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CHAPTER

Windowed-Sinc Filters
]_ 6 Windowed-Sin¢c ®uiabTphbl

Windowed-sinc filters are used to separate one band of frequencies from another. They are very
stable, produce few surprises, and can be pushed to incredible performance levels. These excep-
tional frequency domain characteristics are obtained at the expense of poor performance in the
time domain, including excessive ripple and overshoot in the step response. When carried out by
standard convolution, windowed-sinc filters are easy to program, but slow to execute. Chapter 18
shows how the FFT can be used to dramatically improve the computational speed of these filters.

Windowed-sinc ¢puabTpsl HCMIONB3YIOTCS, YTOOBI OTJEIUTH OJIHY TIOJIOCY YacTOT OT Apyroi. OHu
OUY€Hb YCTOWYMBBI, POU3BOAAT HEMHOTO YAMBICHUN HEOXKUTAHHOCTEH, U MOTYT OBITH ITOMEIIIE-
Hbl B HEBEPOSATHBIE YPOBHU AP(EKTUBHOCTH. DTU UCKIIOUUTEIbHbIE XapaKTEPUCTUKN B YACTOT-
HOM JIOMEHE TIOJYUYEeHBI 32 cUeT II0X0i (P(PEKTUBHOCTH B TOMEHE BPEMEHHU, BKIIIOUAsl Ype3Mep-
HYIO psIOb U MepeperyaupoBaHue B peakiuu Ha ckauoK. Koraa BBIMOTHEHO CTaHAAPTHBIM CKPY-
yrBaHueM(cBepTkoit), windowed-sinc (GUIBTPEI MPOCTO MPOrPaMMHPOBATH, HO 3aMEUINTHCS,
yTOOBI BEIMOJHUTHCS. [1aBa 18 moka3eiBaeT, kak BII®D moxeT ucmonb3oBaThes, 4TOOBI Apama-
TUYHO YJYYIIUTh BEIYHCIUTEIBHOE OBICTPOICHCTBIE ITUX (PUIBTPOB.

Strategy of the Windowed-Sinc
Crpareruss Windowed-Sinc

Figure 16-1 illustrates the idea behind the windowed-sinc filter. In (a), the frequency response of
the ideal low-pass filter is shown. All frequencies below the cutoff frequency, £, are passed with
unity amplitude, while all higher f. frequencies are blocked. The pass band is perfectly flat, the
attenuation in the stopband is infinite, and the transition between the two is infinitesimally small.

Pucynok 16-1 wmmroctpupyet unero nocie uabrpanun windowed-sinc. B (a), mokassiBaeTcst
YaCTOTHAs XapaKTEPHUCTUKA UdealbHo20 GUIbTpa HIKHUX 4acTOT. Bce 4acTOThl HUKE TpaHWd-
HOW YacTOTHI, f;, MPOIMYCKAIOTCS C aMIUTUTYION €IWHUIIBI, B TO BPeMsi KaK BCE YaCTOTHI BBIIIE
omokupoBansbl. [looca mporyckaHusi - COBEPIICHHO IJIOCKas, OCIa0JIeHNE MOJIO0CHl OCIa0JIeHUs
OCCKOHEYHO, U TIepeX0I(CONPsHKEHNE) MEXITY HUMHA O€CKOHEYHO MaJI(0).

Taking the Inverse Fourier Transform of this ideal frequency response produces the ideal filter
kernel (impulse response) shown in (b). As previously discussed (see Chapter 11, Eq. 11-4), this
curve is of the general form: sin(x)/x, called the sinc function, given by:

Bsstue O6patHoro IIpeobpazoBanus Dypwe(tpanchopmantel Oypre) U3 3TOM HIeaaTbHON Yac-
TOTHON XapaKTEPUCTUKUA MPOU3BOIUT SAPO HAeaTbHOro (puimbTpa (MMITyJIbCHAS MEpenaTouHast
dbynkumst), mokazanHas B (b). Kak nmpenBapurensHo obcyxaeHo (cM. rnaBy 11, ypaBaenue 11-4),
3Ta KpHBasi UMeeT o01Iyio popmy: sin(x)/x, Ha3piBaeMyto sinc pyHKUMEH, TaHHOM:

sin(2m/f.i )

i
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Convolving an input signal with this filter kernel provides a perfect low-pass filter. The problem
is, the sinc function continues to both negative and positive infinity without dropping to zero
amplitude. While this infinite length is not a problem for mathematics, it is a showstopper for
computers.

KoHBoIOIHSI BXOJJHOTO CHTHAJIA C SIAPOM 3TOTO (DMiIbTpa 00ECTIeUnBACT cogepuieHHblil GUITBTP
HIDKHUX 4YacToT. [Ipobnema, sinc QyHKIHMS IpOCTUPAETCS U K OTPULATEIBHON U K MOJIOKHUTEIb-
HOW OeckoHeuHOCTH 0e3 TOro, 4yToOBl aMIUTUTYAa OIyCTWIAach A0 HyJs. B To BpeMs kak 3Ta
OeckoHeuHas JUIMHA - He mnpolieMa Uil MamemMamuxu, 3TO - 3aTPYJHHUTENBHO IS
KOMNbIOMEPOs.

To get around this problem, we will make two modifications to the sinc function in (b), resulting
in the waveform shown in (c). First, it is truncated to M+1 points, symmetrically chosen around
the main lobe, where M is an even number. All samples outside these M+1 points are set to zero,
or simply ignored. Second, the entire sequence is shifted to the right so that it runs from 0 to M.
This allows the filter kernel to be represented using only positive indexes. While many pro-
gramming languages allow negative indexes, they are a nuisance to use. The sole effect of this
M2 shift in the filter kernel is to shift the output signal by the same amount.

YroObl 060iiTH 3Ty IpobIeMy, Mbl OyZieM JenaTh ABe MoauduKkanuu K sinc Gpynkun B (b), npu-
BOJIs1 K popMe BOJIHBI, TTOKa3aHHOM B (C). Bo mepBbIX, 3T0 yceueHo k M+1 ToukaM, CHMMETPUYHO
BBIOpaHHBIM BOKPYT OCHOBHOTO JIETIECTKa, I1e M - yeTHoe uucio. Bee BoiOOpku BHE 3THX M+1
TOYEK, YCTAaHOBJICHBI Ha HYJIb, WJIA TPOCTO UTHOPUPYIOTCS. BO BTOPBIX, TOTHAS MTOCIIETOBATEIh-
HOCTB C/IBHHYTa HalpaBO TaK, YTOOBI ATO BHIMOJIHSIOCH OT 0 10 M. DTO MO3BOMSET AApPY PHIBT-
pa OBITh MIPEICTABICHHBIM, HUCIIOJIB3YsI TOJIBKO NOI0XCUMeNbHble HHICKCHL. B TO Bpemst Kak MHO-
'O SI3bIKOB NMPOrPAMMHPOBAHUS O3BOJISIIOT OmpuyamenbHvle MHACKCHI, OHU — OMeXa(MEeIaoT),
K UCIOJIb30BaHWI0. EnuHCcTBeHHBIN 32 deKT aToro casura M/2 B sape GuiabTpa - CABUT CUTHAIA
BBIX0JIa TEM )K€ CaMbIM KOJIMYECTBOM.

Since the modified filter kernel is only an approximation to the ideal filter kernel, it will not have
an ideal frequency response. To find the frequency response that is obtained, the Fourier trans-
form can be taken of the signal in (c), resulting in the curve in (d). It's a mess! There is excessive
ripple in the passband and poor attenuation in the stopband (recall the Gibbs effect discussed in
Chapter 11). These problems result from the abrupt discontinuity at the ends of the truncated sinc
function. Increasing the length of the filter kernel does not reduce these problems; the disconti-
nuity is significant no matter how long M is made.

