HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

Recursive Filters
PexypcuBHbie PUIbTPHI

CHAPTER

19

Recursive filters are an efficient way of achieving a long impulse response, without having to
perform a long convolution. They execute very rapidly, but have less performance and flexibility
than other digital filters. Recursive filters are also called Infinite Impulse Response (IIR) filters,
since their impulse responses are composed of decaying exponentials. This distinguishes them
from digital filters carried out by convolution, called Finite Impulse Response (FIR) filters. This
chapter is an introduction to how recursive filters operate, and how simple members of the fam-
ily can be designed. Chapters 20, 26 and 33 present more sophisticated design methods.

PexypcuBHble QUIBTPHI - 3)PEKTUBHBINA MyTh TOCTHKEHUS JTMHHOW UMITYJIHCHOW TIEpenaToy-
HOM PyHKIMH, 6€3 TOro, 4TOOBI UMETh HEOOXOUMOCTh HCIIONHSTh AMTUHHYIO CBEpTKY. OHU BBI-
HOJHSFOTCS OY€HBb OBICTPO, HO MMEIOT MEHbIIEe KOTUIECTBO 3()(HEKTUBHOCTH M THOKOCTH YeM
npyrue 1udposbie GunbTpel. PekypcuBHBIE GUIBTPBI TaKkKe HAZBIBAIOTCSA, PUIBTPAMH C HOecKo-
neynou Umnynvcuou Ilepedamounaa @ynxyueri (BUX), Tak Kak UX UMITYJILCHBIC TIEPEIATOYHBIC
(GYHKIIMN COCTaBJIEHBI U3 PaCMaaroINXCs MOKa3aTeIbHBIX QYHKIUI. JTO OTIMYAET UX OT Iud-
POBBIX (DMIBTPOB, BHITIOJTHEHHBIX CBEPTKOM, Ha3biBaeMoi (unbrpamu ¢ Koneunoti MmnynvcHotl
nepedamounou Pyuxyueu (KNX). Ota riaBa - BBeJeHUE B TO, KaK pEKypCUBHbBIC (UIBTPHI pa-
00TaIoT, M KaK MPOCThIC WICHBI CEMEWCTBAa MOTYT OBITh pa3padoransl. [maBsel 20, 26 u 33 cymie-
CTBYIOIIMX 00JI€€ CIOXKHBIX METOAOB MTPOESKTUPOBAHMS.

The Recursive Method
PexypcuBubiii Meron

To start the discussion of recursive filters, imagine that you need to extract information from
some signal, x[ ]. Your need is so great that you hire an old mathematics professor to process the
data for you. The professor's task is to filter x[ ] to produce y[ ], which hopefully contains the in-
formation you are interested in. The professor begins his work of calculating each point in [ ]
according to some algorithm that is locked tightly in his over-developed brain. Part way through
the task, a most unfortunate event occurs. The professor begins to babble about analytic singu-
larities and fractional transforms, and other demons from a mathematician's nightmare. It is clear
that the professor has lost his mind. You watch with anxiety as the professor, and your algorithm,
are taken away by several men in white coats.

UroObl Ha4yaTh OOCYXJIEHHE PEKYPCHBHBIX (MIBTPOB, BOOOpasuTe, 4To BBl OMKHBI U3BIICYD
nH(}OpMAITHIO U3 HEKOTOPOTo CUTHaia, X[ |. Bamm motpedHOCTH HACTOIBKO BEJIUKH, 4TO BhI Ha-
HUMaeTe CTapbIX MpodeccopoB MaTeMaTHKH, YTOObI 0OpaboTate naHHble Uit Bac. 3amaua npo-
deccopa COCTOUT B TOM, YTOOBI GUIBTPOBATH X[ |, ATOOBI MPOU3BECTH V| |, KOTOPBIN OOHAICIKU-
BaIOIlE COACPXKUT MHTepecyronlyo Bac mupopmanuio. [Ipodeccop HaunHaeT ero paboTy BBI-
YHCIICHHUS KaXKI0TO TOYKH B y[ | COTIIACHO HEKOTOPOMY aJITOPUTMY, KOTOPBIN CHIIBHO 3aKPEIICH
B €0 pa3BUTOM MO3ry. Ha HEKOTOpOM 3Tare B pelieHHH 3a/1a4i MPOUCXOAUT Haubosee Heyau-
HBIH pe3ynbraT. [Ipodeccop HauMHAET JieneTaTh OTHOCUTEIHHO aHATUTHYECKIX 0COOCHHOCTEH 1
IpOOHBIX TpAaHC(POPMAHT, U JPYTUX JIEMOHOB OT KOIIMapa MaTeMaTHka. SICHO, uTo mpodeccop
MOTePsT paccyAoK. BeI ¢ GecrokoiicTBOM Habm01aeTe Kak mpodeccop, U Balll aJropuTM, 3aryo-
JICHBI HECKOJIbKUMH JIFOJIbMH B OCIIBIX XallaTax.
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You frantically review the professor's notes to find the algorithm he was using. You find that he
had completed the calculation of points y[0] through y[27], and was about to start on point y[28].
As shown in Fig. 19-1, we will let the variable, n, represent the point that is currently being cal-
culated. This means that y[#n] is sample 28 in the output signal y[n - 1], is sample 27, y[n - 2] is
sample 26, etc. Likewise, x[n] is point 28 in the input signal, x[n - 1] is point 27, etc. To under-
stand the algorithm being used, we ask ourselves: "What information was available to the profes-
sor to calculate , y[n] the sample currently being worked on?"

