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CHAPTER . .
Moving Average Filters

]_ 5 OuiabTpbl CKOJIB3AIIEr0 CPEeAHEro

The moving average is the most common filter in DSP, mainly because it is the easiest digital
filter to understand and use. In spite of its simplicity, the moving average filter is optimal for a
common task: reducing random noise while retaining a sharp step response. This makes it the
premier filter for time domain encoded signals. However, the moving average is the worst filter
for frequency domain encoded signals, with little ability to separate one band of frequencies
from another. Relatives of the moving average filter include the Gaussian, Blackman, and multi-
ple-pass moving average. These have slightly better performance in the frequency domain, at the
expense of increased computation time.

Ckomnp3diee cpegHee - Hanbosaee o0bruHbIN GuiabTp B LHOC, rmaBHsIM 00pa3zom, MOTOMY 4TO 3TO
- caMblif mpocTo UGPoBOH GUILTP, YTOOBI MIOHMMAThH U UCIIOJIB30BaTh. HecMOTps Ha ero mpo-
CTOTY, (DUIBTP CKOJIB3SIIIETO CPEIHETO onmumaner i oOmei(0OBIYHON) 3a/1a4u: COKpAIICHNE
CIIy4ailHOrO IIyMa MpU COXPAaHEHHH KPYTOHM peaklMd Ha CKauoK. DTO JAeNaeT 3TO MpeMbep-
MHHUCTPOM q)HJ'II:TpOM AJi1 JOMCHA BPEMCHH 3aKOAMPOBAHHBIMU CUT'HAJIaAMHU. OI[HEIKO, CKOJIb3s1-
IIee CpeIHee - CaMblid TIOX0W (DUIIBTP I CUTHAJIOB, 3aKOAMPOBAHHBIX B YACTOTHOM JOMEHE, C
HEOOJIBIION CIIOCOOHOCTBIO OTNENUTH OJHY TOJOCY YacTOT OT Apyroi. PoncTBeHHbie GUIBTPHI
CKOJIB3AIIETO0 CpefHero BKiIrouaroT [ayccuan, Blackman, m MHOro-mpoxomHoe CKOJb3sIICe
cpenree. OHU UMEIOT ClIETKa JY4IIyr 3(PQGEKTHBHOCTh B YaCTOTHOM JIOMEHE, 3a CUYET YBEJH-
YCHHOTO BPEMECHH BBIYUCIICHHS.

Implementation by Convolution
Boinosinenne Ckpy4yuBaHueM(CBepPTKOM)

As the name implies, the moving average filter operates by averaging a number of points from
the input signal to produce each point in the output signal. In equation form, this is written:

Kak nogpaszymeBaer Ha3BaHue, GUIBTP CKOJB3AILIETO CPEAHEr0 3HAUCHHs pabOTaeT yCpeIHeHH-
€M psilia TOYEeK OT BXOJIHOTO CHUTHaJa, YTOObI MIPOU3BECTH KAXKAYI0 TOUKY B CUTHaJIe BbIxona. B
¢dopme ypaBHEHHMsI, 3TO HAITUCAHO:

EQUATION 15-1

Equation of the moving average filter. In this equation x[ ], is the input signal, y[ ] M-l

is the output signal, and M is the number of points used in the moving average. y[i] = — E x[i+j]
This equation only uses points on one side of the output sample being calculated. M 5o
YPABHEHUE 15-1. YpaBHeHue QribTpa CKOIB3AMIETO CPETHETO.

B 3T0M ypaBHeHUH X[ ], ABIIAETCS BXOAHBIM CUTHAJIOM, ¥[ ] CHTHaN BBIXOJA, U M. - YHCIIO TOYEK, UCIIOIb3YEMBIX B
CKOJIB3AIILEM CpeJHeM. JTO YpaBHEHHE HCIIOJIB3YeT TOJIBKO TOYKHM Ha OTHON CTOPOHE PACCUMTHIBAEMOH BHIOOPKH
BbIXOJaA.

Where x [ ] is the input signal, y[ ] is the output signal, and M is the number of points in the aver-
age. For example, in a 5 point moving average filter, point 80 in the output signal is given by:

I'ne x[ ] - BxonHoO# curHamn, y[ | - curian Beixoaa, u M - uncio Touek B cpenHeM. Hanpumep, B 5
TOUYKaX (PUIBTPa CKONB3SIIEr0 CPeIHEro TOUkH, 80 TOUEK B CUTHAJIE BBIXOJa, JAETCs:

x[BO] + x[81] + x[B2] + x|B3] + x|&4]
3
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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As an alternative, the group of points from the input signal can be chosen symmetrically around
the output point:

Kak AJIbTCPHATUBA, I'pylIla TOYCK OT BXOJHOI'O CUTHAJIA MOKCT OBITh B1316paHa CUMMeMPUHYHO
BOKpPYT TOYKH BbIXOJa:

x[78] + x[79] + x[80] + x[81] + x[82]
5

v[80] =

This corresponds to changing the summation in Eq. 15-1 from: j =0 to M — 1, to: j = -(M-1)/2 to
(M-1)/2. For instance, in an 11 point moving average filter, the index, j, can run from 0 to 11
(one side averaging) or -5 to 5 (symmetrical averaging). Symmetrical averaging requires that M
be an odd number. Programming is slightly easier with the points on only one side; however, this
produces a relative shift between the input and output signals.