Tax kak u3mMeHsieMoe Ipo GUIBTPA - TOIBKO AMMPOKCUMAIIHS K SAPY HICATHHOTO (PUIBTPa, OHO
He OyZleT UMETh MICAIbHON YacTOTHOM XapaKTepUCTUKH. UTOOBI HAWTH YaCTOTHYIO XapaKTEepH-
CTHKY, KOTOpas Moiry4eHa, Tpanchopmanta Oypre, MOKET ObITh MPUHSATA U3 CUTHAJA B (C), IPU-
BoJs1 K kpuBoi B (d). D10 - 6ecniopsimok! Mmeercs upeamepHast psiOb B TOJIOCE MPOIMYyCKAHUS U
IJI0X0€ OCTa0IeHne B TIOJIOCE 3aepKUBaHUS (4TOOBI MOBTOPHO BBI3BaTh ekt ['ubbca, obcy-
KICHHBIA B Ty1aBe 11). OTu mpoOaeMbl CIIeIyIOT U3 PEe3KOTro pa3pbhiBa B KOHIIE YCEUEHHOH Sinc
GbyHKIMU. YBEITWYCHHUE UIUHBI sfipa QUIbTpa HEe MPUBOIUT 3TH MPOOJIEMBI; pa3phIB CYIIECTBE-
HeH(3HAYMTEeJIeH ) He3aBUCUMO OT TOT0, KAKUM JJIMHHBIM caenaH M.

Fortunately, there is a simple method of improving this situation. Figure (¢) shows a smoothly
tapered curve called a Blackman window. Multiplying the truncated-sinc, (c), by the Blackman
window, (e), results in the windowed-sinc filter kernel shown in (f). The idea is to reduce the
abruptness of the truncated ends and thereby improve the frequency response. Figure (g) shows
this improvement. The passband is now flat, and the stopband attenuation is so good it cannot be
seen in this graph.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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K cuacterlo, umeercss npocTol METOJ YJIy4dlIEHHs 3TOW cuTyauuu. PucyHok (€) mokasbiBaeT
IJIaJIKO CY>KEHHYIO KPUBYIO Ha3biBacMyio OKHOM Blackman. YMHOXeHHe yceueHHoi - sinc, (C),
okHoMm Blackman, (e), npuBoaut k windowed-sinc ¢punbTpa, nokasannoe B (f). Maes coctout B
TOM, YTOOBI MPUBECTH BHE3AIMHOCTH(KPYTHU3HY; OOPBIBUCTOCTH) OOpE3aHHBIX KOHIIOB M TaKUM
00pa3oM yIydylIUTh YaCTOTHYIO XapaKTepUCTUKY. PucyHok (g) mokaspiBaet 310 yrouHenue. [1o-
J0ca MPOITyCKaHUs - TeNephb IUI0CKasi, U 0CIa0JIeHHe MOJIOCHI 3a1eP>KUBAaHUA(IIOIOCH 3aTyXaHUs;
IOJIOCHI OCJTA0JIEHUsI) HACTOJIBKO XOPOUIO, YTO HE MOXKET OBITh 3aMeueHO B ITOW Juarpam-
Mme(rpaduxe).

Several different windows are available, most of them named after their original developers in
the 1950s. Only two are worth using, the Hamming window and the Blackman window These
are given by:

Heckonpko pa3nuyHBIX OKOH JOCTYIHBI, OOJIBIIMHCTBO MX Ha3BaHbI 110 MMEHAM UX HEPBOHA-
JanbHBIX pa3paboTynkoB B 1950-p1x. Tonbko ABa cToUT MCoNb30BaTh, OKHO XE€MMHHIa U OKHO
Blackman, narotcst ypaBHeHusimu 16-1 u 16-2:

EQUATION 16-1. The Hamming window. ) _ .,
These windows run from i = 0 to M, for a total of M+1 points. W lf ] = 0.54 - 046 cos(2ni/M )
YPABHEHUE 16-1. OxHo XemMMuHTAa.

OTH OKHA, BRINONHEHH! 0T i = 0 Kk M, 1711 061miero(CoBOKyHOT0) KonndecTBa Touek M+1.

EQUATION 16-2.
Tfe Blackman window. wli] = 042 - 0.5cos(2ni/M) + 0.08 cos(dni/ M)

YPABHEHMUE 16-2.
Oxkno Blackman.

Figure 16-2a shows the shape of these two windows for M = 50 (i.e., 51 total points in the
curves). Which of these two windows should you use? It's a trade-off between parameters. As
shown in Fig. 16-2b, the Hamming window has about a 20% faster roll-off than the Blackman.
However, (c) shows that the Blackman has a better stopband attenuation. To be exact, the stop-
band attenuation for the Blackman is -74dB (-0.02%), while the Hamming is only -53dB (-
0.2%). Although it cannot be seen in these graphs, the Blackman has a passband ripple of only
about 0.02%, while the Hamming is typically 0.2%. In general, the Blackman should be your
first choice; a slow roll-off is easier to handle than poor stopband attenuation.

Pucynok 16-2a moka3seiBaeT GopMy ITHX OBYX OKOH IUIsl (TO €CTh, 51 TONHBIX(COBOKYITHBIX)
TOUYKH B KpHBBIX). KoTOpoe u3 3TuxX ABYX OKOH BBl JOMKHBI UCTIOIB30BaTh? ITO - 0OMEH MEXAY
napamerpamu. Kak nokazano B puc. 16-2b, Okno XemmuHra umeet 0osee ObICTPBIN 3a8ai(cnao)
(okono 20 %) yem Blackman. Oxnako, (¢) nokaseiBaet, uto Blackman umeer nyume Ocrabne-
Hue nonocvl 3adepiicusanus. YToObl OBITH TOYHBIM, OCIAOJICHHE MOIOCHL 3A0ePHCUBAHUS IS
Blackman - -74dB (~0.02 %), B To Bpems kak XeMMUHTa - TOIbKO -53dB (~0.2%). XoTs 31O He
MOJKET OBITh 3aMEYEHO B 3THX amarpammax(rpadukax), Blackman umeer nepasnomepnocms 6
nonoce nponycxkanus npudnuznutensHo 0.02%, B To Bpems Kak i1 XeMMHHra - TUu4Ho 0.2 %.
Boo06mie, Blackman momkeH ObITh BamiM MEpBBIA BRIOOPOM; MEIJICHHBIN 3aBasi(Criaa) Mmporre,
4TOOBI 00pabOTaTh UeM IUIOXas MMOJIOCA 3aACPKUBAHUS TOJOCHI OCIA0TCHHUS.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Derivation of the windowed-sinc filter kernel. The frequency response of the ideal low-pass filter is shown in (a),
with the corresponding filter kernel in (b), a sinc function. Since the sinc is infinitely long, it must be truncated to be
used in a computer, as shown in (c). However, this truncation results in undesirable changes in the frequency re-
sponse, (d). The solution is to multiply the truncated-sinc with a smooth window, (e), resulting in the windowed-sinc
filter kernel, (f). The frequency response of the windowed-sinc, (g), is smooth and well behaved. These figures are

not to scale.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Pucynox 16-1. [Tonyuenue(IIpoucxoxnenue) sapa windowed-sinc ¢puibrpa.

YacToTHast XapaKTEpUCTUKA HIeaTbHOTO (DHIBTPa HIKHUX YACTOT MOKa3bIBAaeTCs B (&), C COOTBETCTBYIOIIUM SAPOM
¢uneTpa B (b), sinc pynkuun. Tak kak sinc - OECKOHEUHO JI0JIOT, 3TO JIOJDKHO OBITh YCEUEHO, YTOOBI UCIIOIb30BaTh-
csl B KOMIIBIOTEPE, KaK 1oKa3aHo B (¢). OmHaKo, 3TO ycedeHHe MPUBOJUT K HEXKENIATEeIbHBIM U3MEHEHHSIM B 4acTOT-
HOM OTBeTe(4acTOTHOI xapakTrepucTtuke), (d). Pemenne cocTout B TOM, 4TOOBI YMHOXHTH OOpE3aHHBIH - Sinc riaj-
KIM OKHOM, (e), mpuBons K supy windowed-sinc ¢uibtpa, (f). YactoTHas xapakrepuctika windowed-sinc, (g),
SBIISICTCS TIAaKOM U XOpOoIIo ce0s BeeT. DTH PUCYHKH He JOJDKHBI MacIITaOupoBaTh.
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Characteristics of the Blackman and Hamming windows. The shapes of these two windows are shown in (a), and
given by Eqs. 16-1 and 16-2. As shown in (b), the Hamming window results in about 20% faster roll-off than the
Blackman window. However, the Blackman window has better stop-band attenuation (Blackman: 0.02%, Hamming:
0.2%), and a lower passband ripple (Blackman: 0.02% Hamming: 0.2%).

