacTOT B (a) MOKa3bIBAET YaCTOTHYIO XapakTepucTuky B (b). Snpo ¢mibTpa BepxHMX yac-
TOT, (¢), cPOpMHPOBAHO, H3MEHSS 3HAK KaXKJ0H BHIOOPKH B (), M MPHUOABIsIsl €MUHUIYY K BBIOOPKE B LIEHTPE CHM-
METpHH. DTO JEWCTBHE B JIOMEHE BPEMEHU MHBEPTHPYET CHEKTP YacTOT (TO €CTh, 3€PKAJIBHO OTpaXkaeT 3TO "Bep-
[IMHA - OCHOBaHME "), KaK MOKa3aHO OTBETOM YaCTOTHI(YaCTOTHOW XapaKTEPUCTUKOM) (QMIBTpa BEPXHHUX YACTOT B

().

High-Pass, Band-Pass and Band-Reject Filters
DOuabTp BepXHHUX YacToT, [lo1ocoBbIC M
IHoJiocoBrle - 3arpaxaamue(pekeKTopubie) PUIbTPbI

High-pass, band-pass and band-reject filters are designed by starting with a low-pass filter, and
then converting it into the desired response. For this reason, most discussions on filter design
only give examples of low-pass filters. There are two methods for the low-pass to high-pass con-
version: spectral inversion and spectral reversal. Both are equally useful.
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OuUIbTp BEPXHUX YACTOT, MOJOCOBBIE M MOJIOCOBbIe(3arpaxaaronme) GuibTpsl pa3padaThiBaioT-
csl, HauMHAs ¢ QUIBTPA HIKHUX YacTOT, U 3aTE€M IPeoOpPa30BHIBAst 3TO B KEJIATEIbHYIO Xapak-
TepucTuky. [lo 3Toil mpuymHe, OGOJBIIMHCTBO OOCYXXICHHUH IO MPOCKTHPOBAHUIO (UIBTpa,
TOJBKO JAIOT MPUMEpPHI QMIBTPOB HIDKHHUX 4acToT. MMeroTcst aBa MeTona A mpeoOpa3oBaHus
¢GuIbTpa HU3KKUX YaCTOT B (PUIBTP BEPXHHUX YACTOT: CHEKTPAIbHAsi HHBEPCHS U CHIEKTPAJIb-
Hoe peBepcupoBanue. O0a OAMHAKOBO MOJIE3HBI.

An example of spectral inversion is shown in 14-5. Figure (a) shows a low-pass filter kernel
called a windowed-sinc (the topic of Chapter 16). This filter kernel is 51 points in length, al-
though many of samples have a value so small that they appear to be zero in this graph. The cor-
responding frequency response is shown in (b), found by adding 13 zeros to the filter kernel and
taking a 64 point FFT. Two things must be done to change the low-pass filter kernel into a high-
pass filter kernel. First, change the sign of each sample in the filter kernel. Second, add one to
the sample at the center of symmetry. This results in the high-pass filter kernel shown in (c), with
the frequency response shown in (d). Spectral inversion flips the frequency response fop-for-
bottom, changing the passbands into stopbands, and the stopbands into passbands. In other
words, it changes a filter from low-pass to high-pass, high-pass to low-pass, band-pass to band-
reject, or band-reject to band-pass.