DTO COOTBETCTBYET U3MEHEHUIO(3aMEHE) CyMMUpOBaHus B ypaBHeHuu 15-1 ot: j = 0 no M-1, Ha:
j=-(M-1)/2 no (M-1)/2. Hanpumep, B 11 Toukax B GUIBTPE CKOJB3SIIETO CPEIHET0, HHACKC, /,
MokeT pabotath oT 0 1o 11 (ogHa cTOpoHA CpeaHEero) WiH OT -5 10 5 (CUMMETPUYECKOTo CO
cpennero). CuMmeTprdeckoe cpeaHero TpedyeT, 4To0bl M ObUIO HedeTHBIM unciioM. [Iporpam-
MHUpPOBaHHE CJIETKa MPOIIE ¢ TOYKAMU TOJIBKO Ha OJHOM CTOpPOHE; OHAKO, 3TO MPOU3BOIUT OT-
HOCHUTEJIbHBIN CIBUT MEXJly CUTHAJIaMH BBOJIAa Y BBIBOJIA.

You should recognize that the moving average filter is a convolution using a very simple filter
kernel. For example, a 5 point filter has the filter kernel: ...0, 0, 1/5, 1/5, 1/5, 1/5, 1/5, 0,0 ... .
That is, the moving average filter is a convolution of the input signal with a rectangular pulse
having an area of one. Table 15-1 shows a program to implement the moving average filter.

BbI 10JKHBI IPU3HATH, YTO (GUIBTP CKOJB3AIIETO CPETHETO - CKpyuusanue(CBEpTKa), UCIOIb3Y S
O4YeHb TmpocToe sapo ¢unsTpa. Hampumep, 5 Touek gunbtpa umeer sapo buiastpa: ...0, 0, 1/5,
1/5, 1/5, 1/5, 1/5, 0, 0 ... . To ecTh QUIBTP CKONB3SIIETO CPEIHErO - CKPyYHMBaHUE(CBEPTKA)
BXOJHOTO CHUTHAJIA C NPAMOY20IbHbIM UMNYIbCOM, AMEIOITUM 00JacTh edunuysl. Tabmuma 15-1
MOKA3bIBAET MPOTPaMMy, YTOOBI OCYIIECTBUTH (DMIBTP CKOJIB3SIIETO CPETHETO 3HAUCHUS.

100 ' ®UJIbTP CKOJIB3ALLEI'O CPEAHEI'O

110 'This program filters 5000 samples with a 101 point moving
120 ‘average filter, resulting in 4900 samples of filtered data.
130 !

140 DIM X[4999] 'X[ ] holds the input signal

150 DIM Y[4999] '"Y[ ] holds the output signal

160 !

170 GOSUB XXXX 'Mythical subroutine to load X[ ]

180 '

190 FOR 1% = 50 TO 4949 "Loop for each point in the output signal

200 Y[I%] =0 'Zero, so it can be used as an accumulator

210 FOR J% =-50 TO 50 'Calculate the summation

220 Y[1%] = Y[1%] + X(1%+J%]

230 NEXT J%

240 Y[1%] = Y[1%]/101 'Complete the average by dividing

250 NEXT 1%

260"

270 END

Tabmuma 15-1

Noise Reduction vs. Step Response
(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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HIymoBoe IlpuBenenue nporus Peakuuu HA CKAYOK

Many scientists and engineers feel guilty about using the moving average filter. Because it is so
very simple, the moving average filter is often the first thing tried when faced with a problem.
Even if the problem is completely solved, there is still the feeling that something more should be
done. This situation is truly ironic. Not only is the moving average filter very good for many ap-
plications, it is optimal for a common problem, reducing random white noise while keeping the
sharpest step response.

MHOro y4eHbIX U UHKEHEPOB UyBCTBYIOT BUHY OTHOCHUTEIBHO MCHOJIb30BAaHUS (PUIIBTPA CKOJb-
3SIIIET0 cpeAHero 3HayeHus. [1oCKoabKy 3TO Tak OYEHb MPOCTO, PUILTP CKOJIB3SIIETO CPETHETO
- 4acTo mnepsasi Bellb, KOTOPYIO IMpoOYIOT Korja BCTpeyaroTcs ¢ npobiemoi. [laxe ecnu mpo-
OJiemMa MMOJIHOCTBIO pelIeHa, BCE )K€ UMEETCSl UyBCTBO, YTO KOE-4YTO OOJIbIIE JOJIKHO OBITH CHe-
JaHO. DTO TMOJIOKEHUE(CUTYaIusl) BEpHO UPOHUYECKOoe. Mano Toro, 4to GuIbTp CKOJIB3SIIETO
CPEIHEr0 OYeHb XOPOII AJIi MHOTHX IPUIIOKEHUH, 3TO onmumanvro Ui 001ei(00byHON) mpo-
OJ1eMBbl, PUBOIS CIYYalHBIA OCIBIN IIIyM MPH XpaHEHUH CaAMOI OCTPOW peaKIMu Ha CKA4OK.
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FIGURE 15-1. Example of a moving average filter. In (a), a rectangular pulse is buried in random noise. In (b) and
(c), this signal is filtered with 11 and 51 point moving average filters, respectively. As the number of points in the
filter increases, the noise becomes lower; however, the edges becoming less sharp. The moving average filter is the
optimal solution for this problem, providing the lowest noise possible for a given edge sharpness.