PUCYHOK 16-2. XapakTepucTuky okoH bivkMaHna u XeMMHHTa.

@®opMBbl U3 3THX JIBYX OKOH IOKa3bIBAIOTCS B (a), M JaHbl ypaBHeHHsMH, 16-1 n 16-2. Kak noka3zano B (b), OxHo
XeMMHHTa TIPUBOIUT MpHOIM3UTENBbHO K 20 % Oosiee ObICTpBIN 3aBasi(cman) yeM OKHO biskmana. OgHako, OKHO
biskmana umeer Jtydiiee ociabieHue noiocel nodasiernus(zaoepcusanus) (bmaxman: 0.02 %, Xemmusr: 0.2 %), u
OoJiee HU3KYIO HEpPaBHOMEPHOCTH B Tostoce nponyckanus (biaskman: 0.02 %, Xemmunr: 0.2 %).

There are other windows you might hear about, although they fall short of the Blackman and
Hamming. The Bartlett window is a triangle, using straight lines for the taper. The Hanning
window, also called the raised cosine window, is given by: w[i] = 0.5 - 0.5cos(2ni/M). These
two windows have about the same roll-off speed as the Hamming, but worse stopband attenua-
tion (Bartlett: -25dB or 5.6%, Hanning -44dB or 0.63%). You might also hear of a rectangular
window. This is the same as no window, just a truncation of the tails (such as in Fig. 16-1c).
While the roll-off is -2.5 times faster than the Blackman, the stopband attenuation is only -21dB
(8.9%).

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Nmetotes npyrue okHa, OTHOCHTEIBLHO KOTOPHIX Bl MOTrH OBl CHBINIATE, XOTSI OHU HE JOCTUTA-
IOT(MMEIOT Xyammue moka3arenu) biskmana u Xemmunra. Oxkno baptiera - TpeyrojbHUK, HC-
MOJIb3YSL TIpSAIMbIC JTHHHUM JUIs 3a0cTpeHus. OkHO XIMMUHIa, TaKKe Ha3blBaeMOE MOIHSTHIM
OKHOM KocuHyca, naercs: w[i] = 0.5 - 0.5cos(2ni/M). DT 1Ba OKHA UMEIOT KOTOPBI OTHOCH-
TENBHO Ty K€ CaMyI0 CKOPOCTh 3aBaja(craja) Kak XeMMUHT, HO XYJIlIee OClIa0JIeHHue MOJIOCHI
3anepxkuBanud (bapnerr: -25dB wnu 5.6 %, XommuHr - 44dB wiun 0.63 %). Bol Mmornu Obl Takoke
CJIBIIIATH O MPSAMOYTOJILHOM OKHE. DTO - TO K€ CaMO€ KaK HUKaKoe OKHO, TOJIBKO YCEUEeHHE OC-
TaTKOB(XBOCTOB)(Cpe30B mMmityibca?) (tuma B puc. 16-1c). B To Bpemsa kak 3aBan(cman) - -2.5
pasa ObicTpee ueM biskmaH, ocinabiieHue Mo0Ckl 3aiepKUBaHus - TOJbKO -21dB (8.9 %).

Designing the Filter

IIpoexTupoBanue @PuiabTpa

To design a windowed-sinc, two parameters must be selected: the cutoff frequency, f., and the
length of the filter kernel, M. The cutoff frequency is expressed as a fraction of the sampling
rate, and therefore must be between 0 and 0.5. The value for M sets the roll-off according to the
approximation:

UroOsl mpoektupoBath windowed-sinc, 1Ba mapameTpa JOJDKHBI OBITH OTOOpaHBI: TPaHUYHAS
4acToTa, f, U AMUHA sapa ¢punbTpa, M. I'paHndHas yacToTa BbIpakeHa Kak ApoOb(10Jis) yacTo-
Thl BBIOOPKH, U MO3TOMY JAoJKHA ObITh Mexay O u 0.5. 3Hauenue juis M ycTaHaBIMBaeT 3a-
BaJi(Crajl) COracHoO alnpOKCUMALIUU:

EQUATION 16-3
Filter length vs. roll-off. The length of the filter kernel, M, determines the transition bandwidth of the filter, 4
BW. This is only an approximation since roll-off depends on the particular window being used. M = BT

where BW is the width of the transition band, measured from where the curve just barely leaves
one, to where it almost reaches zero (say, 99% to 1% of the curve). The transition bandwidth is
also expressed as a fraction of the sampling frequency, and must between 0 and 0.5. Figure 16-3a
shows an example of how this approximation is used. The three curves shown are generated
from filter kernels with: M = 20, 40, and 200. From Eq. 16-3, the transition bandwidths are: BW
=0.2, 0.1, and 0.02, respectively. Figure (b) shows that the shape of the frequency response does
not depend on the cutoff frequency selected.

I'ne BW - mpuHa nepexoaHON MOJIOChl, U3MEPEHHON OT TOTO, A€ KPUBAs TOJBKO-TOJIBKO Y€3-
KaeT OJJUH, K TOMY, I'JI€ 3TO IMOYTH JOCTUraeT Hyss (ckaxeMm, 99% Ha 1% kpusoii). Ilepexonnas
IIMPUHA TTOJIOCH YaCTOT TaK)Ke BBIpa)KEHA KakK JAPOOB(1071s1) BHIOOPOYHON YACTOTHI, U JIOJDKEH
Mexay 0 u 0.5. PucyHok 16-3a nokasplBaeT puMep TOro, KaK 3Ta allpoOKCUMAIHs UCIIOIb3yET-
cs1. Tpu moka3zaHHBIE KPUBBIE CTeHEepUPOBaHbI OT sijep dunbtpa c: M = 20, 40, u 200. Ot ypas-
HeHus 16-3, nepexoaHoii mmpuHsl monocel: BW = 0.2, 0.1, u 0.02, coorBeTrcTBeHHO. PrcyHok (b)
MOKa3bIBACT, 4YTO (hopMa YAaCTOTHOM XapaKTEPHCTHKHA HE 3aBUCHUT OT OTOOPAHHOW TpaHUIHOM
YaCTOTBHI.

Since the time required for a convolution is proportional to the length of the signals, Eq. 16-3
expresses a trade-off between computation time (depends on the value of M) and filter sharpness
(the value of BW). For instance, the 20% slower roll-off of the Blackman window (as compared
with the Hamming) can be compensated for by using a filter kernel 20% longer. In other words,
it could be said that the Blackman window is 20% slower to execute that an equivalent roll-off
Hamming window. This is important because the execution speed of windowed-sinc filters is
already terribly slow.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Hauunast ¢ BpemeHu, TpeOyemMoro Jisi KOHBOJIOIUHU MPOTOPIHOHANBHO K JUIMHE CUTHAJIOB,
ypaBHeHue 16-3 skcmpecc oOMeH MEXIy epemeHem @viuucieHuss (3aBUCUT OT 3HaueHus M) u
ocmpomul unompa (3Hauenue BW). Hampumep, 20 % Oonee MeasieHHBINH 3aBayi(crag) OKHA
brmskmana (1o cpaBHEHHIO ¢ XEMMUHIOM) MOXHO KOMIIEHCHUPOBaTh, HCHOIB3YS sIpo GuiIbTpa
20 % ponpie. Jpyrumu ciioBaMH, MOXKHO CKa3aTh, 4TO OKHO biskmana - 20 % menniennee, uto-
OBI BBITIOJHUTH 3TO KBUBAJICHTHBIN 3aBaJ(Craj) OKHa XEMMHUHTa. DTO BaXXHO, TOTOMY YTO ObI-
cTpojieiicTBre BhINOMHEHHU GriIbTpoB windowed-sinc - yxe y>KacHO MEIJICHHO.
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FIGURE 16-3

Filter length vs. roll-off of the windowed-sinc filter. As shown in (a), for M = 20, 40, and 200, the transition band-
widths are BW = 0.2, 0.1, and 0.02 of the sampling rate, respectively. As shown in (b), the shape of the frequency
response does not change with different cutoff frequencies. In (b), M = 60.