Bbl oTyasiHHO mepecMaTpuBaeTe 3amucH Ipodeccopa, YTOObI HANTHU alrOPUTM, KOTOPBIH OH UC-
MoJIb30Bajl. Bel HaxoauTe, 9YTO OH 3aKOHUYMJ BhIUMCIeHUE Touek y[0] uepes y[27], u codupascs
HayaTh Ha Touke y[28]. Kak nokasaHo Ha puc. 19-1, Mbl 103BOJIMIIN NTEPEMEHHOM, 71, IPEACTAB-
JISITh TOYKY, KOTOpasi BEIYKMCIIIETCS B HACTOAIIEE BpeMs. DTO O3Ha4JaeT, uTo y[n] - BhIOOpKa 28 B
BBIXOJHOM curHaie y[n - 1], sBusiercst BeIOOpkoit 27, y[n - 2] BEIOOpKOI 26, U T.1I. AHAJIOTHYHO,
x[n] - Touka 28 BO BXOgHOM curHaje, x[n - 1] - Touka 27, u T.71. UTOOBI MOHUMATH HCIIOJB3YeE-
MBII aNroOpuTM, MBI cparmBaeM ceds: " Kakas unpopmanus, 1ocTynHas npodeccopy, 10KHA
ObLJ1a BEIYMCIUTD V[7], TEKYITyI0 BEIOOPKY, HAXOAIIYIOCS B HacTosIee Bpemsi B 00padoTke? "

The most obvious source of information is the input signal, that is, the values: x[n], x[n - 1], x[n -
2], ---. The professor could have been multiplying each point in the input signal by a coefficient,
and adding the products together:

vinl = ayx[n] + ax[n-1] + a,x[n-2] + a,x[n-3] + -

You should recognize that this is nothing more than simple convolution, with the coefficients: ay,
ai , az, forming the convolution kernel. If this was all the professor was doing, there wouldn't be
much need for this story, or this chapter. However, there is another source of information that the
professor had access to: the previously calculated values of the output signal, held in: y[n - 1],
y[n - 2], y[n - 3], ---. Using this additional information, the algorithm, would be in the form:

Bbl 10KHBI IPU3HATH, YTO 3TO HUYTO OOJIbIIE, YEM MPOCTasi CBEpTKa ¢ KOdPPUIIMEHTaAMHU: do,
ai, az, OPMUPYIOLUTUMHU SAPO CBEPTKHU. Eciu ObI 3T0 OBUTO Bee, YTO nenan npodeccop, UMeIoch
OBl MHOTO HEOOXOJIUMOTO B ATOM UCTOPUH, WM ITOU riaBe. OHAKO, UMEETCS IPYTOi NCTOYHHK
uH(popManuu, 9To npodeccop UMen T0CTyN K: npedsapumeibHo pacCINTaHHBIM 3HAYCHUSIM BbI-
XOJHOTO CHTHAJIa, TPOBEAEHHOTO B: y[n - 1], y[n - 2], y[n - 3], ---. Ucnoas3ys 3Ty TONOJTHUTETb-
HYI0 HH(pOpMAIIHIO, AITOPUTM ObLI OBbI B (hopme:

vin]l = ayxn] + ax[n-1] + ayx[n-2] + a;x[n-3] + -
+ byyln-1]1 + byy[n-2] + byy[n-3] + -
EQUATION 19-1. The recursion equation.
In this equation, is the input signal, y[ ] is the output signal, and the a's and b's are coefficients.

YPABHEHUE!19-1. YpaBHeHune pexypcuu.
B atom ypaBHeHuu x[ | — BXOJHO# cUrHal, y[ | — BBIXOJHOM CUTHAI, U a's 1 b's — KO3(DDULIUESHTBI.
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In words, each point in the output signal is found by multiplying the values from the input signal
by the "a" coefficients, multiplying the previously calculated values from the output signal by the
"b" coefficients, and adding the products together. Notice that there isn't a value for by, because
this corresponds to the sample being calculated. Equation 19-1 is called the recursion equation,
and filters that use it are called recursive filters. The "a" and "b" values that define the filter are
called the recursion coefficients. In actual practice, no more than about a dozen recursion coef-
ficients can be used or the filter becomes unstable (i.e., the output continually increases or oscil-
lates). Table 19-1 shows an example recursive filter program.

B cnoBax, kaxkaast TOUKa B CUTHAJIE BBIXO/la HAlZIEHa, yMHOXas 3Ha4€HMsI OT BXOJHOTO CUTHaJIa
koadurmentamu "a", yMHOKas IPEIBAPUTEILHO PAaCUCTHBIC 3HAYCHUS OT CUTHAJa BBIX0OJIa KO-
spdunmentamu "b", u cknagpiBas ModydeHHbIE npou3BeaeHus. OOpaTuTe BHUMaHHE, YTO HE
UMeeTCs 3HaUeHUs U1l by, IOTOMY UYTO 3TOT by COOTBETCTBYET pacCCUMTHIBAEMOI BBIOOPKE. Y paB-
HeHue 19-1 Has3biBaeTCsi ypaBHeHHeM PeKYPCHH, a (QUIBTPBL, KOTOPbIE HCHOJIB3YIOT 3TO
ypaBHEHHWE, HA3bIBAIOTCS peKypcUBHBIMU GuiabTpamu. 3HaueHus "a" u "b", koTopelie onpene-
JSIOT UIBTP, Ha3bIBAOTCA KO3 GUUMEeHTaMu peKypcuu. B cymecTByroleil mpakTHKE MOXKET
WCITIOJIB30BAThCA HE 0OoJiee MI0KUHBI KOA(DPHUITUEHTOB pPeKypcHH, WK (UIBTP CTAHOBUTCS HE
CTaOMWIIBHBIM, (TO €CTh, BBIXOJ HENPEPHIBHO yBEIMYMBACTCS MM Kojebnercs). B tabmume 19-1
IOKa3aH [IPUMeEp MPOrpaMMbl PEKypCUBHOIO (QHIIBTPA.

Recursive filters are useful because they bypass a longer convolution. For instance, consider
what happens when a delta function is passed through a recursive filter. The output is the filter's
impulse response, and will typically be a sinusoidal oscillation that exponentially decays. Since
this impulse response in infinitely long, recursive filters are often called infinite impulse re-
sponse (IIR) filters. In effect, recursive filters convolve the input signal with a very long filter
kernel, although only a few coefficients are involved.