[Tpumep cnexmpanvrou uneepcuu MOKa3pIBacTCs Ha pucyHke 14-5. PucyHok (a) mokaspIBaeT siji-
po dhunbpTpa HUKHHUX YacTOT Ha3biBaeMoe windowed-sinc (B3BelIeHHBIH cUHyC?)TemMa rlaBsl 16).
Ot10 sapo ¢unbTpa - 51 ToUKa AIMHHOW, XOTS MHOTHE M3 BRIOOPOK MMEIOT HACTOJIBKO MAJICHb-
KUe 3HAaYCHMS, YTO OHH, KaXeTcs, HyJEBBIMHU B 3TOM auarpamme(rpaduke). CooTBETCTBYIOIIAS
YaCTOTHAs XapaKTepucTrKa nokazanHas B (b), Halinena, npubasiss 13 Hynel K sapy GuibTpa u
oeps(nenas) 64 rouka BIID. /IBe Bemy JOKHBI OBITH ClIENIAaHbl, YTOOBI U3MEHUTH SIPO (QUIBTPA
HIDKHHUX YacTOT B AP0 GUIbTpa BEPXHUX YaCTOT. Bo mepBbIX, U3MEHUTDH 3HAK KaXKIOW BHIOOPKHU
B Aape punbTpa. Bo BTOpbIX, NpubaBUTh TOT K BEIOOPKE B LIEHTPE CUMMETPHH. DTO MPUBOAUT K
sanpy GUIbTpa BEPXHHUX YACTOT, TTOKA3aHHOMY B (C), C YaCTOTHOW XapaKTEPHUCTUKOM, TTOKa3aH-
HoH B (d). CriekTpanbHas MHBEPCUS 3epKaIbHO OTPAXKAET YACTOTHYIO XapaKTePUCTUKY " BEpIIH-
Ha - OCHOBaHUE ", U3MEHS MOJIOCHI MPOMYCKAHUS B MOJIOCHI 3a/1€PKUBAHUSI(TIOIOCH] 3aTyXaHUS;
MIOJIOCHI OCNIA0JICHHST), ¥ TIOJIOCHI 3aePKUBAHUSA(IIOTIOCHI 3aTyXaHUs; TIOJIOCH OCcabIeHus) B MO-
JIOCHI MpoIycKaHus. J[pyruMu ciioBaMu, 3TO U3MEHsET (PUIbTP HU3KUX YacTOT B (PUIBTP BEepX-
HHUX YacTOT; (MIBTP BEPXHUX YAaCTOT B (PWIBTP HU3KUX YACTOT; IOJIOCOBOM B MOJIOCOBOH - 3a-
TPaKIAIOIINN ); WU TIOJIOCOBOM - 3arpakIaroIIHi B TIOJIOCOBOM.

Figure 14-6 shows why this two step modification to the time domain results in an inverted fre-
quency spectrum. In (a), the input signal, x[#], is applied to two systems in parallel. One of these
systems is a low-pass filter, with an impulse response given by A4[n]. The other system does noth-
ing to the signal, and therefore has an impulse response that is a delta function, o[n]. The overall
output, y[n], is equal to the output of the all-pass system minus the output of the low-pass sys-
tem. Since the low frequency components are subtracted from the original signal, only the high
frequency components appear in the output. Thus, a high-pass filter is formed.

Pucynok 14-6 mokassiBaeT, moyemMy 5TH JBa Iara Moau(uKauu JoOMEHa BPEMEHH MPUBOIAT K
nepeBepHyTOMY(MHBEpTUPOBAHHOMY) CIIEKTpY 4acToT. B (a), BXoaHO# curHan, x[n], mpumeHs-
eTcs K JIByM cucteMaM mnapajuienbHo. OnHa U3 3THX CUCTEM - (DUIIBTP HUKHUX YacCTOT, C UM-
NyJIBCHOH mepenaTounoi ¢pyHKuueH, qannout An]. [pyras cucrtema He JenaeT Huye2o K CUTHa-
Jy, ¥ IO3TOMY UMEET UMIYJIbCHYIO MEePeIaTOuHyI0 (PYHKIIHIO, KOTOopas sBJseTCs AelbTa QyHK-
uuen, o[n]. [lonHbli BbIXOM, y[n], SIBASETCS PaBHBIM BBIXOAY CHCTEMbI IIPOITYyCKAIOIIEH BCe OT-
pHUIATEIBHBIC YaCTOTHI, CHCTEMBI C HH3KHM MPOXOJ0M. Tak KaKk HU3KOYACTOTHBIC KOMITOHEHTBI
BBIYUTAIOTCS OT IEPBOHAYAIBLHOTO CUTHAJIA, TOJIBKO KOMIIOHEHTHI BBICOKOW YaCTOThI MOSBIISIOT-
cs B BeIxoJzie. Takum 006pa3om, GUiIbTp BEPXHUX YACTOT CPOPMUPOBAH.
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This could be performed as a two step operation in a computer program: run the signal through a
low-pass filter, and then subtract the filtered signal from the original. However, the entire opera-
tion can be performed in a signal stage by combining the two filter kernels. As described in
Chapter 7, parallel systems with added outputs can be combined into a single stage by adding
their impulse responses. As shown in (b), the filter kernel for the high-pass filter is given by:
o[n] - h[n]. That is, change the sign of all the samples, and then add one to the sample at the cen-
ter of symmetry.