PUCYHOK 16-3. AnuHa ®unsTpa mpotus 3aBana(crnana) ¢pmistpa windowed-sinc.

Kak moxa3zano B (a), st M = 20, 40, u 200, mepexonuble mmpuHa moaocsl 9actoT BW = 0.2, 0.1, u 0.02 u3 gacToTsl
BBIOOPKH, COOTBETCTBeHHO. Kak mokazano B (b), (hopMa 4acTOTHON XapaKTEPUCTUKK HE U3MEHSETCS C Pa3InIHBIMU
4aCcTOTaMHU OCTaHOBA(TPaHUYHAsS YacTOTa; KPUTUUECKAs YaCTOTa; Mpe/ielibHasi 4aCTOTa; YaCTOTa OTCEUKH; YacToTa
cpesa). B (b), M = 60.

As also shown in Fig. 16-3b, the cutoff frequency of the windowed-sinc filter is measured at the
one-half amplitude point. Why use 0.5 instead of the standard 0.707 (-3dB) used in analog elec-
tronics and other digital filters? This is because the windowed-sinc's frequency response is sym-
metrical between the passband and the stopband. For instance, the Hamming window results in a
passband ripple of 0.2%, and an identical stopband attenuation (i.e., ripple in the stopband) of
0.2%. Other filters do not show this symmetry, and therefore have no advantage in using the one-
half amplitude point to mark the cutoff frequency. As shown later in this chapter, this symmetry
makes the windowed-sinc ideal for spectral inversion.

Kak Takxe moka3ano B puc. 16-3b, rpannunas yactora windowed-sinc ¢punbTpa usmepeHa B no-
n06unbl amnaumyowvl Touku. [Touemy ucnonszyercs 0.5 Bmecto crangapra 0.707 (-3dB) ucnons-
3yeMOT0 B aHAJIOTOBOM AJIEKTPOHUKE U APYTUX HMUDPPOBBIX GuiibTpax? ITO - TO, MOTOMY UYTO Yac-
TOTHasi xapaktepuctuka windowed-sinc's cummempuueckas MeXAy TOJIOCOW MPOITYCKAHHUS H
nojiocoit 3aaepxxuBanust. Hanpumep, OxkHo XeMMUHIra IpUBOJUT K HEPAaBHOMEPHOCTH B T0OJIOCE
nponyckanus 0.2%, u wudemmuunoco ocnalbieHHs TOJOCH 3aAepXuBaHHUs (TO €CTb,
ps6b(mynbcanuu) B nosioce 3aaepxkuBanus) 0.2%. pyrue GuiabTpbl He NOKa3bIBAIOT 3TON CHUM-
METpPUH, U IO3TOMY HE UMEIOT HUKAKOTO MPEUMYIIECTBA B UCIIOJIb30BAHUU MTOJIOBUHBI AMILIIUTY-
Il TOYKH, 9TOOBI OTMETHTh TPAaHUYHYIO 9acTOTy. Kak moka3zaHo Mo3e B ITOM TJiaBe, 3Ta CHM-
MeTpus aenaet windowed-sinc uaeanoM sl CIEKTPaTbHOM HHBEPCHH.

After f. and M have been selected, the filter kernel is calculated from the relation:
[Tocne Toro kak f. u M ObuTH OTOOPAHBL, SAPO GUIBTPA PACCUUTAHO OT OTHOLICHHUS fc:
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EQUATION 16-4. The windowed-sinc filter kernel.

The cutoff frequency, f, is expressed as a fraction of the sampling rate, a value between 0 and 0.5. The length of the
filter kernel is determined by M, which must be an even integer. The sample number 7, is an integer that runs from 0
to M, resulting in total points in the filter M+1 kernel. The constant, K, is chosen to provide unity gain at zero fre-
quency. To avoid a divide-by-zero error, for i = M/2, use . h[i | = 2nf.K

YPABHEHMUE 16-4. SIapo Windowed-sinc ¢puibTpa.

I'pannynas 4actoTa, f;, BeIpakeHa Kak ApOOb(0Jis1) 4acTOThl BHIOOPKH, 3HayeHue mexay 0 m 0.5. lnuna sapa
¢unbTpa onpenenena M, KOTOPOe TOIHKHO OBITH YETHBIM LENbIM YucioM. Homep BBIOOPKH i, SIBISIETCS 1IEJIBIM YHC-
JIOM KoTopoe BeInoiHseTcs oT 0 10 M., IpuBoas K MOJHBIM(MTOTOBEIM) TOoukaM B ¢uibrpe. Koncranra, K, BbIOpa-
Ha, 4YTOOBI 00ECIeunTh EAMHIUYHOE YCHIEHHE B HyJeBOH 4actoTe. M30eraiite ommOKy JieneHnst Ha HOJb, IS [ =
M2, uctionb3ys i | = 2nf.K.

in(2nf (i - M/2 ' '
311'1{ ﬂf.: U n 0.42 - 0.5cos 2mi + 0.08cos Ami

li] = K
i i- M2 M M

Don't be intimidated by this equation! Based on the previous discussion, you should be able to
identify three components: the sinc function, the M/2 shift, and the Blackman window. For the
filter to have unity gain at DC, the constant K must be chosen such that the sum of all the sam-
ples is equal to one. In practice, ignore K during the calculation of the filter kernel, and then
normalize all of the samples as needed. The program listed in Table 16-1 shows how this is done.
Also notice how the calculation is handled at the center of the sinc, i = M/2, which involves a
division by zero.

He Oynpre 3amyransl 5TuM ypaBHeHueM! basupysce Ha npeablaynieM o0CyXIeHUH, BbI JOIKHBI
OBITh CIIOCOOHBI MICHTH(PUIIUPOBATH TPU KOMITIOHEHTA: Sinc ¢yyuxyus, cosue M/2, m okno Bnok-
mana. JIns ¢unbTpa, 4TOOBI UMETh €IMHUYHOE YCHIICHUE IO MOCTOSHHOMY TOKY, KOHCTaHTa K
JI0JDKHA OBITH BRIOpaHa TaKoM, 4TO CyMMa BCEX BBIOOPOK sIBIIsieTcs paBHOU exauHute. [IpakTuye-
CKH, UTHOpHPYHTEe K B TE€UCHUE BBHIYMCIICHHS siApa QUIbTPA, U 3aTEM HOpPMaJIHU3yHTe BCe BBHIOOP-
KM Kak HeoOxoaumo. [Iporpamma, nepeuncienHas B Tabnuie 16-1 mokassiBaeT, Kak 3TO cena-
Ho. Taxke oOparuTe BHUMaHKE, KaK BBIYUCIEHHE 00paboTaHO B LIEHTpE Sinc, i = M/2, KOTOpBIH
BKJIFOYAET B ceOs (ToIpa3yMeBacT) JAejicHUE Ha HYJIb.

This equation may be long, but it is easy to use; simply type it into your computer program and
forget it. Let the computer handle the calculations. If you find yourself trying to evaluate this
equation by hand, you are doing something very very wrong.

3TO ypaBHEHHE MOXKET OBITh JJIMHHO, HO 3TO yI00HO; IPOCTO HAre4YaTaiTe 3TO B Bally KOMITb-
IOTEPHYI0 Mporpammy, U 3a0yneTe 3T0. Il03BONbTE KOMIIBIOTEPY O0pabaThIBaTh BBIYMCICHHS.
Ecnu Bel npoOyeTe orieHMBaTh 3TO ypaBHEHHUE BpYyUHYI0, Bbl ie1aeTe Koe-4To OYeHb-0YEHb He-
IIPaBUJIBHO.