PexypcuBHBIC QUIBTPHI MOJIE3HEI, TIOTOMY YTO OHU 06Xx00sm Oojee NIMHHYIO cBepTKy. Hampu-
Mep, PaCCMOTPHTE, YTO CIy4aeTcs, KOTJa JAeibTa (QYHKIUIO MPOMYCKAIOT Yepe3 pPeKypCHUBHBIN
¢uneTp. Beixon ¢unbtpa - umnyrschas nepedamoynas @yHkyus, ¥ TAIUYHO, OyJEeT CUHYCOU-
JaTbHBIM KosieOaHHMeM, 3aTyXaroliei(yOsIBaromieii) mo 3KCrnoHeHTe. Tak Kak 3Ta MMITyJIbCHAs
nepenaToyHass (QYHKIHS OECKOHEYHOH JIMHHBI, PEKyPCHBHBIE (HIBTPHI YacTO HAa3bIBACTCS
bunsTpamu ¢ becxoneunou umnynvcuou xapakmepucmuxou (BUX). B nmelictButenbHOCTH, pe-
KypCHUBHBIE (PUIIBTPHI CBEPTHIBAIOT BXOAHOW CHTHAN C OYCHb JJIMHHBIM SIPOM (QHIBTPA, XOTS
TOJILKO HE3HAYUTEIBHOE YHCII0 KO3 PHUIIMEHTOB BOBIICYCHO.

i i
| a. The input signal, x| || b, The output signal, v| ||

Amplifucde
Amplitade

0 10 M a0 | 10 20 M
Sample number Sample number

FIGURE 19-1. Recursive filter notation.
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The output sample being calculated, y[#], is determined by the values from the input signal, x[n], x[n - 1], x[n - 2], *=*
as well as the previously calculated values in the output signal, . These figures are shown for y[n - 1], y[n - 2], y[n -
3], .

PUCYHOK 19-1. Cucrema obo3nauenuii(IIpencrasienue) peKypcUBHOTO GHIBTpa.
PaccunTriBaeMast BEIOOpKa BBIXOAA, V[n], ONpeesicHa 3HAYCHUSIMHU OT BXOJHOTO cUrHana, x[n], x[n - 1], x[n - 2], =,
TaK e KaK, pacCYNTaHHBIE TPeABAPUTEIHHO, 3HAYCHHS B BRIXOJHOM CHUTHANIE. DTH PUCYHKH NOKa3aHbI ik y[n - 1],

y[n - 2]’ J’[” - 3]3

The relationship between the recursion coefficients and the filter's response is given by a mathe-
matical technique called the z-transform, the topic of Chapter 33. For example, the z-transform
can be used for such tasks as: converting between the recursion coefficients and the frequency
response, combining cascaded and parallel stages into a single filter, designing recursive systems
that mimic analog filters, etc. Unfortunately, the z-transform is very mathematical, and more
complicated than most DSP users are willing to deal with. This is the realm of those that special-
ize in DSP.

OTtHomeHus: MeXAy KO3PPUIIMEHTaMU PEKYPCHUH U OTBETOM (PUIBTpa AAIOTCS MaTEeMaTHUECKON
METOJIMKOW Ha3bIBacMoi z-TpaHcdopMaHToii, TemMa miaBel 33. Hampumep, z-tpanchopmanra
MOXKET MCTOJIh30BaThCS IS TaKMX 3aJad Kak: mpeoOpazoBaHue MeXIy KodduimeHTaMHu pe-
KYpPCHUU M YaCTOTHOW XapaKTEPHUCTHKOHN, OObEIMHEHHE KACKaIHBIX W MapaIeIbHBIX CTAIUN B
enuH(bI)CTBEHHBIH (QUIBTP, MPOCKTHPOBAHHE PEKYPCUBHBIX CHCTEM, KOTOpbIE MOJpaka-
10T(1I0T0OHBI) aHAIOTOBBEIM (QWIbTpaM, u T.A4. K coxanenuro, z-TpancopmMaHTa o4eHb MaTeMa-
TUYeckas, U 0ojee CI0XKHa, YeM, TO, C 4eM OONbIIMHCTBO monb3oBareneii [{OC xenaroT uMeThb
neno. J1o - 00acTh Tex, KTo cneruanusupyrores B LOC.

There are three ways to find the recursion coefficients without having to understand the z-
transform. First, this chapter provides design equations for several types of simple recursive fil-
ters. Second, Chapter 20 provides a "cookbook" computer program for designing the more so-
phisticated Chebyshev low-pass and high-pass filters. Third, Chapter 26 describes an iterative
method for designing recursive filters with an arbitrary frequency response.

Nmeercs Tpu cnocoba HaiTh K03()HUITMEHTHI peKypcuu 0€3 TOro, 9ToOBI UMETh HEOOXOAMMOCTD
MIOHUMaTh Z-TpaHchopMaHTy. Bo mepBbIx, 3Ta riaBa oOecrieuuBaeT ypaBHEHUS MIPOEKTa s He-
CKOJIBKMX THIIOB MPOCTBIX PEKYpPCUBHBIX (puiabTpoB. Bo Brophix, rmaBa 20 obecrieunBaeT KOM-
NBIOTEPHYIO MpOorpaMMy '"TOBapeHHOM KHMTH" Ui NMPOEKTHpPOBaHUs Oojee ciaoxHOro YeObl-
LIEBCKUX (PUIBTPOB HU3KUX M BEPXHHUX 4YacToT. TpeThe, riiaBa 26 ONUCHIBAET UTEPALMOHHBIN
METOJ| AJIsl MPOCKTHUPOBAHUS PEKYPCUBHBIX (PHIBTPOB C MPOU3BOJBHONW YAaCTOTHOM XapakTepH-
CTHKOM.

100 'RECURSIVE FILTER

110 !

120 DIM X[499] 'holds the input signal

130 DIM Y[499] 'holds the filtered output signal

140 !

150 GOSUB XXXX 'mythical subroutine to calculate the recursion

160" 'coefficients: A0, Al, A2, B1, B2

170"

180 GOSUB XXXX 'mythical subroutine to load X[ ] with the input data
190"

200 FOR 1% = 2 TO 499
210 Y[I%] = AO*X[1%] + A1*X[1%-1] + A2*X[1%-2] + B1*Y[1%-1] + B2*Y[1%-2]
220 NEXT 1%
230 '
240 END
TABJIULIA 19-1
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FIGURE 19-2. Single pole low-pass filter.