PUCYHOK 15-1. Ilpumep ¢pmapTpa CKOIB3SAIMET0 CpeaHET0 3HaYeHUS. B (a), mpsAMOYTONBHBIA UMIYJIbC 3aXOPOHEH
B ciydaitHoM mryme. B (b) u (¢), 3TOT curHan ¢GpuiIbTpoBaH QIIBTpaMH CKOIB3AMIero cpexHero ¢ 11 u 51 toukamu,
cooTBeTcTBeHHO. Kak 4ncino Touek B yBenMUeHUAX (QUIbTpa, IIyM CTAaHOBHUTCS Oosiee HU3KHUM; OJHAKO, TPaHH, CTa-
HOBSITCA MEHEE KPYThIMH. DUIIBTP CKONB3AIIET0 CPETHETO - ONTUMAIIBHOE PELIEHHE K 3TOH Ipobieme, odecrieunBast
caMblii HU3KHH 1IIyM BO3MOXHBIN IUIsl IaHHOM pe3KocTH Kpasi((hpoHTa).

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Figure 15-1 shows an example of how this works. The signal in (a) is a pulse buried in random
noise. In (b) and (c), the smoothing action of the moving average filter decreases the amplitude
of the random noise (good), but also reduces the sharpness of the edges (bad). Of all the possible
linear filters that could be used, the moving average produces the lowest noise for a given edge
sharpness. The amount of noise reduction is equal to the square-root of the number of points in
the average. For example, a 100 point moving average filter reduces the noise by a factor of 10.

Pucynox 15-1 mokaspiBaeT mpumep TOro, Kak 3To padoraer. Curnai B (a) - UMITYJIbC, CKPBIT B
cinyuyaiitnom myme. B (b) u (¢), netictBue criaxxuBanusi GUIbTPa CKOJB3SIIETO CPEIHETO YMEHb-
[IaeT aMIUTUTYAy CIy4YaiHbIX IIyMOB (XOpOIIO), HO TaKXKe W MPUBOAUT PE3KOCTh rpaHeill (Iuio-
x0). Y3 Bcex BO3MOKHBIX JIMHEWHBIX (HIIBTPOB, KOTOPBIE MOIJIM HCIIOJIb30BAThCS, CKOJIB3SIIEe
CpeaHee MPOM3BOIUT CaMbli HU3KUH IIyM JUIsi JaHHOW pe3kocTu Kpas(pponta). KommuectBo
IIYMOBOI'O TIPUBEACHUS PABHO KBAJIPaTHOMY KOPHIO cpeaHero yucia todek. Hanpumep, 100 To-
YeK (UIbTPa CKOJB3AIIETO CPEIHETO IPUBOAAT IIyM KoddurmentoM(pakropom) 10.

To understand why the moving average if the best solution, imagine we want to design a filter
with a fixed edge sharpness. For example, let's assume we fix the edge sharpness by specifying
that there are eleven points in the rise of the step response. This requires that the filter kernel
have eleven points. The optimization question is: how do we choose the eleven values in the fil-
ter kernel to minimize the noise on the output signal? Since the noise we are trying to reduce is
random, none of the input points is special; each is just as noisy as its neighbor. Therefore, it is
useless to give preferential treatment to any one of the input points by assigning it a larger coef-
ficient in the filter kernel. The lowest noise is obtained when all the input samples are treated
equally, i.e., the moving average filter. (Later in this chapter we show that other filters are essen-
tially as good. The point is, no filter is better than the simple moving average).

YroObl MOHATH MOYEMY €CII CKOJIb3AIIee CpeJHee JTydllee pelleHue, BOOOpa3uTe, YTO Mbl XO-
THUM TPOEKTHPOBATh (DUIBTP C YCTAHOBIEHHOHN pe3KocThIO Kpasi(pponra). Hampumep, napaiite
Ipeanonararb, 4YTO Mbl YCTaHABIMBAEM pE3KOCTh Kpas((ppoHTa), ompeaesss, 4yTo HUMeeTcs
OJMHHAIATh TOYEK B TOBBIIICHUHM PEAKIMHU HA CKadyoK. DTO TpedyeT, 4ToOblI sapo (uibTpa
HMEJIO OIMHHAALATh ToueK. Bompoc onTuMu3anum: Kak Mbl BEIOMpaeM OJMHHAALATh 3HAUYEHHUH
B sifipe QUIBTpa, YTOOB MUHUMHU3HUPOBATh IIIyM Ha cUTHAJe Bbixoja? Tak Kak 1mIyM, KOTOPBIH MBI
poOyeM MPUBOIUTh, CIy4aeH, HU OJHA U3 BXOJIHBIX TOYEK HE OCOOCHHAs; Ka)KAas CTOJb XKe
uryMHas Kak ee cocefl. [ToatoMmy, Gecroie3Ho 1aBaTh MPEUMYIIECTBEHHYI0 00paboTKy 0001 U3
BXOJHBIX TOYCK, Ha3HAYas 3TUM OOl KodduimeHt B sape Guibrpa. CaMblii HU3KUHA TITyM
MIOJTyY€H, KOT/Ia BCE BXOJHBIE BHIOOPKH 00pabOTaHbl OIMHAKOBO, TO €CTh, (PMIIBTP CKOJIB3AIIETO
cpeanero 3HadyeHus. (Ilozxe B 3TOM IiIaBe MbI MOKaXeM, 4TO Ipyrue QUIBTPHI - MO CYIIECTBY
xopomue. [TyHKT, HuKakoil puiabTp He 1yuuie 4em MpocToe CKOJb3SIIEe CPeaHee).