3T0 MOTJI0 OBITH BBHITIOJIHEHO OTEpalyell B /IBa mMara B KOMIBIOTEPHOHN NpOTrpaMMe: BBITIOJTHHUTE
CUTHAJI Yepe3 QUIbTP HIKHUX YaCTOT, M 3aT€M BBIYTUTE (PHIBTPOBAHHBIM CUTHAI OT OPUTHHAIA.
OnHako, MOJHAsI OTepanys MOKET OBITh BBITIOJHEHA B CTaJIMM CUTHAJIA, OOBEIUHSIS JBa sSapa
¢mbTpa. Kak onucano B riaBe 7, mapaijielbHble CUCTEMBI ¢ JO0OABICHHBIMH BBIXOJAMH MOTYT
OBITh OOBEIMHEHBI B OTACTHHYIO CTaIUI0, MPHOABIISS UX UMITYJIBCHBIC ITEPEIATOYHbIC (DYHKITHH.
Kak moxkazano B (b), sapo ¢punbTpa A GUIbTpa BEPXHUX 4acToT gaercs: ofn] - A[n]. To ectb
M3MEHUTE(3aMEHHTE) 3HAK BCEX BBHIOOPOK, U 3aTEM MPUOABbTE TOT K BEIOOPKE B IIEHTPE CHMMET-
pHH.

a, High-pass by LGW'—[IEES

adding parallel stages j

> hin] —
X[n] yln]
= O[n]
All-pass
b. High-pass High-pass

in a single stage ]_

x[n] ——= &[n] - h[n] p—— y[n]

FIGURE 14-6. Block diagram of spectral inversion.

In (a), the input signal, x[n], is applied to two systems in parallel, having impulse responses of 4[r] and o[n]. As
shown in (b), the combined system has an impulse response of o[#n] - #[n]. This means that the frequency response
of the combined system is the inversion of the frequency response of [n].

PUCVYHOK 14-6. bnok-cxeMa cieKTpaabHONH HHBEPCHU.

B (a), BxomHOI curHan, x[n], mpuMeHseTCs K ABYM MapauIeIbHBIM CHCTEMaM, UMesl HMITYJIbCHbIE MepelaTOuHbIe
¢yakumn A[n] u o[n]. Kak nokazano (b), o0benHEHHAs CHCTEMa MMEET MMITYIBCHYIO MEepPeIaTOYHyI0 (YHKIIHIO
o[n] - h[n]. OTO O3HAYAET, YTO YACTOTHAS XAPAKTEPUCTHKA OOBEANHEHHOIN CHCTEMBI - HHBEPCHS YAaCTOTHOH Xapak-
TEPUCTHKH A[n].

For this technique to work, the low-frequency components exiting the low-pass filter must have
the same phase as the low-frequency components exiting the all-pass system. Otherwise a com-
plete subtraction cannot take place. This places two restrictions on the method: (1) the original
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filter kernel must have left-right symmetry (i.e., a zero or linear phase), and (2) the impulse must
be added at the center of symmetry.