Digital recursive filters can mimic analog filters composed of resistors and capacitors. As shown in this example, a
single pole low-pass recursive filter smoothes the edge of a step input, just as an electronic RC filter.

PUCYHOK 19-2. OaHOmOMIOCHBIN GHIBTP HIPKHUX YacTOT.

LludpoBeie pekypcuBHbIE (GUIBTPHI MOTYT HOAPAXKaTh aHAJIOTOBBIM (DMIBTPAM, COCTABICHHBIM U3 PE3UCTOPOB H
KOHJieHCaTopoB. Kak mnoka3aHO B 3TOM NpUMEpE, OJHOIOJIIOCHBIH PEKYPCHUBHBIH (GHIBTP C HU3KAM IIPOXO-
JIOM(HHU3KOM 4acTOTHI) CrIIaKUBaeT Kpai((poHT) BBoJa LIara(CTyneHbKH, Takxke, Kak 1eKTpoHHbIi RC ¢uibTp.

Single Pole Recursive Filters
OnHonosarocHbie PekypcuBHbie PUIbTPBI

Figure 19-2 shows an example of what is called a single pole low-pass filter. This recursive filter
uses just two coefficients, ap = 0.15 and b; = 0.85. For this example, the input signal is a step
function. As you should expect for a low-pass filter, the output is a smooth rise to the steady
state level. This figure also shows something that ties into your knowledge of electronics. This
low-pass recursive filter is completely analogous to an electronic low-pass filter composed of a
single resistor and capacitor.

Ha pucynke 19-2 mokazaH nmpumMep TOTO, YTO HA3BIBAETCS OJIHOTIOIIOCHBIM (DHIIBTPOM HUKHHX
4acTOT. DTOT PEKYPCUBHBIM (PUIBTP MCHONIB3YyEeT TOJIBKO ABa Koddduuuenta, ap = 0.15 u by =
0.85. 14 aTX MpUMEpPOB, BXOJIHOM cUrHai - cryneHuyaTtas ¢pyHkuus. Kak Bel 10KHBI 0kM1aTh
U QUIBTPAa HUXKHUX YaCTOT, BBIXOJ - IVIaJIKOE TOBBIIICHHE K YPOBHIO YCTaHOBMBIIUXCS CO-
CTOSIHUHA. DTOT PUCYHOK TaK)K€ MOKA3bIBAET KOE-YTO, YTO CBS3aHO C BAIIMMM IMO3HAHUSIMHU B
JIEKTPOHUKE. DTOT PEKYPCUBHBIM (QWIBTP C HHU3KUM MPOXOJOM MOJHOCTBIO aHAJIOTHYEH 3JIEK-
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TPOHHOMY (1)I/IJH:pr HWXKHUX Y9aCTOT, COCTABJICHHOMY U3 CAWMHCTBCHHOI'O PC3UCTOpPA U KOHJCH-
caropa.

The beauty of the recursive method is in its ability to create a wide variety of responses by
changing only a few parameters. For example, Fig. 19-3 shows a filter with three coefficients: a
=0.93 a; =-0.93 and b, = 0.86. As shown by the similar step responses, this digital filter mimics
an electronic RC high-pass filter.

[Ipenectb peKypcHBHOTO METOJa 3aKJIFOYAETCS B €r0 CIIOCOOHOCTH CO3JaTh HIMPOKOE Pa3HO00-
pasue OTBETOB(OTKJIMKOB), M3MEHSSI TOJIBKO HECKOJIbKO TMapameTrpoB. Hampumep, na puc. 19-3
nokaszaH QuiIbTp ¢ Tpems ko3dduuuenramu: ap = 0.93 a; =-0.93 u b; = 0.86. Kak nokazano mo-
TOOHBIMU pEakIMsIMU Ha CKadyOK(MEPEeXOIHBIMH XapaKTEPUCTUKAMH), 3TOT HMUGPOBOM PUIBTP
nojpaxaet eKTpoHHoMYy RC GunbTpy BEpXHUX 4acTOT.

Digital Filter

T 17 1 1 T 17 T 1
| — 1 1 N [ R N P IR
- [ I I Recursive ] T I I
2 | | | Filter 32 |m | |
A e s e S e (PO o i s i B
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1.0 l I I — ik I
i, -|—-|———-|-———T——— b, = [_Bf I ﬂ—]———-{—— '+|-_I
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FIGURE 19-3. Single pole high-pass filter.

Proper coefficient selection can also make the recursive filter mimic an electronic RC high-pass filter. These single
pole recursive filters can be used in DSP just as you would use RC circuits in analog electronics.

PUCYHOK 19-3. OgHONOMIOCHBIH (GHUIBTP BEPXHUX YaCTOT.

Hamnexarmii BBIOOp KO3 GUIMEHTa MOKET TaKXKe 3aCTaBUTh PEKYPCUBHBIA (DMIIBTp MOIPaXaTh deKTpoHHOMY RC
(UIBTPY BEPXHUX YaCTOT. DTH OIHOIIONIOCHBIE PEKypCUBHBIE (PHIIBTPBI MOTYT Hcmonb3oBathes B LIOC Tak ke, Kak
Bo1 ucnonws3oBanu 661 RC 11enu B aHaIOTOBOM DJIEKTPOHHMKE.