Frequency Response
YacToTHasi XapaKTepuCcTHKA

\Figure 15-2 shows the frequency response of the moving average filter. It is mathematically de-
scribed by the Fourier transform of the rectangular pulse, as discussed in Chapter 11:

Pucynok 15-2 moka3pIBaeT 4aCTOTHYIO XapaKTEPHUCTHKY (PHIIBTpa CKOJIB3SIIETO CPEIHEro 3Ha-

YeHUs1. ITO MaTeMaTHYECKH OMUCAaHO rpeodpa3zoBanreM Dypbe NpSIMOYTOIBHOTO UMITYJIbCA, KaK
obcyxaeHo B riase 11:

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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EQUATION 15-2

Frequency response of an M point moving average filter. The frequency, £, runs be- . .
tween 0 u 0.5 for f= 0, use H(f) = 1. HIf] - sin(nf M)
YPABHEHUE 15-2 M sin(m f )
YacroTHas xapakTepuctuka M Touek (QUIbTpa CKOJB3AIIEr0 CPESIHEr0 3HAYCHHMS.
Yacrora, f, Bemmonasercs Mexay 0 u 0.5 mst f= 0, ucnions3ys H(f) = 1.

The roll-off is very slow and the stopband attenuation is ghastly. Clearly, the moving average
filter cannot separate one band of frequencies from another. Remember, good performance in the
time domain results in poor performance in the frequency domain, and vice versa. In short, the
moving average is an exceptionally good smoothing filter (the action in the time domain), but an
exceptionally bad low-pass filter (the action in the frequency domain).

3aBan(cmanm) - 1 OYeHb MEJICHHOE OCIIa0JICHUE MOJIOCH 3aepKUBAHU(TIOIOCHI 3aTyXaHUs; T0-
JIOCHI OCJIabNIeHusT) yKacHO. SICHO, QMIBTP CKOJB3AIIETO CPEIHEr0 3HAYCHUS HE MOXKET OT[e-
JMTH OJTHY TTOJIOCY YacTOT OT Apyroi. BcromuuTe, X0pomas Y3 eKTHBHOCTh B TOMEHE BPEMEHH
IPUBOJUT K TUI0XO0H 3(h(heKTUBHOCTH B 4aCTOTHOM JOMEHE, U HaoOopoT. Kopoue roBopsi, CKob-
3dI1ee CpelHee 3HAUCHHE - UCKITIOUUTEIFHO XOPOIIUd guibmp cenaxcusanusi (IEHCTBHE B J10-
MEHE BPEMEHH), HO UCKIIOUUTEIBHO TUIOXOU unbmp Hudchux uacmom (IEHACTBHE B YaCTOTHOM

JIOMEHE). "

FIGURE 15-2 L0
Frequency response of the moving average filter. T ORY
The moving average is a very poor low-pass filter, iy
due to its slow roll-off and poor stopband attenua- 4
tion. These curves are generated by Eq. 15-2.

Amplitude

PUCYHOK 15-2. YactoTHas XxapakTepuUCTHKa
(uIBTpa CKOMIB3SIMETO CPEIHETO 3HAUCHUSI.

Ckomnb3siliee CpefHEe 3HAUCHHE - O4YEHb IUIOXOH
(UIBTP HMKHUX YacCTOT, M3-332 €ro MEIUIEHHOTO 3a-
Basia(crazia) ¥ MIOXoro ociablieHus TTOJIOCHI 3a/1ep-
JKMBaHHS(TI0JIOCHI 3aTyXaHMUsl; MOJOCH! OCIA0ICHUS).
OTU KpUBbIE CTE€HEPUPOBAHbI ypaBHeHUEM 15-2. 1] 0.1 0.2 (3 0.4 0.3

Frequency

Relatives of the Moving Average Filter
Poacreennuku @uiabtpa CKOMb3ALIET0 CPEAHEr0 3HAYCHUS