Jlnis 5TOM METOIMKH, YTOObI paboTaTh, HU3KOUYACTOTHBIE KOMIIOHEHTHI, BBIXOJAIINE U3 (QUIIBTPa
HIDKHUX YacTOT JOJDKHBI UMETh Ty e caMylo (a3y Kak HU3KOYAaCTOTHBIE KOMIIOHEHTHI, BBIXO-
JIMe U3 MPOITyCKaroIed Bce 4acTOThl cUCTeMbI. VIHaue NoaHOe BBIYMTAHHE HE MOXKET UMETh
MecTo. DTO pa3MellaeT J1Ba OrpaHudeHust Ha MeTo1: (1) mepBoHauanbHOE AP0 PUIBTPA JOIKHO
UMETh JICBO - MIPaByI0 CUMMETPHIO (TO €CTh, HyJIeBas WM JuHeHHas daza), u (2), HMIyJIbC
JIOJKEH OBITh 10OABIICH B LIECHTPE CUMMETPHH.

Time Domain Frequency Domain
H I I [ - ) : :
o H——I a, Original filter kernel | | b. Original frequency response |
(LA
1 p 10
=2 =
2 =
g, — -
E oz L E
= i :-'. =
(1
(1] -
0
0.4 n.an
0 L] a i i 4 A0 n .1 0.2 0.3 n.4 n.s
Sample number Frequency
H g — : . | | | |
asd] €. Filter kernel with spectral reversal l—--- d. Reversed frequency response
[N}
L0
4 o
= 4 =
27 = —
Z T — & -
Eo 2 E Hipped
N 0.5 lefr-for-right
i}
0.0 I ;
1
e Y !
i 2.(h
1] [LI] 20 30 il a0 1] 1 0.2 A 4 ns
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FIGURE 14-7. Example of spectral reversal.

The low-pass filter kernel in (a) has the frequency response shown in (b). A high-pass filter kernel, (c), is formed by
changing the sign of every other sample in (a). This action in the time domain results in the frequency domain being
flipped left-for-right, resulting in the high-pass frequency response shown in (d).

PUCYHOK 14-7. [IpuMep CEKTpaIbHOTO PEBEPCHPOBAHUS.

SAnpo ¢pubTpa HIKHHUX YacTOT B (@) MOKa3bIBaeT YaCTOTHYIO XapakTepucTuky B (b). SAapo ¢umpTpa BepxHHX yac-
TOT, (C), cOpMUPOBAHO, HM3MEHSAA 3HAK KaXIOi APYrod BEIOOPKH B (a). DTO IeiicTBHE B TOMEHE BPEMEHHU MPHBO-
IOUT K 3epKalbHO OTpPaKaeMOMY 4YacTOTHOTO JOMEHa, ClieBa - HalpaBO, NPUBOJAS K YaCTOTHOM XapaKTEPHUCTHKE
(umpTpa BEpXHUX YACTOT, TOKa3aHHOM B (d).

The second method for low-pass to high-pass conversion, spectral reversal, is illustrated in Fig.
14-7. Just as before, the low-pass filter kernel in (a) corresponds to the frequency response in (b).
The high-pass filter kernel, (c), is formed by changing the sign of every other sample in (a). As
shown in (d), this flips the frequency domain left-for-right: 0 becomes 0.5 and 0.5 becomes O.
The cutoff frequency of the example low-pass filter is 0.15, resulting in the cutoff frequency of
the high-pass filter being 0.35.
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Bropoit meton mist ipeo6pa3oBanus GUIbTpa HU3KUX YaCTOT B GMIIBTP BEPXHUX YACTOT, CHEK-
MPANLHBIM pegepcuposanuem, WUTIOCTPUPOBaHHBIM B puc. 14-7. Tak ke, kKak mpexnae, sSaApo
(buIbTpa HIWKHUX YacTOT B () COOTBETCTBYET YaCTOTHOM Xapaktepuctuke B (b). Aapo dumbrpa
BEPXHUX YaCTOT, (C), CHOPMUPOBAHO, UMEHSS 3HAK KANHCOOU OPY20U(00NOIHUMENbHOLL) 8b1O0D-
xu B (a). Kak moka3ano B (d), 3T0 3epKajibHO OTpa)kaeT YaCTOTHBIN JTIOMEH, 1e60 enpaso: 0 cra-
Hosurcs 0.5, u 0.5 cranosurcs 0. ['pannunas yactora GUIBTpa HUKHUAX 4acTOT npumepa - 0.15,
MPUBO/S K TPAHUYHOM YacToTe GUIBTPa BEPXHUX YACTOT, sBJstomerocs 0.35.