These single pole recursive filters are definitely something you want to keep in your DSP tool-
box. You can use them to process digital signals just as you would use RC networks to process
analog electronic signals. This includes everything you would expect: DC removal, high-
frequency noise suppression, wave shaping, smoothing, etc. They are easy to program, fast to
execute, and produce few surprises. The coefficients are found from these simple equations:

OTH OJHOIIOIIOCHBIE PEKYPCUBHBIE (UIBTPHI - OMPEIEICHHO KOe-4To, YTO BBI XOTHTE coxpa-
HUTH B BamieM komiuiekte HHCTpyMeHTOB LIOC. Bbl MokeTe Mcnoibp30BaTh UX, YTOOBI 00pado-
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TaTh HU(PPOBBIE CUTHAJIBI TAK )K€, Kak Bl ncnomnp3osanu 661 RC nemnu, 4yrodsr 00paboraTh aHa-
JIOTOBBIE JIEKTPOHHBIE CUTHAJIBL. DTO BKIIIOYAET Bce, yTO Bbl oxkujanu Obl: yAaneHUe MOCTOSH-
HOT'O TOKa(ITIOCTOSIHHOM COCTaBIISIONIEH?), TOAABICHUE BHICOKOYACTOTHOTO IIyMa, (POpMHPOBA-
HHE BOJIHBI, CIJIa)KUBaHUe, U T.J. OHU NMPOCThl B IMPOTrPAMMHUPOBAHHUM, OBICTPO BBIMOJIHATCS, U
IPOM3BOJAT HEMHOTO HeoxkuaaHHocTed. KoadduumeHTs! HaiiieHbl U3 ClIeIyIOMUX JIMHEHHBIX
YpaBHEHUM:

YPABHEHUE 19-2. OHOnoM0CHBIH GUIIBTP HUKHUX YaCTOT. Ay = I-x
OTtBeT QUIIBTPA yIPABIISACTCS MAPAMETPOM, X, 3HAUCHUE MEXK]Ty HYJIEM U CAUHUIICH. .f‘.ll - X

ay = (1+x)/2
Ypasaenue 19-3. OHOMOMOCHBIH QHUIBTP BEPXHUX YACTOT.

a, = —(1+x)/2

b, = x

|

The characteristics of these filters are controlled by the parameter, x, a value between zero and
one. Physically, x is the amount of decay between adjacent samples. For instance, x is 0.86 in
Fig. 19-3, meaning that the value of each sample in the output signal is 0.86 the value of the
sample before it. The higher the value of x, the slower the decay. Notice that the filter becomes
unstable if x is made greater than one. That is, any nonzero value on the input will make the out-
put increase until an overflow occurs.

XapaKTepUCTUKHU 3THX (PUIBTPOB YIPABISAIOTCS apaMEeTPOM, X, 3HAUEHUE MEXy HyJIEM U eu-
Hunel. GU3NYECKH, X - KOJIMYECTBO 3amyxanus(pacnaoa?) Mexay CMEeXHBIMH BbiOopkamu. Ha-
npumep, x - 0.86 B puc. 19-3, o3Hauaer, yTO 3HAUEHHUE KAX10I BHIOOPKU B CUTHAJIE BBIXOJA SIB-
asiercs 3HaueHneM (.86 mpexmecTByroniel BeIOOpPKH. UeM Bbllle 3HAUYEHUE X, TEM MEUICHHEe
3aryxanue(pacnanga?). Obparute BHUMaHHUE, 4TO (GUIBTP CTAHOBUTCS HECMAOUNbHBIM, €CITH X
cenaH 0oJbIIUM, YeM eAUHULA. To ecTh J1000e 3HaueHHe OTIUYHOE OT HYJIs Ha BBOAE Oyler
JIeNIaTh yBEJIUMYEHHUE BbIX0/1a, TIOKA HE MPOU30MIET IEPENOIHEHUE.

1.5 y r L5 T T
I | 1 1
| a. Original 5ign:1l| | b. Filtered signals |
1.0 Ly
g \ z \ low-pass |
= 0.5 | = 0.5
-:rE -:E -“M"'\-
0.0 .0
| high-pass
0.5 1.5
] 1M 200k £ i) 40 500 0 10d) ] 300 4001 500
Sample number sample number

FIGURE 19-4. Example of single pole recursive filters.

In (a), a high frequency burst rides on a slowly varying signal. In (b), single pole low-pass and high-pass filters are
used to separate the two components. The low-pass filter uses x = 0.95, while the high-pass filter is for x = 0.86.
PUCYHOK 19-4. [Ipumep 0HOMOMIOCHBIX PEKYPCUBHBIX (DPHIBTPOB.

B (a), Bbicokas yactora pazopBajia X0Jl MEJUIEHHO U3MEHsIoIerocs: curnana. B (b), 4To0bl OTIenuTh 3T 1Ba KOM-
TIOHEHTa, MCHOJIB3YIOTCSl OJTHOIOIOCHBIM (MIBTP HU3KOH 4acTOTHI M (UIBTP BEPXHUX YacTOT. DUIBTP HIKHHUX
yacToT ucnosbs3yeT x = 0.95, B To Bpemst Kak (GHIbTP BEPXHUX 4acToT - x = 0.86.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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The value for x can be directly specified, or found from the desired time constant of the filter.
Just as R x C is the number of seconds it takes an RC circuit to decay to 36.8% of its final value,
d is the number of samples it takes for a recursive filter to decay to this same level:

3HaueHue A X MOXET OBITh OMpeNeJeHO HEMOCPEACTBEHHO, WM HANJCHO OT KellaTelbHON
KOHCTaHTHI (ITOCTOSTHHOW BpeMeHH) ¢puiabTpa. Tak ke, kak R X C - 4uCI0 CeKyH[I, KOTOPOE Tpe-
oyercst RC cxeme, 94To0BI 3aTyxXHYTh 10 36.8 % ee KOHEYHOro 3HaueHUs, d - YUCIO BHIOOPOK,
KOTOpBIE TpeOyeTcst ISl pEKyPCUBHOTO (BHIIBTPA, YTOOBI 3aTyXHYTh JI0 TOTO e CAMOTO YPOBHS:

EQUATION 19-4. Time constant of single pole filters.

This equation relates the amount of decay between samples, x, with the filter's time constant, d,

the number of samples for the filter to decay to 36.8%. :
YPABHEHMHE 19-4. [TocTostHHAs BpEMEHH OTHOIOIIOCHBIX (DHUIBTPOB.

OT0 ypaBHEHHE CBS3BIBAIOT KOJUIECTBO 3aTyXaHUS MEXIY BRIOOPKaMH, X, C KOHCTAHTOW BpeMeHHU (QHIIbTpa, d, drc-
JI0 BBIOOPOK 15t pUiibTpa, YTOOBI 3aTYXHYTh 10 36.8 %.