In a perfect world, filter designers would only have to deal with time domain or frequency do-
main encoded information, but never a mixture of the two in the same signal. Unfortunately,
there are some applications where both domains are simultaneously important. For instance,
television signals fall into this nasty category. Video information is encoded in the time domain,
that is, the shape of the waveform corresponds to the patterns of brightness in the image. How-
ever, during transmission the video signal is treated according to its frequency composition, such
as its total bandwidth, how the carrier waves for sound & color are added, elimination & restora-
tion of the DC component, etc. As another example, electro-magnetic interference is best under-
stood in the frequency domain, even if the signal's information is encoded in the time domain.
For instance, the temperature monitor in a scientific experiment might be contaminated with 60
hertz from the power lines, 30 kHz from a switching power supply, or 1320 kHz from a local
AM radio station. Relatives of the moving average filter have better frequency domain perform-
ance, and can be useful in these mixed domain applications.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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B coBepiieHHOM MHpe, TPOSKTHPOBIIUK (HIBTPOB, JOKEH ObLIT ObI UMETH JI€T0 TOJIBKO C HH-
(dbopMariueit 3aK0AMPOBAHHON B IOMEHE BPEMEHHU HJIM YaCTOTHOM JIOMEHE, HO HUKOI'/Ia CMEChIO
U3 3TUX JBYX B OJJHOM U TOM € caMOM curHaie. K cokaneHuo, UMEI0TCs HEKOTOPbIE IIPUIIO-
KEeHHUsI, T7ie 00a TOMEHa OJTHOBPEMEHHO BaXKHBI. Hampumep, TeleBU3HOHHBIE CUTHAJIBI OTHOCST-
csl K 3TOM mpoTuBHOM Kateropuu. Mudopmarnus Bungeo 3akonupoBaHa B JOMEHE BPEMEHH, TO
ecTh popMa GopMBI BOJTHBI COOTBETCTBYET 00pa3iiaM sIpKOCTH B n3o00paxkeHuu. OHaKo, B TeUe-
HUE NepeJadn BUACOCHTHal 00paboTaH COTIACHO €ro YaCTOTHON KOMITO3UIIMH, THIIA €0 IOJIHOM
UIMPYHBI TOJOCHI YaCTOT, KaK BOJHBI HECYIIIEr0 MHOKECTBA ISl 3ByKa U 1IBeTa 100aBIEHBI, yCT-
paHEHHE U BOCCTAHOBJIEHHE KOMIIOHEHTA IIOCTOSIHHOIO TOKa, U T.1. Kak apyroi npumep, 3iiek-
TpOMarHuTHas UHTep(depeHIus Jydiasi MOHsITa B YaCTOTHOM JOMEHE, Jake eciid nHpopMaus
CUTHaJIa 3aKOJMpOBaHa B JJOMEHE BpeMeHM. Hampumep, TemnepaTypHblii MOHUTOP B HAyYHOM
IKCTIIEPUMEHTE MOT OBl OBITH 3arpsi3HeH 60 repi oT auHHUE nekTpornepenadn, 30 k' oT nepe-
KIItoueHus anekTponuranus, win 1320 k' - ot nokansHOM AM paanocranuuu. PoncTBeHHUKH
(buIbTpa CKOMB3SIIEr0 CPEIHEr0 3HAUCHUSI UMEIOT JIyUIIyio 3((GEKTUBHOCTh YACTOTHOTO JIOMeE-
Ha, ¥ MOTYT OBITh ITOJIE3HBI B THX CMEIIAHHBIX MPHIOKEHUSIX IOMEHA.
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FIGURE 15-3
Characteristics of multiple-pass moving average filters.
Figure (a) shows the filter kernels resulting from passing a seven point moving average filter over the data once,

twice and four times. Figure (b) shows the corresponding step responses, while (c¢) and (d) show the corresponding
frequency responses.

PUCYHOK 15-3. XapakTeprcTHKH (HHUIBTPOB CKOJIB3SIIEIO CPEIHEr0 3HAUECHHSI C MHOXKECTBEHHBIM IIPOXOJIOM.
PucyHok (a) mokaspiBaeT siapa QuiIbTpa, CIACTYIONIUE U3 MPOXOXKICHUA(TIPUHATHS) CEMH TOYEK (PHIBTPa CKOJB3S-
LIETO CPEAHEro 3HAYECHUs 10 AaHHBIM OJHOTO, ABYX M YETHIpeX MpoxonoB. PucyHok (b) moka3siBaeT cOOTBETCT-

BYIOIIHE PEAKIMH Ha CKadOK, B TO BpeMs Kak (c) U (d) MoKa3bIBalOT COOTBETCTBYIOIINE YACTOTHEIE XapaKTEePHCTH-
KH.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Multiple-pass moving average filters involve passing the input signal through a moving aver-
age filter two or more times. Figure 15-3a shows the overall filter kernel resulting from one, two
and four passes. Two passes are equivalent to using a triangular filter kernel (a rectangular filter
kernel convolved with itself). After four or more passes, the equivalent filter kernel looks like a
Gaussian (recall the Central Limit Theorem). As shown in (b), multiple passes produce an "s"
shaped step response, as compared to the straight line of the single pass. The frequency re-
sponses in (c¢) and (d) are given by Eq. 15-2 multiplied by itself for each pass. That is, each time

domain convolution results in a multiplication of the frequency spectra.