a. Band-pass by Low-pass High-pass
cascading stages —\ ‘ I—

Xx[n] ——=f h,[n] —>| h;[n] —= v[n]

b. Band-pass Band-pass

in a single stage

X[n] ———» h,[n] % h,[n] ——>= y[n]

FIGURE 14-8. Designing a band-pass filter.

As shown in (a), a band-pass filter can be formed by cascading a low-pass filter and a high-pass filter. This can be
reduced to a single stage, shown in (b). The filter kernel of the single stage is equal to the convolution of the low-
pass and high-pass filter kernels.

PUCYHOK 14-8. [IpoekTupoBanue noiocoBoro GpuibTpa.

Kak moxa3zano B (a), moiocoBoii GuiIbTp MoxeT ObITH COPMHUPOBAH, pacrosaras KackajoM (QUIBTP HIKHUX 4ac-
TOT ¥ QMIBTP BEPXHUX YACTOT. DTO MOKET OBITh COKpAILEHO K €AMHCTBEHHOW 3Tane(kackazae), nokasas B (b). Axpo
(¢UIBTpa eAMHCTBEHHOTO 3Tana(Kackaja) paBHO CKPYUMBAHUIO sijiep QUIbTPa BEPXHUX YAaCTOT M HU3KHUX YacTOT.

Changing the sign of every other sample is equivalent to multiplying the filter kernel by a sinu-
soid with a frequency of 0.5. As discussed in Chapter 10, this has the effect of shifting the fre-
quency domain by 0.5. Look at (b) and imagine the negative frequencies between -0.5 and 0 that
are of mirror image of the frequencies between 0 and 0.5. The frequencies that appear in (d) are
the negative frequencies from (b) shifted by 0.5.

N3menenne(3amMeHa) 3HaKa KaXI0H IPyroil BEIOOPKH YKBUBAJICHTHO YMHOXEHUIO siApa GUIbTpa
cuHycouzoi ¢ yactoroit 0.5. Kak obcyxxaeno B rinase 10, 310 umeeT 3QPeKT cMeeHns: 4acToT-
Horo nomeHa(obmactu) 0.5. Cmotpute (Ha (b), 1 BOOOpa3UTe OTPUIIATEIBHBIE YaCTOTHI MEXY -
0.5 u 0, koTOpBIe UMEIOT 3epKajTbHOE U300pakeHue(0opa3) yactor Mexay 0 u 0.5. HacToTsl, KO-
Topblie osiBIsItoTCS B (d) - oTpumatenbHpie 4acToThl oT (b), caBunyToM 0.5.

Lastly, Figs. 14-8 and 14-9 show how low-pass and high-pass filter kernels can be combined to
form band-pass and band-reject filters. In short, adding the filter kernels produces a band-reject
filter, while convolving the filter kernels produces a band-pass filter. These are based on the way
cascaded and parallel systems are be combined, as discussed in Chapter 7. Multiple combination
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of these techniques can also be used. For instance, a band-pass filter can be designed by adding
the two filter kernels to form a stop-pass filter, and then use spectral inversion or spectral rever-
sal as previously described. All these techniques work very well with few surprises.