- e 1/d

For instance, a sample-to-sample decay of x = 0.86 corresponds to a time constant of d = 6.63
samples (as shown in Fig 19-3). There is also a fixed relationship between x and the -3dB cutoff
frequency, fc, of the digital filter:

Hamnpumep, 3atyxanne "BeiOopka K Beioopke" x = 0.86 COOTBETCTBYET IMTOCTOSTHHOW BPEMEHH M3 d
= 6.63 BBIOOPOK (Kak MmokazaHo B puc. 19-3). ImeeTcs Takke yCTAHOBICHHOE OTHOILIEHUE MEXK-
ny x u -3dB uacmomur omceuxu(vacmomul cpesa) fc, uudpoBoro punpTpa:

EQUATION 19-5. Cutoff frequency of single pole filters. ~27f.
The amount of decay between samples, x, is related to the cutoff frequency of the filter, £, a X = £ o

value between 0 and 0.5.

YPABHEHMHE 19-5. YacToTa OTCEYKH OXHOMOIIOCHBIX (PHIBTPOB.

KonnuecTBo 3aTyxaHust Meay BEIOOPKaMH, X, CBSI3aHO C 4aCTOTOM OTCeUKH (GUIIbTpa, fc, 3HaueHne Mexay 0 u 0.5.

This provides three ways to find the "a" and "b" coefficients, starting with the time constant, the
cutoff frequency, or just directly picking x. Figure 19-4 shows an example of using single pole
recursive filters. In (a), the original signal is a smooth curve, except a burst of a high frequency
sine wave. Figure (b) shows the signal after passing through low-pass and high-pass filters. The
signals have been separated fairly well, but not perfectly, just as if simple RC circuits were used
on an analog signal.

Orto obecrieunBaeT TpHU criocoda HalTH kKoddduimeHTs! "a" 1 "b", HauMHAIONIHEC S ¢ KOHCTAHTHI
BPEMEHH, YaCTOTHI OTCEUKH, WIIM TOJBKO HETMOCPEICTBEHHO BhIOMpas x. Ha pucynke 19-4 noka-
3aH TpPUMEpP HMCIIOJIb30BaHMsI OJHOIIONIOCHBIX PEKYypCUBHBIX (puiabTpoB. B (a), mepBoHauaNbHBIH
CHWTHAJ - TJafKas KpHBas, KpOME MMITyJIbca BOJHBI CHHYCa BBICOKOH 4acToThl. Ha pucynke (b)
MIOKa3aH CUTHaJ MOCJE MPOXOXKACHUS Yepe3 PUIbTPhl HU3KUX U BEPXHUX 4acToT. CUTHaJbI ObI-
JIM OT/IEJICHBI JOBOJIBHO XOPOILO, HO HE a0COIIOTHO, TaK )K€, Kak eciu Obl ucronab3oBamuch RC
LIETH HA aHAJIOTOBOM CHUTHAJIE.

Figure 19-5 shows the frequency responses of various single pole recursive filters. These curves
are obtained by passing a delta function through the filter to find the filter's impulse response.
The FFT is then used to convert the impulse response into the frequency response. In principle,
the impulse response is infinitely long; however, it decays below the single precision round-off
noise after about 15 to 20 time constants. For example, when the time constant of the filter is d =
6.63 samples, the impulse response can be contained in about 128 samples.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Ha pucynke 19-5 mokasaHbl 4acTOTHBIE XapaKTEPUCTHKHU PA3JIMYHBIX OJHOIIOIIOCHBIX PEKYyp-
CUBHBIX (DWJIBTPOB. DTU KPHBBIC MOJIYUYEHBI, MPOMYyCKAaHUEM JenbTa GYyHKIUHN 4yepe3 (Puibtp,
YTOOBI HAMNTH UMITYJIbCHYIO NIepeaaTounyto GyHkuuio punbrpa. BII® Toraa ucnons3yercs, 4To-
OBl mpeoOpazoBaTh UMITYJIBCHYIO MEPEIaTOYHYI0 (YHKIMIO B YaCTOTHYIO XapaKTepUCTHKY. B
NPUHIUIE, UMIYJIbCHAS MepeaaTouyHas (pyHKIHUs - 06CKOHEUHO JUTMHHA; OJTHAKO, 3TO(OHA) 3aTy-
XaeT TOCJIC OKPYTJICHHS IIIyMa ¢ OJWHAPHOM MPEIU3UOHHOCTHIO MPUOIM3UTENBHO OT 15 mo 20
pa3. Hampumep, korna mocrosiHHasi(KOHCTaHTa) BpeMeHH QuibTpa - d = 6.63 BBEIOOPKH, MM-
MyJIbCHAs NepeaToyHasi PyHKIHS MOXKET COJIepPKaThCs MPUOIN3UTENBHO B 128 BEIOOpKaX.

1.5 T T 1.5 T T

| | | |
a. High-pass filter | |I:|. Low-pass filter |

1
b/E 025 | '

02 0.3 0.4 0.5 0 .l 02 0.3 0 05
Frequency Frequency

Amplimde

Armplitoce

FIGURE 19-5 : _ :
Single pole frequeney responses. Figures (a) |¢- Low-pass filter (4 stage) |
and (b) show the frequency responses of high- |
pass and low-pass single pole recursive filters, L0 [, = 0.25
respectively, Figure (o) shows the frequency —

response of a cascade of four low-pass filters.
The frequency response of recursive filters is
not always what vou expect, especially if the
filter is pushed to extreme limits, For example,

5 . v 005
the £ = 0,25 curve in {c) 15 quite useless, Many \
factors are to blame, including: aliasing. round- 01

off noise, and the nonlinear phase response.
o0 ---_F—

i il 0.2 0.3 4 0.5
Frequency

Amplitude

=
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PUCYHOK 19-5. OnHONIONIOCHBIE YaCTOTHBIE XapaKTEPHUCTHKH.