Figure 15-4 shows the frequency response of two other relatives of the moving average filter.
When a pure Gaussian is used as a filter kernel, the frequency response is also a Gaussian, as
discussed in Chapter 11. The Gaussian is important because it is the impulse response of many
natural and manmade systems. For example, a brief pulse of light entering a long fiber optic
transmission line will exit as a Gaussian pulse, due to the different paths taken by the photons
within the fiber. The Gaussian filter kernel is also used extensively in image processing because
it has unique properties that allow fast two-dimensional convolutions (see Chapter 24). The sec-
ond frequency response in Fig. 15-4 corresponds to using a Blackman window as a filter kernel.
(The term window has no meaning here; it is simply part of the accepted name of this curve). The
exact shape of the Blackman window is given in Chapter 16 (Eq. 16-2, Fig. 16-2); however, it
looks much like a Gaussian.

How are these relatives of the moving average filter better than the moving average filter itself?
Three ways: First, and most important, these filters have better stopband attenuation than the
moving average filter. Second, the filter kernels faper to a smaller amplitude near the ends. Re-
call that each point in the output signal is a weighted sum of a group of samples from the input.
If the filter kernel tapers, samples in the input signal that are farther away are given less weight
than those close by. Third, the step responses are smooth curves, rather than the abrupt straight
line of the moving average. These last two are usually of limited benefit, although you might
find applications where they are genuine advantages.

The moving average filter and its relatives are all about the same at reducing random noise while
maintaining a sharp step response. The ambiguity lies in how the risetime of the step response is
measured. If the risetime is measured from 0% to 100% of the step, the moving average filter is
the best you can do, as previously shown. In comparison, measuring the risetime from 10% to
90% makes the Blackman window better than the moving average filter. The point is, this is just
theoretical squabbling; consider these filters equal in this parameter.

The biggest difference in these filters is execution speed. Using a recursive algorithm (described
next), the moving average filter will run like lightning in your computer. In fact, it is the fastest
digital filter available. Multiple passes of the moving average will be correspondingly slower,
but still very quick. In comparison, the Gaussian and Blackman filters are excruciatingly slow,
because they must use convolution. Think a factor of ten times the number of points in the filter
kernel (based on multiplication being about 10 times slower than addition). For example, expect
a 100 point Gaussian to be 1000 times slower than a moving average using recursion.

Recursive Implementation
PexkypcuBHoe BoinosiHenue
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A tremendous advantage of the moving average filter is that it can be implemented with an algo-
rithm that is very fast. To understand this

OrpoMHO€e IpenMyIecTBO (GUIBTPA CKOJIB3SIIET0 CPEAHEro 3HAYE€HUSI COCTOUT B TOM, YTO 3TO
MOJKET OBbITh OCYIIECTBIICHO C AJITOPUTMOM, KOTOPBIN SBJSIETCS O4€Hb OBICTPHIM. UTOOBI MOHATH
9TOT

FIGURE 15-4
Frequency response of the Blackman window and 0
Gaussian filter kernels. Both these filters provide
better stopband attenuation than the moving aver-
age filter. This has no advantage in removing ran-
dom noise from time domain encoded signals, but
it can be useful in mixed domain problems. The
disadvantage of these filters is that they must use
convolution, a terribly slow algorithm.

T I l (raussian

Blackman

-8

Amplitude (dB)

PUCYHOK 15-4. YacroTHas XxapaKTepUCTHKa
snep ¢wieTpa okHa Blackman u I'ayccnana. Oba
9TH QuiIbTpa 00ECIICUUBAIOT JydYIllee OCIAOJICHHE -140
TIOJIOCHI 3aJepPKUBaHUs (TIOJIOCHI 3aTyXaHWs) YeM 0 1 0.2 0.3 0.4 0.5
(UIBTP CKOJIB3AIIEr0 CPEIHEro 3HAYCHUs. JTO HE Frequency

MMeeT HUKAKOTO MTPEUMYILECTBA B YAAJICHUH CIIy4aifHOTO IIyMa OT CUTHAJIOB 3aKOJMPOBAHHBIX B IOMEHE BPEMEHH,
HO 3TO MO>KET OBITh ITOJIE3HO B NMpobiieMax CMEIIaHHBIX JOMEHOB. HemocTaTok 3THX QUIBTPOB - TO, YTO OHH JOJIK-
HBI HCIIOJIb30BaTh CKpyuueanue(CBEPTKY), y’KacCHO MEAJICHHBIH alrOPUTM.

<120

algorithm, imagine passing an input signal x[ ], through a seven point moving, average filter to
form an output signal, y[ ]. Now look at how two adjacent output points, y[50] and y[51], are
calculated:

QITOPUTM, BOOOpa3uTe MPOMyCKaHWE BXOJHOTO CUTHANA X[ |, 4epe3 ceMb ToueK (puimpTpa mepe-
MEIIEHUs CPeIHero, 4To0bl (opmMupoBath curHai Beixona, y[ ]. Temepp cmoTpuTte, Kak 1aBa
CMEXHBIX MyHKTa(TOUKM), y[50] 1 y[51], BBIXOAA, pacCUUTAHBI:

¥[50] = x[47] + x[48] + x[49] + x[S0] + x[S1] + x[52] + x[33]

v[51]

x[48] + x[49] + x[50] + x[51] + x[52] + x[53] + x[54]