Haxonern, Puc. 14-8 u 14-9 nokassIBaioT, Kak spa GUIbTpa HU3KUX YaCTOT U (UIBTPA BEPXHUX
YaCTOT MOTYT OBITh OOBEIUHEHBI, YTOOBI (POPMHUPOBATH TOJOCOBBIC M TIOJOCOBBIC 3arpak/Iato-
mue ¢unsTpel. Kopoue roBopsi, dobasnss siapa (UIBTPOB, MPOU3BOIAT HOIOCOBOU 3A2PAHNC-
Ooarowuii GUIABTP, TIPU CKPYUYUBAHHUH sJIep (PHIBTPOB MPOUZBOAMUTCS 1010c080U Purvmp. OHU
OCHOBAHbI Ha MYTH, KOTOPbIM KacCKaJHbIe M NapajjielibHble CUCTEMBbI SBISIOTCA OBITH 0O0bEIH-
HEHHBIMHU, KaK 0OCY’KJeHO B riaBe 7. MHOKeCTBeHHass KOMOUWHAIUS 3TUX METOJIOB MOXET TaK-
e UCToib30BaThcs. Hanmpumep, monocoBoil GpunbTp MokeT ObITh pazpaboTaH, HpuOaBiiss aBa
sanpa uibTpa, uToOB hopMUpOBaTh Stop-pass GUILTP (GUIABTP npoxooa ocmanosa), U 3aTeM
UCTIOJIb30BaTh CHEKTPAIBbHYI0 MHBEPCUIO WIIM CHEKTPaIbHOE PEBEPCUPOBAHUE KakK IpeIBapH-
TeJIbHO onucaHo. Bee 3T MeToabl paboTal0T 0Y€Hb XOPOIIO ¢ HEMHOTUMH HEOKHIaHHOCTSIMH.

Filter Classification
Knaccnpukanusa @uiabTpa

Table 14-1 summarizes how digital filters are classified by their use and by their implementation.
The use of a digital filter can be broken into three categories: time domain, frequency domain
and custom. As previously described, time domain filters are used when the information is en-
coded in the shape of the signal's waveform. Time domain filtering is used for such actions as:
smoothing, DC removal, waveform shaping, etc. In contrast, frequency domain filters are used
when the information is contained in the amplitude, frequency, and phase of the component sinu-
soids. The goal of these filters is to separate one band of frequencies from another. Custom fil-
ters are used when a special action is required by the filter, something more elaborate than the
four basic responses (high-pass, low-pass, band-pass and band-reject). For instance, Chapter 17
describes how custom filters can be used for deconvolution, a way of counteracting an unwanted
convolution.

Ta6muma 14-1 cymmupyert, kak iudpoBbie GUIBTPBI KIACCU(DUIIMPOBAHBI UX UCHOIb30BAHUEM T
uX evinoaHenuem. Vlcnonb3oBaHue MUQPPOBOro (MIBTPa MOXKET B TpeX KaTeropusx(kiaccax):
O0OMEH 8peMeHU, YacCmommublll 0oMeH W 3axasHou. Kak mpeaBapuTeIbHO OMUCaHO, (QUIIBTPHI J10-
MEHa BPEMEHH MCHOJIb3YIOTCS, KOrja nHpopMalus 3aKkoaupoBaHa B ¢popme (GOpMbl BOJTHBI CUT-
Hana. OunbTpanus JoMeHa BpeMeHu ucnonp3yercs Il TaKuxX JEHCTBUM Kak: CIIIaKMBaHHUE,
yAalieHue TOCTOSIHHOTO TOKa, popMupoBanue (hopmbl BONHEI, U T.1. HampoTtus, GuiIbTpsl yac-
TOTHOTO JIOMEHA MCIIOJB3YIOTCS, KOTAa HH(POPMAIIHS COJIEPKUTCS B aMILTUTYIE, YacToTe, u (ase
COCTaBJIAIONINX CUHYCOH. Llenb 3TuX (GUIBTPOB COCTOUT B TOM, YTOOBI OTJACIUTH OJIHY TOJIOCY
4acToT OT JPYyToi. 3aKka3HbIe QPHIBTPHI UCIIOJIB3YIOTCS, KOTAa TPeOyeTcs KaKoe MO0 CIeIHab-
HOe JeiicTBue (puibTpa, 60jee CI0KHOE YeM YEeThIpE OCHOBHBIE XapaKTEPUCTUKU ((DHIIBTP BepX-
HUX YacTOT, GWUIBTP HIDKHHMX YacTOT, MOJIOCOBOM M TOJIOCOBOM 3arpakiaromiuii). Hampumep,
riaBa 17 omuchIBaeT, Kak 3aKka3Hble (QUIBTPBI MOTYT UCIOIB30BATHCS IS OEKOHBOMIOYUU, TTYTH
IPOTHBOACHCTBUS HEXENATeTbHOMY CKPYYHBAHUIO(CBEPTKE).
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a. Band-reject by Low-pass
adding parallel stages
»1 hy[n]
Xn} —— y[n]
—= h,[n]
High-pass
b. Band-reject Band-reject