Let's be specific about where the filter kernel described by Eq. 16-4 is located in your computer
array. As an example, M will be chosen to be 100. Remember, M must be an even number. The
first point in the filter kernel is in array location 0, while the last point is in array location 100.
This means that the entire signal is 101 points long. The center of symmetry is at point 50, i.e.
MJ2. The 50 points to the left of point 50 are symmetrical with the 50 points to the right. Point 0
is the same value as point 100, and point 49 is the same as point 51. If you must have a specific
number of samples in the filter kernel, such as to use the FFT, simply add zeros to one end or the
other. For example, with M = 100, you could make samples 101 through 127 equal to zero, re-
sulting in a filter kernel 128 points long.
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JlaBaiiTe OBITH CIIEIU(HUYHBI, OTHOCUTEILHO TOTO, I/I€ AP0 (HIBTPA, ONMUCAHHOE YpPaBHEHUEM
16-4 pacmonoxeHo B BallleM KOMIbIOTepHOM MaccuBe. Kak mpumep, M OyneTt BbIOpaH, 4TOOBI
ob1T6 100. ITomHMTE, M HOKHO OBITH YeTHBIM uncioM. [lepBast Touka B siipe QuiabTpa Haxo-
JUTCS B pacroyioxkeHnu maccuba 0, B TO BpeMs Kak MOCJIEIHsAS TOYKA HaXOJIUTCS B PACIIONOXKe-
Huu MaccuBa 100. OTo o3Havaet, 4yTo MoJyHbIN curHan - 101 Touka quHou. LleHTp cummeTpuu -
B Touke 50, To ecTh, M/2. 50 myHKTOB HajieBO OT TOYKH 50 cummeTpudeckue ¢ 50 Toukamu Ha-
npaso. Touka 0 - To sxe camoe 3HaueHue kak Touka 100, u Touka 49 - Ta ke camas kak Touka S1.
Ecnu Ber umenu cneruuyHoe 9rciio BEIOOPOK B szipe GUIbTpa, TUITA KCToab30BaTh bIID, mpo-
CTO MpuOaBIIsAsAs HYJIM K OHOMY KOHIy miu apyromy. Hampumep, ¢ M = 100, Ber mornu nenatb
BBIOOpKH OT 101 1m0 127 paBHBIME HYJIIO, TPUBOAS K sSApY duiabTpa 128 ToUeK JTMHOM.

Filter kernel Step response
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Example filter kernels and the corresponding step responses. The frequency of the sinusoidal oscillation is approxi-
mately equal to the cutoff frequency, f;, while M determines the kernel length.
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PUCYHOK 16-4. [Ipumep sapa ¢uibTpa U COOTBETCTBYIOIIEH peakiMu Ha cKadokK. YacToTa CHHYCOUAAIBLHOTO
KoJieOaHus IPUOJIM3UTENBFHO paBHA TPAHUYHOM YacToTe f;, B TO BpeMs Kak M onpezenser [UIMHY spa.

Figure 16-4 shows examples of windowed-sinc filter kernels, and their corresponding step re-
sponses. The samples at the beginning and end of the filter kernels are so small that they can't
even be seen in the graphs. Don't make the mistake of thinking they are unimportant! These
samples may be small in value; however, they collectively have a large effect on the perform-
ance This is also why floating point representation is typically used to implement windowed-sinc
filters. Integers usually don't have enough dynamic range to capture the large variation of values
contained in the filter kernel. How does the windowed-sinc filter perform in the time domain?
Terrible! The step response has overshoot and ringing; this is not a filter for signals with infor-
mation encoded in the time domain.

Pucynok 16-4 nokassiBaeT npumepsl siaep windowed-sinc GuiabTpa, 1 UX COOTBETCTBYIOLIUE OT-
BETHI Iara(repexoaHble XapaKTepUCTHKH. BEIOOpKH B Hauase U KOHIE siiep GuiabTpa HaCTOIBKO
MaJIeHbKHE, YTO OHU HE MOTYT Jlake ObITh 3aMedeHbl B aAuarpammax(rpadukax). He nenaiite
omuOKy U3 pa3MBIIIICHAs 00 WX HE3HAYUTEIBHOCTH! DTH BBIOOPKH MOTYT OBITH MaJCHBKHE B
3HA4E€HUU; OJHAKO, OHU BCE BMECTE UMEIOT 00JbIION Y3PPeKT Ha 3((HEeKTUBHOCTH, KOTOPOM 3TO
SBIISICTCS TAKXKe, IMOUYEMY IPEJCTABICHHUE IIABAIONIECH 3aIsITON TUITUYHO HCIONIB3YETCs, YTOOBI
ocymiectBuTh windowed-sinc ¢uinbtpsl. Llenpie uncna 0ObIYHO HE UMEIOT AOCTATOYHO JMHAMU-
YEeCKOro Jrarna3oHa, 4To0bl (PUKCHPOBATH OOJBIIYIO BApUAIMIO 3HAUYCHHH, CONCPIKAIINUXCS B S~
pe ¢unbtpa. Kak ¢unstp windowed-sinc ucnonusier B foMmeHe BpemeHu? YxkacHo! Peakuus Ha
CKa4OK MMEET TIepeperyIMpOBaHue U 3BOH; TO - HE (QGWIBTP AJISi CUTHAIOB ¢ HH(OpMAaIHeid, 3a-
KOJMPOBAaHHOMU B IOMEHE BPEMEHH.

Examples of Windowed-Sinc Filters
IIpumepst Windowed-Sinc ®uibTpoB

An electroencephalogram, or EEG, is a measurement of the electrical activity of the brain. It can
be detected as millivolt level signals appearing on electrodes attached to the surface of the head.
Each nerve cell in the brain generates small electrical pulses. The EEG is the combined result of

an enormous number of these electrical pulses being generated in a (hopefully) coordinated
manner. Although the relationship between thought and this electrical coordination is very
poorly understood, different frequencies in the EEG can be identified with specific mental states.
If you close your eyes and relax, the predominant EEG pattern will be a slow oscillation between
about 7 and 12 hertz. This waveform is called the alpha rhythm, and is associated with content-
ment and a decreased level of attention. Opening your eyes and looking around causes the EEG
to change to the beta rhythm, occurring between about 17 and 20 hertz. Other frequencies and
waveforms are seen in children, different depths of sleep, and various brain disorders such as

epilepsy.

Dnektpo sHuedanorpamma, unu IKI, sBiasieTcss U3MEpEHUEM AIEKTPHUUECKOTO IEUCTBUSI MO3Ta.
DT0 MOXeT OBITh OOHAPYKEHO KaK CUTHAIbI HA YPOBHE MWJIMBOJBT, MOSIBISIOIIAECS HA DJIEK-
TpOJax, MPHIOKEHHBIX K TOBEPXHOCTH rojioBbl. Kaxknas siaeiika HepBa B MO3TY TEHEPHPYET Ma-
JeHbKue AnekTpudeckue uMmynbebl. DK - 00beAMHEHHBIN pe3yabTaT OTPOMHOTO YHCIA ITHX
ANEKTPUICCKUX HMITYJIBCOB, CTEHEPHPOBAHHBIX (OOHAJICKHMBAIOIIC) CKOOPAMHHUPOBAHHBIM CITO-
co00M. XOTsI OTHOIICHUSI MEX/Ty MBICIBIO M 3TOW 3JCKTPUYCCKON KOOPIMHAIUECH OYEHB II0XO
MOHSTHI, pa3indHbIe 9acTOThl B DK™ MOTYT OBITH MACHTH(DHUIIMPOBAHBI CO CIIEIU(DUISCKUMU yM-
CTBEHHBIMH COCTOSIHUSMHU. Ecim Bbl 3akpbiBacTe BalllM ri1a3a U paccialiserech, mpeoodiiaaaro-
it oopasernr DKI' OynmeT MemieHHOE KoyiebaHWe MPUOTU3UTENBHO Mexay 7 u 12 repm. Ota
(hopMa BOJIHBI Ha3bIBACTCS Albha pummom, v CBSI3aHa C YJOBJICTBOPEHHOCTHIO U YMEHBIIICHHBIM
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ypoBHEM BHUMaHUsA. OTKPBITHE BAIlIUX IJ1a3 U MPOcMOTpa BOKpyT 3actasisieT DK usmeHutbes
K Oema pummy, IPH TOSBJICHUH TpUOIM3UTEeTbHO Mexay 17 u 20 repu. [pyrue yacToTsl u
(OpMBI BOJIHBI 3aMEUEHBI B IOUEPHUX 3aIUCSAX, PA3IUYHBIX TNIyOHH O€31CUCTBUS, M PA3TMUHBIX
MO3TOBBIX HApyUICHUH TUTIA STTUIICTICHH.