These are nearly the same calculation; points x[48] through x[53] must be added for y[50], and
again for y[51]. If y[50] has already been calculated, the most efficient way to calculate y[51] is:

OHH - IOYTH TO K€ camMoe BbIYKCIICHHE; TOUKH X[48] depe3 x[53] mOKHBI OBITH TOOABICHHBIC
st y[50], u cuoBa i y[51]. Ecnu yxe 6bu1 paccunrtan, Hanbosee 3(h(HeKTUBHBINA CIIOCOO BbI-
qucnath y[51]:

v[51] = p[50] + x[54] - x[47]

Once y[51]has been found using y[50], then y[52] can be calculated from sample y[51], and so
on. After the first point is calculated in y[ ], all of the other points can be found with only a single
addition and subtraction per point. This can be expressed in the equation:

Opnnaxast y[51] Obu1 HaiineH, ucnonbdys y[50], 3atem y[52] MoxkeT OBITH pacCYUTaH OT BHIOOP-
KH, U Tak ganee. [locne Toro, kak mepBbIil TOYKA paccyuTaH B y[ |, Bce, Apyrue TOYKU MOTYT
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OBITh HAMICHBI C TOJBKO €IUHCTBCHHBIM(OTICIBHBIM) N00aBICHUEM M BBIYUTAHHEM B TOUKY.
3TO MOXET OBITh BHIPAYKEHO B YPABHEHUU:

EQUATION 15-3
Recursive implementation of the moving average filter.
In this equation x[ ], y[ ] is the input signal, is the out-

Y] = ylE-1+xli+p]-x[i-g]

put signal, M is the number of points in the moving where:  p= (M-1)/2
average (an odd number). Before this equation can be S
used, the first point in the signal must be calculated qa-r

using a standard summation.

YPABHEHUE 15-3. PexypcuBHOE BBIIOIHEHHE QUIBTPA CKOJB3SILETO CPEIHETO 3HAYCHUSL.

B arom ypasHennu X[ |, sBisieTcst BXoaHOU curHan, V[ | - curHan Bbixona, M - Y4HCIO TOYEK B CKOJB3SIIEM CPEIHEM 3HAYECHUH
(neuyerHoe umcino). IIpexkre, YeM 3TO ypaBHEHHE MOXKET MCIOJIb30BAThCS, IIEpBasi TOYKA B CHTHAJIE JIOJDKHA OBITH pacCYMTaHa,
HCTIONB3YS CTAaHAAPTHOE CYMMHPOBAHHUE.

Notice that this equation use two sources of data to calculate each point in the output: points
from the input and previously calculated points from the output. This is called a recursive equa-
tion, meaning that the result of one calculation is used in future calculations. (The term "recur-
sive" also has other meanings, especially in computer science). Chapter 19 discusses a variety of
recursive filters in more detail. Be aware that the moving average recursive filter is very different
from typical recursive filters. In particular, most recursive filters have an infinitely long impulse
response (IIR), composed of sinusoids and exponentials. The impulse response of the moving
average is a rectangular pulse (finite impulse response, or FIR).

OOparute BHUMaHHE, YTO 3TO YPaBHEHHUE HMCIIOJIB3YET JIBa UCTOYHHMKA JTAHHBIX, YTOOBI BBIYMC-
JHTH KaKIYI0 TOYKY B BBIXOJIE: TOUYKH OT BBOJA U MPEBAPUTEIBHO PACYETHBIC TOUYKH OT BBIXO-
Ja. DTO Ha3bIBAECTCS PeKYPCHBHBIM ypaBHEHHMEM, O3HAuasi, 4YTO Pe3yjIbTaT OJHOTO BBIYMCICHHS
UCHOJIB3yeTCs B OyOywux BeluucieHusx. (TepMuH) "pexkypcuBHBIN" Tak ke UMEET Ipyroe 3Ha-
yeHne, ocobeHHo B uHpopmaruke). ['maBa 19 obcyxnaer psa peKypcuBHBIX (UIBTPOB Ooliee
nopoOHo. 3HaiiTe, YTO CKOJNIb3sIIee CpeaHee 3HAUCHHE PEeKyPCUBHBIN (DUIBTP OUYEHb OTIMYACT-
Cs1 OT TUIIMYHBIX PEKYPCUBHBIX (QMIBTPOB. B uacTHOCTH Hanbonee peKypcUBHbIE (GUIBTPHI UMe-
10T OECKOHEUHO [UIMHHYIO MMITYJIbCHYIO mnepenarounyio ¢ynkuuio (BUX), cocraBnennyio u3
CHUHYCOUJ W TNOKa3aTelbHbIX (yHKuuM. MMmynbcHass nepeparouHass (YHKIMS CKOJb3SILErO
CPEIHEro 3HAYCHHS - MPSAMOYTOJILHBIA MUMIYJbC (KOHEYHAs MMITYJIbCHAs MepenaToyHas (QyHK-
s, i KUX).