in a Si.ﬂg]E“ stage I

x[n] ——— hy[n] + hy[n] p——3 y[n]

FIGURE 14-9. Designing a band-reject filter.

As shown in (a), a band-reject filter is formed by the parallel combination of a low-pass filter and a high-pass filter
with their outputs added. Figure (b) shows this reduced to a single stage, with the filter kernel found by adding the
low-pass and high-pass filter kernels.

PUCYHOK 14-9. IIpoexTrpoBaHue MOJIOCOBOTO 3arpaXJaroniero GuibTpa.

Kak mokaszano B (a), OJOCOBOH 3arpakgarouiuii GuibTp cHOPMHUPOBAH MapaUICIbHOW KOMOWHaImen (Quibrpa
HIDKHUX 9acTOT M (WIBTpPa BEpXHUX YaCTOT C WX JOOaBICHHBIMH BBIXOHaMu. PucyHOk (b) moka3eiBaeT, 4ToO 3TO
TIPUBOIIIO K €JMHCTBEHHOM CTafuH, ¢ SAPOM GHUIbTPA, HAWAEHHBIM, NMPUOABIAA Aapa GUIbTPA BEPXHUX YacCTOT U
HU3KHUX 4acToT.
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FILTER IMPLEMENTED BY:

' ™
Convolution Recursion
Finite tmpulse Response (FIR) infinite Impulse Response ({1R)
5| Time Domain Moving average (Ch. 15) Single pole (Ch. 19)
O (smoothing, DC removal) i i i '
(==
-
2| F  Domai
= S L U f Windowed-sinc (Ch. 16) Chebyshev (Ch. 20)
o (yeparating frequencies)
=
= Cust
= A FIR custom (Ch. 17) Iterative design (Ch. 26)
(Deconmveluion) =
TABLE 14-1

Filter classification. Filters can be divided by their use, and how they are implemented.

TABJIMLA 14-1.
Krnaccudukanms ®unbrpa. GUiabTpbl MOTYT OBITH pa3zeieHbl UX HCIOIB30BaHUEM, H KaK OHH OCYUYeCBIEHb.

Digital filters can be implemented in two ways, by convolution (also called finite impulse re-
sponse or FIR) and by recursion (also called infinite impulse response or IIR). Filters carried out
by convolution can have far better performance than filters using recursion, but execute much
more slowly.

Hudpossie GUIBTPBI MOTYT OBITH OCYIIECTBICHBI ABYMSI CIIOCOOaMH, CKpyuu8aHuem(CBEPTKON)
(maxoice nazvigaemvili KOHeUHLIM omeemom umnyavca wmn KHUX) n pexypcuetl (Takoce Hazwl-
saemvlil OECKOHEUHOU UMNYIbCHOU nepedamoynol yuxyuer v bHX). OUIBTPHI, BHIITOTHCH-
HBIC CKPYYMBaHHUEM(CBEPTKOW) MOTYT UMETh ropas3io Jyqiyto 3(G(eKTHBHOCTh YeM (HIbTPBI,
UCTIONIB3YIOUINE PEKYPCHIO, HO BBIMTOJIHATHCS HAMHOTO 00Jiee MEJIEHHO.