In this example, we will assume that the EEG signal has been amplified by analog electronics,
and then digitized at a sampling rate of 100 samples per second. Acquiring data for 50 seconds
produces a signal of 5,000 points. Our goal is to separate the alpha from the beta rhythms. To do
this, we will design a digital low-pass filter with a cutoff frequency of 14 hertz, or 0.14 of the
sampling rate. The transition bandwidth will be set at 4 hertz, or 0.04 of the sampling rate. From Eq. 16-3, the
filter kernel needs to be about 101 points long, and we will arbitrarily choose to use a Hamming window. The
program in Table 16-1 shows how the filter is carried out. The frequency response of the filter, obtained by
taking the Fourier Transform of the filter kernel, is shown in Fig. 16-5.

B atom npumepe, MBI ipeonioskuM, yto curdan K[ OblT ycuiieH aHaIoroBOH AJIEKTPOHUKOM,
U 3aTeM oludpoBaH ¢ yactoToi BeIOOpku 100 BbIOOpOK B cexkyHny. [IproOpeTeHne AaHHBIX B
tedenue 50 cekyna npousBoaut curtain 5000 touek. Hama nenp coctout B TOM, 4TOOBI OTAE-
JaUTh anbda pUTMBI OT 6eTa puTMOB. YTOOBI A€1aTh 3TO, Mbl OyJIeM NMPOEKTUPOBATh LU(POBOI
(GuUIbTp HIKHHUX 4YacTOT ¢ rpaHW4yHOU yactoTta 14 repu, unu 0.14 ot yacTtoThl BbIOOpKU. OT
ypaBHeHus 16-3, sapo ¢bunbTpa H0KHO OBITH Mpubnu3uTensHo 101 Touka JUIMHOM, U MBI IPO-
U3BOJIFHO BBIOEpEM HCIONIB30BaTh OKHO XeMmMuHra. [Iporpamma B Tabnmme 16-1 mokasbiBaer,
Kak (UIBTP BBINOJIHEH. YacTOTHAs XapakTepUCTHKa QUIbTpa, OJy4yeHa, Oeps npeodpazoBaHue
®Oypre(Tpanchopmanty Dypsbe) siapa GuibTpa, oKa3biBaeTcs B puc. 16-5.
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FIGURE 16-5

Example of windowed-sinc filters. The alpha and beta rhythms in an EEG are separated by low-pass and high-pass
filters with M - 100. The program to implement the low-pass filter is shown in Table 16-1. The program M ' 100 for
the high-pass filter is identical, except for a spectral inversion of the low-pass filter kernel.

PUCYHOK 16-5. ITIpumep ¢punprpoB windowed-sinc.
Annda 6era purmsl B OKI' paznenensr pripTpaMi HU3KUX B BRICOKHX 4acToT ¢ M - 100. IIporpamma, 9To0BI OCy-

[IECTBUTH (PHIBTP HIDKHHX 4aCTOT MOKa3bIBaeTCs B Tabuie 16-1. I[porpamMma mst GriIbTpa BEPXHUX 4aCTOT HICH-
TUYHA, €CJIH Obl HE CHeKmpanbHas uneepcus siapa GUIbTPA HIKHUAX YaCTOT.

In a second example, we will design a band-pass filter to isolate a signaling tone in an audio sig-
nal, such as when a button on a telephone is pressed. We will assume that the signal has been
digitized at 10 kHz, and the goal is to isolate an 80 hertz band of frequencies centered on 2 kHz.
In terms of the sampling rate, we want to block all frequencies below 0.196 and above 0.204
(corresponding to 1960 hertz and 2040 hertz, respectively). To achieve a transition bandwidth of
50 hertz (0.005 of the sampling rate), we will make the filter kernel 801 points long, and use a
Blackman window. Table 16-2 contains a program for calculating the filter kernel, while Fig. 16-
6 shows the frequency response. The design involves several steps. First, two low-pass filters are
designed, one with a cutoff at 0.196, and the other with a cutoff at 0.204. This second filter is
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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then spectrally inverted, making it a high-pass filter (see Chapter 14, Fig. 14-6). Next, the two
filter kernels are added, resulting in a band-reject filter (see Fig. 14-8). Finally, another spectral
inversion makes this into the desired band-pass filter.

Bo BTOpOM mpumepe, Mbl OyzieM HMPOEKTUPOBAThH NOIOCOB0U punbmp, 4TOOBI U30IUPOBATh TOH
neperayy CUTHAJIOB B 3ByKOBOM CHTHaJIe, TUIIa TOTO, KOTJla KHOMKA 1o TenedoHy Haxara. Mbl
MPENOI0KHUM, 4TO curHai Obl1 nudpoBoit B 10 k[, 1 1eiab cocToUT B TOM, YTOOBI U30JIUPO-
BaTh mojocy 4yactot 80 repiy, meHTpupoBaHHBIX HA 2 K['11. B TepMuHax 4acTOThl BBIOOPKHU, MBI
XOTUM OJ0KHpoBaTh Bce yacToThl HIKE 0.196 u 6omnee yem 0.204 (mepenarommii 1960 repn u
2040 rep1i, cOOTBETCTBEHHO). UTOOBI AOCTUTATh MEPEXOTHON MIMPUHBI MOJIOCH YacToT 50 repi
(0.005 u3 yacToThl BEIOOPKH), MBI OynieM aenathb aapo ¢puibTpa 801 ToUek IIMHOM, U UCTIOIB30-
BaTh OkHO bimkmana. Tabnuma 16-2 conepKUT mporpaMmy ISl BEBIYUCICHUS sapa GUiabTpa, B TO
BpeMs Kak puc. 16-6 Mmoka3bIBaeT YaCTOTHYIO XapaKTepUCTHKY. [IpoekTupoBaHue BKIIIOYAET B
ce0s HECKONbKO MmaroB. Bo mepBbIX, 06a (QuibTpa HWKHHUX 4YacTOT pa3paboTaH-
HbI(TIpeTHa3HA4YeHbl), OJUH C OcTaHoBoM(4yacToToM otceuku) B 0.196, m apyroit ¢ ocraHo-
BoM(4yacTotoi orceukn) B 0.204. DTOT BTOPO#l PUIBTP TOTJA CHEKMPATbHO UHBEPMUPOBAH, JIE-
nast 3T0 GUIBTPOM BEPXHUX 4acToOT (cM. rnaBy 14, puc. 14-6). 3arem, aBa siipa GuiabTpa 100aB-
JICHBI, TIPUBOAS K TOJIOCOBOMY(3arpaxmaroniemy) puibtpy (cMm. puc. 14-8). Hakonen, npyras
CHEKTpaJIbHAsi HHBEPCHS JieNIacT 3TO(TPEBpaLIaeT 3T0) B XKeJaTeIbHBII 0JI0COBOM QUIBTP.
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FIGURE 16-6

Example of a windowed-sinc band-pass filter. This filter was designed for a sampling rate of 10 kHz. When refer-
enced to the analog signal, the center frequency of the passband is at 2 kHz, the passband is 80 hertz, and the transi-
tion bands are 50 hertz. The windowed-sinc uses 801 points in the filter kernel to achieve this roll-off, and a Black-
man window for good stopband attenuation. Figure (a) shows the resulting frequency response on a linear scale,
while (b) shows it in decibels. The frequency axis in (a) is expressed as a fraction of the sampling frequency, while
(b) is expressed in terms of the analog signal before digitization.