This algorithm is faster than other digital filters for several reasons. First, there are only two
computations per point, regardless of the length of the filter kernel. Second, addition and subtrac-
tion are the only math operations needed, while most digital filters require time-consuming mul-
tiplication. Third, the indexing scheme is very simple. Each index in Eq. 15-3 is found by adding
or subtracting integer constants that can be calculated before the filtering starts (i.e., p and g).
Forth, the entire algorithm can be carried out with integer representation. Depending on the
hardware used, integers can be more than an order of magnitude faster than floating point.

OTOT alNroput™ ObICTpee ueM apyrue nudposbie GUIBTPHI IO HECKOJIBKUM NMpU4YMHaM. Bo mep-
BBIX, UMEIOTCSI TOJIBKO JIBa BBIYMCIICHUS B TOUYKE, HE3aBUCUMO OT JUTHHBI sapa GuiubTpa. Bo BTO-
pBIX, 100aBJI€HNE U BHIYMTAHUE - €IMHCTBEHHbIE HEOOXOAMMbIE MaTeMaTHUYECKHUE OINEpalli, B
TO BpeMs Kak HU(POBbIe PUIBTPHI TPEOYIOT, OTHUMAIOILETO OOJIbIlIE MHOTO BPEMEHH, YMHOXKe-
Hus. Tperbe, cxema MHAEKCAIMU O4YeHb mpocta. Kaxaplil mHAEKC B ypaBHEeHUM 15-3 HaiizneH,
npuOaBIsis UM BBIYUTAS IETTOYMCIICHHBIE KOHCTAHTHI, KOTOPBIE MOTYT OBITh PaCCYUTAHBI MEPe]T
3amyckamMu (priibTpanuu (To €cTh, p U q). Jlanplie, MOTHBIA aJITOPUTM MOKET OBITh BBIMIOJIHEH C
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HCJIOYUCIICHHBIM MPCACTAaBJICHUCM. B 3aBucumoctu ot HCIOJIB3YyCMBIX allllapaTHBIX CPCIACTB,
EJIbIC YHUClia MOTYT OBITH 0OJBIIE YEM MOPAA0OK BECIIMYHUHEI, 6I>ICTpee, YEM Il1aBaromias 3arsdras.

Surprisingly, integer representation works better than floating point with this algorithm, in addi-
tion to being faster. The round-off error from floating point arithmetic can produce unexpected
results if you are not careful. For example, imagine a 10,000 sample signal being filtered with
this method. The last sample in the filtered signal contains the accumulated error of 10,000 addi-
tions and 10,000 subtractions. This appears in the output signal as a drifting offset. Integers don't
have this problem because there is no round-off error in the arithmetic. If you must use floating
point with this algorithm, the program in Table 15-2 shows how to use a double precision accu-
mulator to eliminate this drift.

Y AMBUTENBHO, IENIOYUCIICHHOE TMpe/CTaBIeHue paboTaeT .yuuie 4YeM IUIaBalollasl 3amsTas c
3TUM aJITOPUTMOM, B J00ABOK SBISIETCA Ovicmpee. OMmMOKa OKpYTJICHUS OT apu(PMETUKH TuIa-
BAIOLICH 3alATOM MOXKET MPOU3BOAUTH HEOKUIAHHBIE PE3yJbTaThl, €CIM Bbl HE OCTOPOXKHBI.
Hamnpumep, Boodpaszure 10000 BeIOOpOK, (GUIBTPYyEeMBIX 3TUM MeTo1oM. [locinenHsst BEIOOpKa B
(GUWIBTPOBAaHHOM CUTHAJIE COACPKUT HakoruieHHYIo outrOky 10000 mo6asnenuit u 10000 BbIum-
TaHWW. DTO TOSIBJISETCS B CHUTHAJIE BBIXOJA Kak cMmemleHue apeida. llenbie uncna He mmerorT
3TOM MPOOJIEMBI, TOTOMY YTO HE MMEETCS] HUKAKOW OMOKM OKpyTiieHus 1o apudmeruke. Eciau
BrI ncnonp30Banm miaBaronlyo 3amiaTyl0 ¢ 3TUM alrOPUTMOM, IporpaMMma B Ttadmmie 15-2 mo-
Ka3bIBACT, KaK UCIOJIb30BATH JABOHHYIO MPEIU3NOHHOCTh, YTOOBI YCTPAHUTH 3TOT Apeid.

100 '"MOVING AVERAGE FILTER IMPLEMENTED BY RECURSION
110 'This program filters 5000 samples with a 101 point moving

120 'average filter, resulting in 4900 samples of filtered data.

130 'A double precision accumulator is used to prevent round-off drift.
140 '

150 DIM X[4999] 'X[ ] holds the input signal

160 DIM Y[4999] "Y[ ] holds the output signal

170 DEFDBL ACC 'Define the variable ACC to be double precision

180"

190 GOSUB XXXX 'Mythical subroutine to load X[ ]

200"

210 ACC=0 'Find Y[50] by averaging points X[0] to X[100]

220 FOR 1% =0 TO 100

230 ACC = ACC + X[1%]

240 NEXT 1%

250 Y[[50] = ACC/101

260" 'Recursive moving average filter (Eq. 15-3)
270 FOR 1% = 51 TO 4949

280 ACC = ACC + X[1%+50] - X[1%-51]
290 Y[1%] = ACC

300 NEXT 1%

310"

320 END

TABLE 15-2
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