The next six chapters describe digital filters according to the classifications in Table 14-1. First,
we will look at filters carried out by convolution. The moving average (Chapter 15) is used in the
time domain, the windowed-sinc (Chapter 16) is used in the frequency domain, and FIR custom
(Chapter 17) is used when something special is needed. To finish the discussion of FIR filters,
Chapter 18 presents a technique called FFT convolution. This is an algorithm for increasing the
speed of convolution, allowing FIR filters to execute faster.

Crnenyroliue 1IecTh IJ1aB OMUCHIBAIOT HUGPOBBIE (GUIBTPHI COMNIACHO KJIacCHU(PHUKAIUSAM B TaOJIH-
ne 14-1. Bo mepBbIX, MBI OyJeM CMOTpPETh Ha (QHIBTPHI, BBIIIOJHEHHBIE CKPYYHUBaHH-
em(cBepTkoit). Croanbsaujee cpednee 3nauenue (riaBa 15) ucmonb3yercs B JOMEHE BPEMEHH,
windowed-sinc (rnaBa 16) ucnonb3yeTcst B 4aCTOTHOM JoMeHe, 1 KU X 3axaznou (rnasa 17) uc-
MOJIE3YETCs, KOTJa KOe-uTo CcrennaibHoe HeooxoauMo. YToOs! 3akanunBaTh o0cyxaeHne KNUX-
¢bunbTpOB, rIaBa 18 mpeacTaBiIsieT METOAMKY 101 Ha3BaHUEM cKpyunBaHue(cBeptka) bII®. Oto
- aNrOpUTM ISl YBEIMYEHHUs OBICTPOACHCTBUS CKpyduMBaHUS(CBEPTKH), paspemienne KUX-
(GUIBTPOB, YTOOBI BHIIOTHUTHCS OBICTpEE.

Next, we look at recursive filters. The single pole recursive filter (Chapter 19) is used in the time
domain, while the Chebyshev (Chapter 20) is used in the frequency domain. Recursive filters
having a custom response are designed by iterative techniques. For this reason, we will delay
their discussion until Chapter 26, where they will be presented with another type of iterative pro-
cedure: the neural network.
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3atem, MBIl CMOTPUM Ha peKypcHBHBIC GUIBTPhI. OTHOMOMIOCHBIN PEKYPCUBHBIN QUIBTP (TJIaBa
19) ucnonb3yercs B TOMEHE BPEMEHH, B TO BpeMs Kak YebOwiues (rnaBa 20) HCIONB3yeTCs B
YacCTOTHOM JIOMeHe. Pexypcusenvie ¢hunbmpol, IMEIOIINE 3aKa3HON OTBET pa3paboTaHbl UTEpAIlH-
OHHBIMHU MeTonamu. [1o 3To¥ mpuurHe, MBI 33JEPKUM UX OOCYKICHHE JO IJIaBbl 26, I OHU
OyIyT IpeNCTaBICHbI C IPYTUM TUIIOM UTEPAL[MOHHO MpOLeTyphbl: HEpBHAs CETh(cUcTEMA).

As shown in Table 14-1, convolution and recursion are rival techniques; you must use one or the
other for a particular application. How do you choose? Chapter 21 presents a head-to-head com-
parison of the two, in both the time and frequency domains.

Kaxk nokazano B tabnuie 14-1, ckpyuueanue(kongoatoyust) u pekypcust - KOHKYpUPYIOITHE METO-
IbI; BBI TOJDKHBI MCTIONTB30BATh OJIMH WU JAPYTOH Ui crierududeckoro npuinoxkenus. Kak Bor
BeIOMpaeTe? I'maBa 21 mpencrTaBisieT CpaBHEHHE TOJIOBA K TOJOBE(JIOMEHHAs TpaHUIA MEXKIY
JIOMEHAMU C BCTPEUYHBIM HaIlpaBieHUEM?) 3TUX JBYX JIOMEHOB, U BPEMEHU U YaCTOTHI.
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