100 'LOW-PASS WINDOWED-SINC FILTER

110 "This program filters 5000 samples with a 101 point windowed-sinc filter,
120 ‘resulting in 4900 samples of filtered data.

130 !

140 DIM X[4999] 'X[ ] holds the input signal

150 DIM Y[4999] '"Y[ ] holds the output signal

160 DIM H[100] 'H[ ] holds the filter kernel

170"

180 PI =3.14159265

190 FC=.14 'Set the cutoff frequency (between 0 and 0.5)
200 M% =100 'Set filter length (101 points)

210"

220 GOSUB XXXX 'Mythical subroutine to load X[ ]

230"

240" 'Calculate the low-pass filter kernel via Eq. 16-4
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250 FOR 1% =0 TO 100
260 IF (1%-M%/2) = 0 THEN H[1%] = 2*PI*FC
270 IF (1%-M%/2) <> 0 THEN H[1%] = SIN2*PI*FC * (1%-M%/2)) / (1%-M%/2)
280 H[I%] = H[1%] * (0.54 - 0.46*COS(2*PI*1%/M%) )
290 NEXT 1%
300"
310 SUM =0 'Normalize the low-pass filter kernel for
320 FOR I% =0TO 100 'unity gain at DC
330 SUM = SUM + H[1%)]
340 NEXT I%
350"
360 FOR 1% =0TO 100
370 H[1%] = H[1%] / SUM
380 NEXT 1%
390"
400 FOR J% = 100 TO 4999 'Convolve the input signal & filter kernel
410 Y[J%] =0
420 FOR 1% =0 TO 100
430 Y[J%] = Y[J%] + X[J%-1%] * H[1%]
440 NEXT 1%
450 NEXT J%
460"
470 END
TABLE 16-1

Pushing it to the Limit
CMmemenue 3Toi (yacrorsi?) K Ipeneny

The windowed-sinc filter can be pushed to incredible performance levels without nasty surprises.
For instance, suppose you need to isolate a 1 millivolt signal riding on a 120 volt power line. The
low-pass filter will need a stopband attenuation of at least -120dB (one part in one-million for
those that refuse to learn decibels). As previously shown, the Blackman window only provides -
74dB (one part in five-thousand). Fortunately, greater stopband attenuation is easy to obtain. The
input signal can be filtered using a conventional windowed-sinc filter kernel, providing an inter-
mediate signal. The intermediate signal can then be passed through the filter a second time, fur-
ther increasing the stopband attenuation to -148dB (1 part in 30 million, wow!). It is also possi-
ble to combine the two stages into a single filter. The kernel of the combined filter is equal to the
convolution of the filter kernels of the two stages. This also means that convolving any filter ker-
nel with itself results in a filter kernel with a much improved stopband attenuation. The price you
pay is a longer filter kernel and a slower roll-off. Figure 16-7a shows the frequency response of a
201 point low-pass filter, formed by convolving a 101 point Blackman windowed-sinc with it-
self. Amazing performance! (If you really need more than -100dB of stopband attenuation, you
should use double precision. Single precision round-off noise on signals in the passband can er-
ratically appear in the stopband with amplitudes in the -100dB to -120dB range).

OunpTp windowed-sinc MOKET OBITh MOMEIIEH B HEBEPOSITHBIC YpPOBHU 3(PPEKTHBHOCTH O€3
IIPOTUBHBIX YIUBIEHUN(HEo)KuaaHHocTel). Hanpumep, npennonoxure, yto Bel JOMKHBI H30-
aupoBath | munnueonbm CUTHAN, CUIAIIMANA Ha JUHUU 3nekTtponepenaunl20 sonvm. OuiabTp
HIDKHUX 4acTOT OyJIeT HyXKIaTbCs B OCJIA0JICHHM TOJIOCHI 3aJiep)KUBaHUS 10 KpaiiHel mepe -
120dB (ocnabneHue B OAMH MUJUTHOH pa3, IS TE€X, KOTOPBIE OTKA3bIBACTCS MU3ydaTh JICIIUOCIIBI).
Kak npenaputensHo moka3aHo, okHO bimkmana oOecrnieunBaer Tonbko -74dB (ocnabnenue B
ATk ThicAY pa3). K cuacTbio, moayuuTh Oosnbliiee ociabiieHue MOJI0Chl 3aJepKUBAHUS TIPOCTO.
BxoaHo# curnan MoxeT ObITh (PUIBTPOBAH, UCTIONB3Ys 00bIMHOE sApo windowed-sinc ¢punbTpa,
oOecrnieunBasi IPOMEKYTOUHBIM curHai. [IpomMexyTOUHBIA CUTHAI MOKHO TOTJa MPOMyCKaTh de-
pe3 GuabTp BTOPOI pa3, Jajiee yBenuduBas ocialieHHe MoJochl 3aaepxuBaHus K -148dB (1
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

gacth B 30 Muwuinonax, Hudero cede!). Takke BO3MOKHO KOMOMHHUPOBATH(OOBEIMHHUTH) JBE
CTaAuu B E€IWHCTBEHHBIN(OTHEIbHBIN) (QuIbTp. Snpo 00beAMHEHHOTO(KOMOMHHUPOBAHHOTO)
(buIbTpa paBHO cKpyyusanuio(ceepmre) aaep GpuiabTpa U3 IBYX CTaAUN. ITO TaKKe O3HAUACT,
YTO CKpy4HMBaHHUE JIIOO0TO sifjpa GUIBTpa ¢ cobou MPUBOAUT K SAPY GUIBTPa C OOJBIIUM YITyd-
LICHHBIM OcllabJIeHHeM TOJO0CHl 3ajepxkuBanus. LleHa, koropyro Bel muiatute - Oonee IiIMHHOE
sanpo ¢uiabTpa u 6osee MeUICHHBIN 3aBaj(cnan). PucyHok 16-7a moka3pIiBaeT 4aCTOTHYIO Xapak-
TEPUCTHKY (puiabTpa HIWKHHUX 4yacToT 201 Touku, chopmupoBaHHOro, ckpyumsas 101 Touxy
bmkman windowed-sinc ¢ coboit. Y nuBurenbHas 3ddextuBHocTh! (Ecnu Bl neiicTBUTENBHO
Hy>Xaaerech B Oonbiie yem -100dB ocnabieHus moaockl 3aepKUBaHus, Bbl TOMKHBI HCIIONB30-
BaTh JBOIHYIO Mpenu3nOHHOCTh. OKpyrieHne mymMa OJMHAPHOW MPEenU3NOHHOCTHIO Ha CHUTHA-
Jax B noJoce NponycKauus MOXKET OECIOpSI0YHO MOSIBIATECS B 100Ce 3A0EPHCUBAHUS C AM-
mutynamu B -100dB k nuanazony -120dB).

100 'BAND-PASS WINDOWED-SINC FILTER

110 'This program calculates an 801 point band-pass filter kernel
120 !

130 DIM A[800] 'A[ ] workspace for the lower cutoff

140 DIM B[800] 'B[ ] workspace for the upper cutoff

150 DIM H[800] 'H[ ] holds the final filter kernel

160"

170 PI=3.1415926

180 M% = 800 'Set filter kernel length (801 points)

190"

200" 'Calculate the first low-pass filter kernel via Eq. 16-4,
210 FC=0.196 'with a cutoff frequency of 0.196, store in A[ |

220 FOR I% =0 TO 800

230 IF (I1%-M%/2) = 0 THEN A[I%] = 2*PI*FC

240 IF (I1%-M%/2) <> 0 THEN A[1%] = SIN(2*PI*FC * (1%-M%/2)) / (1%-M%/2)
250 A[1%] = A[1%] * (0.42 - 0.5*COS(2*PI*1%/M%) + 0.08*COS(4*PI*1%/M%))
260 NEXT 1%

270"

280 SUM =0 'Normalize the first low-pass filter kernel for

290 FOR I% =0TO 800  'unity gain at DC

300 SUM = SUM + A[I%]

310 NEXT 1%

320"

330 FOR 1% = 0 TO 800

340 A[1%] = A[1%] / SUM

350 NEXT 1%
360" 'Calculate the second low-pass filter kernel via Eq. 16-4,
370 FC =0.204 'with a cutoff frequency of 0.204, store in BJ ]

380 FOR 1% = 0 TO 800

390 IF (I%-M%/2) = 0 THEN B[1%] = 2*PI*FC

400 IF (1%-M%/2) <> 0 THEN B[1%] = SIN(2*PT*FC * (1%-M%/2)) / (1%-M%/2)

410 B[1%] = B[1%] * (0.42 - 0.5*COS(2*PI*1%/M%) + 0.08*COS(4*PT*1%/M%))

420 NEXT 1%

430"

440 SUM =0 'Normalize the second low-pass filter kernel for

450 FOR 1% =0TO 800  'unity gain at DC

460 SUM = SUM + B[1%]

470 NEXT 1%

480"

490 FOR 1% = 0 TO 800

500 B[1%] = B[1%] / SUM

510 NEXT 1%

520"

530 FOR 1% = 0 TO 800 'Change the low-pass filter kernel in B[ ] into a high-pass
540 B[1%] = - B[1%] 'filter kernel using spectral inversion (as in Fig. 14-5)
550 NEXT 1%

560 B[400] = B[400] + 1

570"

580"

590 FOR 1% = 0 TO 800 'Add the low-pass filter kernel in A[ ], to the high-pass
600 H[1%] = A[1%] + B[1%] 'filter kernel in B[ ], to form a band-reject filter kernel

610 NEXT 1% 'stored in H[ ] (as in Fig. 14-8)
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620"
630 FOR 1% = 0 TO 800 'Change the band-reject filter kernel into a band-pass
640 H[1%] = -H[1%] 'filter kernel by using spectral inversion
650 NEXT 1%
660 H[400] = H[400] + 1
670" 'The band-pass filter kernel now resides in HJ ]
680 END
TABLE 16-2
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FIGURE 16-7

The incredible performance of the windowed-sinc filter. Figure (a) shows the frequency response of a windowed-
sinc filter with increased stopband attenuation. This is achieved by convolving a windowed-sinc filter kernel with
itself. Figure (b) shows the very rapid roll-off a 32,001 point windowed-sinc filter.

PUCYHOK 16-7. HegepositHas 3ddexruBHoCcTs hribTpa windowed-sinc.

PucyHok (a) moka3pIBaeT 4aCTOTHYIO XapakTepucTHKY ¢unbTpa windowed-sinc ¢ yBeIMYEHHBIM OCIa0JIEeHHEM T10-
JIOCHI 33/IePXKUBaHMs. JTO JOCTUTHYTO, CKpy4mBas siipo windowed-sinc ¢punbrpa ¢ coboii. PucyHnok (b) mokasbiBa-
eT camblii ObicTpbIi 3aBas(crnan) 32001 Toukoit windowed-sinc ¢punbTpa.

Figure 16-7b shows another example of the windowed-sinc's incredible performance: a low-pass
filter with 32,001 points in the kernel. The frequency response appears as expected, with a roll-
off of 0.000125 of the sampling rate. How good is this filter? Try building an analog electronic
filter that passes signals from DC to 1000 hertz with less than a 0.02% variation, and blocks all
frequencies above 1001 hertz with less than 0.02% residue. Now that's a filter! If you really want
to be impressed, remember that both the filters in Fig. 16-7 use single precision. Using double
precision allows these performance levels to be extended by a million times.

Pucynok 16-7b mokaspiBaeT Ipyroil mpumep HeBeposTHOH >ddexTuBHOCTH Windowed-sinc's:
¢ubTpa HIKHUX YacToT ¢ 32001 Toukamu B aape. YacToTHAs XapaKTepUCTHKA MOSABISAETCS Kak
oxupgaercs, ¢ 3aBaigom(cragoM) 0.000125 wgactothl BbIOOpKH. Hackoiabko Xopommuii - 3TOT
¢uneTp? IpoOyiiTe GopMHUPOBATH aHAJIOTOBBIA ANIEKTPOHHBIN (UIBTP, KOTOPBIN MEeperaeT CUr-
Hasbl OT nocTostHHOro Toka 10 1000 repu ¢ Bapuauumeit Menbuie yem 0.02 %, u O61okamu Bce
yactoTsl Oosiee yeM 1001 repiy ¢ ocratkom Menble yem 0.02 %. Teneps 310 - punstp! Eciin Ber
JEHCTBUTEILHO XOTUTE OBITh YBICUCHHBIMH, IIOMHUTE, 9TO 00a QrbTpa B puc. 16-7 ucmonb3y-
10T OOUHAPHYIO NpeyusuoHHoCcmb. VICIONb30BaHUE 080UHOU Npeyu3uoOHHOCMU TO03BOJISET ITUM
ypOBHIM 3((HEKTUBHOCTH OBITH PACIIUPEHHBIM B MULIUOH PA3.

The strongest limitation of the windowed-sinc filter is the execution time; it can be unacceptably
long if there are many points in the filter kernel and standard convolution is used. A high-speed
algorithm for this filter (FFT convolution) is presented in Chapter 18. Recursive filters (Chapter
19) also provide good frequency separation and are a reasonable alternative to the windowed-
sinc filter.
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Camoe cunbHOE orpanuwdeHue ¢puiabTpa windowed-sinc - BpeMs BBITIOJHEHHUS; MOXKET OBITh HE-
MIPUEMJIEMO J0JIT0, €CIIM UMEIOTCS MHOTO TOYEK B sifjpe (pUIbTpa, U UCHOJIB3YETCs CTAaHIAPTHOE
CKpy4HBaHUE. BBICOKOCKOPOCTHON anropuT™m ais dtoro ¢unbtpa (ckpyuuBanue bIID) mpen-
ctaBneH B rnaBe 18. PexypcuBHble GuibTpsl (r1aBa 19) Taxoke obecreunBaioT Xopolee paszie-
JICHUE TI0 YacTOTe | - pa3yMHas aapTepHaThBa GunbTpy windowed-sinc.

Is the windowed-sinc the optimal filter kernel for separating frequencies? No, filter kernels re-
sulting from more sophisticated techniques can be better. But beware! Before you jump into this
very mathematical field, you should consider exactly what you hope to gain. The windowed-sinc
will provide any level of performance that you could possibly need. What the advanced filter de-
sign methods may provide is a slightly shorter filter kernel for a given level of performance.
This, in turn, may mean a slightly faster execution speed. Be warned that you may get little re-
turn for the effort expended.

SAsnsercsa mu sapo punbrpa windowed-sinc onTUMalbHBIM 711 OTAeNeHHs dacTot? Her, siapa
¢uIbTpOB, cienyoomme U3 0osiee CIOKHBIX METOIOB MOTYT ObITh syume. Ho octeperaiitecs!
[Ipexne, yem Bbl mepexoaute B 3TO OYEHb MAaTe€MaTUYECKOE MoJie, BBl HOMKHBI pacCMOTPETh
TOYHO, 4TO BbI HazmeeTech m3Bnekarh monb3ly. Windowed-sinc obecrieunt 000 ypoBEeHb 3(¢-
(EKTUBHOCTH, B KOTOPOM BBl MOTJIH BO3MOKHO HYKAAThCS. UTO MPOIBUHYTHIE METOIBI TIPOCKTA
¢mIbTpa MOryT obecreunBaTh - clerka 6osiee KOpoTKoe sapo (GuiabTpa Ui JaHHOTO YPOBHS
a3 dexTuBHOCTU. DTO, B CBOIO OUYEPEIb, MOXKET O3HAYATh CJIErKa 0ojiee OBICTPOE OBICTPOACHCT-
BHE BBINONHEHUS. [Ipeaynpexaaem, 9To Bel MOXKeTe MONTy4YUTh HEMHOTO OTAA4M OTHOCHTEIHHO
MPHUIIOKESHHOTO YCHITHSI.
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