Pucynku (a) n (b) MOKa3bIBaIOT YaCTOTHBIE XapPaKTEPUCTUKH (DMIIBTPA BEPXHUX YACTOT M OJHOIOIIOCHOTO PEKyp-
CHBHOTO (DMIJIbTpa HU3KUX YACTOT, COOTBETCTBEHHO. PUCYHOK (C) TIOKa3bIBaeT YaCTOTHYIO XapaKTEPUCTUKY YSTHIPEX
KacKagoB (MIBTPOB HIKHUX 4acTOT. YacTOTHAs XapaKTEPUCTHKA PEKypCUBHBIX (HIBTPOB - HE BCErna TO, 4TO Bl
OXHJIaeTe, 0COOCHHO, eClid (UIIBTP MOMEIIeH B KpuTHdeckue npenensl. Hanpumep, kpuas fc = 0.25, B (c), Becbma
6ecrnionezHa. MHoro (akTopoB BUHOBATO, BKIIIOYAs: HAJOXKEHHE CIIEKTPOB, LIIYM OKPYIJICHHUS, U HEJIMHEHHYIO Yac-
TOTHYIO XapaKTePHUCTHKY.

The key feature in Fig. 19-5 is that single pole recursive filters have little ability to separate one
band of frequencies from another. In other words, they perform well in the time domain, and
poorly in the frequency domain. The frequency response can be improved slightly by cascading
several stages. This can be accomplished in two ways. First, the signal can be passed through the
filter several times. Second, the z-transform can be used to find the recursion coefficients that
combine the cascade into a single stage. Both ways work and are commonly used. Figure (c)
shows the frequency response of a cascade of four low-pass filters. Although the stopband at-
tenuation is significantly improved, the roll-off is still terrible. If you need better performance in
the frequency domain, look at the Chebyshev filters of the next chapter.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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I'maBHast 0cOOEHHOCTH B puc. 19-5 - TO, 4TO OJHONOIIOCHBIE PEKYPCUBHBIE (PUIBTPHI UMEIOT He-
00JIBIIIYI0 CIIOCOOHOCTH OTNEIUTh OJIHY IOJIOCY YacTOT OT Apyroi. [Ipyrumu cioBaMu, OHU HC-
MIOJIHSIIOT XOPOIIIO B JOMEHE BPEMEHH, U IIOXO B YACTOTHOM JOMEHE. YacTOTHAsI XapaKTePUCTH-
Ka MO’KET OBITh Clierka yJydllleHa, pacrojaras KackaJoM HECKOJbKO CTaJuil. ITO MOKET ObITh
BBITIOJTHEHO JIByMsI criocoOamu. Bo mepBbIX, CUTHAT MOKHO MPOMYCKaTh uyepe3 (GUIbTP HECKOIb-
KO pa3. Bo BTOPBIX, MOXKET MCIOIL30BATHCS Z-TpaHCHOpPMaHTa, YTOOBI HaWTH KOA(DDHUITHMECHTHI
pPEKypCHH, KOTOPble KOMOMHUPYIOT(OOBEAMHSIOT) KacKaJ B €IUHCTBEHHYIO(OTIEIbHYIO) CTa-
nuto. O6a myTH JEeHCTBEHHBI W OOBIYHO HCIONIB3YIOTCA. PHCYHOK (C) MOKa3bIBae€T 4acTOTHYIO
XapaKTePUCTHKY U3 YEThIPEX KacKaaoB (PUIBTPOB HIDKHUX YAaCTOT. XOTS OCIaOIEHUE IMOJIOCHI
3a/Iep’)KMBAaHUS 3HAMEHATeNIbHO YJIy4IleHo, 3aBai(cnal) Bee emle ykaceH. Eciu Brl Hy)aaerech
B JIyuieil 3(()eKTUBHOCTH B YACTOTHOM JOMEHE, cMoTpHuTe Ha YeObleBckre (GUIbTpHI B Clie-
JTYIOIIIEH TI1aBe.

The four stage low-pass filter is comparable to the Blackman and Gaussian filters (relatives of
the moving average, Chapter 15), but with a much faster execution speed. The design equations
for a four stage low-pass filter are:

UYetbipe cTaguu puiabTpa HIKHUX 4acTOT comnocTaBuMbl ¢puinbTpam biskmana u ['ayccuana (oT1-
HOCHTEIFHO YHUCIIa CKOJB3AIIETO CPEIHero, rinaBa 15), Ho ¢ HaMHOTO 60Jyiee BHICOKHM OBICTpO-
JIeIICTBHEM BBITIOJIHEHUS. Y paBHEHUS IPOEKTA AJIsl YEThIPEX cTaauil GUIbTpa HUKHUX YaCTOT:

EQUATION 19-6. Four stage low-pass filter. a, = (1-x }J
These equations provide the "a" and "b" coefficients for a cascade of four single pole low- 0 '
pass filters. The relationship between x and the cutoff frequency of this filter is given by Eq. hl = 4x

19-5, with the 2B replaced by 14.445. 5
YPABHEHMUE 19-6. Yetsipe cTamun GpuiabTpa HUKHAX YacTOT. b h T 7 6x~
Otu ypaBHeHHs obecneunBaioT kod¢p¢umnuments"a" u "b" I Kackama 4eThIpex OIHOIO- b o= 43
JIOCHBIX (UIBTPOB HIKHHX 4acTOT. OTHOIICHUS MEXIYy X W 4YacTOTOW OTCEYKH 3TOro 3 )
¢bunbTpa natorcst ypapaeHueM 19-5, ¢ 21 3ameHeHHbIM 14.445. h - -yt

4

Narrow-band Filters
Y3konosocHbie PUIbTPHI

A common need in electronics and DSP is to isolate a narrow band of frequencies from a wider
bandwidth signal. For example, you may want to eliminate 60 hertz interference in an instrumen-
tation system, or isolate the signaling tones in a telephone network. Two types of frequency re-
sponses are available: the band-pass and the band-reject (also called a notch filter). Figure 19-6
shows the frequency response of these filters, with the recursion coefficients provided by the fol-
lowing equations:

OO6masi(oObrunas) morpedHOoCTh B anekTpoHuke u LIOC cocTouT B TOM, YTOOBI HM30JIHMPO-
BaTh(BBIPE3aTh) Y3KYIO IOJIOCY YacTOT M3 0Oojee MIMPOKOH IMPUHBI MOJOCHl YacTOT CHUTHAIA.
Hanpumep, Bbpl Moxxere XoTeTh ycTpaHuTh wHHTepdepeHuuto 60 repry B KOHTPOJIBHO-
W3MEPUTEIBHON CUCTEME, WM W30JMPOBATh TOHBI IIEpeIadll CUTHAJIOB B TeneoHHOI ceTH. [IBa
THUMAa YaCTOTHBIX XapaKTEPUCTHK JOCTYIHBI: HOJI0CO60U W TIOJIOCOBOHM  3arpaxiaro-
Ui (peKeKTOPHBIN) (Takke Ha3biBaeMblil (GUIAbTPOM-TIpodkoii). Ha pucynke 19-6 mokaszaHsbl
YaCTOTHBIE XapaKTEPUCTUKU 3TUX (DUIBTPOB, ¢ KO3(PPHUIMEHTAMU peKypcuH, 00ECTIeYeHHBIMU
CIIETyIOIMU YPABHECHHUSAMHU:

EQUATION 19-7. Band-pass filter. a = 1-K
An example frequency response is shown in Fig. 19-6a. To use these equa- L ; .
tions, first select the center frequency, f; and the bandwidth, BW. Both of these ¢ ~ 2“‘ - R) cos( 2 )

(c) ABTOKC, Canuxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.sj gy, = f I_K

hl = 2R cos(2nf)

b, = -R?
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are expressed as a fraction of the sampling rate, and therefore in the range of 0 to 0.5. Next, calculate R, and then K,
and then the recursion coefficients.

YPABHEHMUE 19-7. [TonocoBo# GpuisTp.

[IprmMep 9acTOTHOM XapaKTEpUCTHKH MMOKa3aH Ha pucyHke 19-6a. Vcmonb3ys STH ypaBHEHHS, CHaYalla BRIOUPAIOT
CPEIIHIOIO YaCTOTY, f, U IMUPUHY TOJOCH 4acTOT, BW. O0a U3 HUX BBIPaXKEHBI KaK APOOK(I0JIs) YaCTOTHI BEIOOPKH, H
mo3ToMy B auamnaszone ot 0 1o 0.5. 3aTem, BEIMUCIAIOT R, 1 3aTeM K, U 3aTeM K03 (QUITMEHTHI peKypCHHu.

EQUATION 19-8. Band-reject filter. a, - K

This filter is commonly called a notch filter. Example frequency responses are K cos( 27 f]
shown in Fig. 19-6b. ) '
YPABHEHMUE 19-8. [TomocoBoi 3arpaskaronui(pe:KeKTOPHBIH ) QUIBTP. a, = K
OT1oT QuIbTp 0OBIYHO Ha3bIBaeTCs GUIBTP-TIpoOKa. [IpruMepa YaCTOTHBIX XapakTe- 9 .
PHUCTHK MTOKa3aH Ha pUCyHKe 19-6b. : 2R cos( Z’J‘Ef )

=~
-~
]

b, = -R?
rIE: K - 1 -2Rcos(2nf )+ R~
2-2cos(2nf)
R = 1-3BW

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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PUCYHOK 19-6. XapakTepHCTHKH y3KOMOJIOCHBIX (PUIIBTPOB.

Ha pucynkax (a) u (b) nmokazaHbl 4aCTOTHBIE XapaKTEPUCTHKU PAa3IMYHBIX IIOJIOCOBBIX M IOJIOCOBBIX 3arpakJaro-
muX(pexXeKTOpHbIX) (GuibTpoB. Peaknus Ha ckadok(mepexojHas XapaKTEpHCTHKa) IOJIOCOBOTO 3arpakJaroliero
¢unpTpa mokazana B (c). IlomocoBoit 3arpaxmaromuii GuinbTp (PuiabTp-podka) monezeH s yaaneHus 60 [ u
moto0HOM HHTEpPEepeHINH 13 POPMEI BOJIHBL, 3aKOAUPOBAHHOHN B TOMEHE BPEMCHHU.

Two parameters must be selected before using these equations: f, the center frequency, and BW,
the bandwidth (measured at an amplitude of 0.707). Both of these are expressed as a fraction of
the sampling frequency, and therefore must be between 0 and 0.5. From these two specified val-
ues, calculate the intermediate variables: R and K, and then the recursion coefficients. As shown
in (a), the band-pass filter has relatively large fails extending from the main peak. This can be
improved by cascading several stages. Since the design equations are quite long, it is simpler to
implement this cascade by filtering the signal several times, rather than trying to find the coeffi-
cients needed for a single filter.

JIBa mapameTpa JOMKHBI OBITH OTOOpPAHBI MEPEa UCIOIB30BAHUEM STUX YPAaBHEHUU: f, CpemHss
gyacrorta, 1 BW, mupuHa noiocs! yactoT (m3mepeHHoi B 0.707 amrmuryner). O0a U3 HUX BhIpa-
XKEHBI Kak ApoOb(H0Js) BEIOOPOYHON YaCTOTHI, M MO3TOMY AOJKHBI ObITh Mexay 0 u 0.5. Ot
9THX JIBYX YKa3aHHBIX 3HAUCHHIA, BEIYUCIUTE MPOMEKYTOUHBIE TIepeMeHHbIe: R 1 K, 1 3aTeM KO-
a¢dunments! pexkypcuu. Kak nmokazano B (a), moiocoBoii (GUIbTP UMEET OTHOCUTEIHHO OOJIbINNE
Xeocmul (MMITYJIbCA), MPOCTUPAIOIINECS OT OCHOBHOTO MHUKA. DTO MOXKET OBITh YJIy4IlIEHO, pac-
roJiarasi KackaJloM HECKOJbKO cTaauil. Tak Kak ypaBHEHHs POEKTa - BeCbMa JI0JTro, 6osee mpo-
CTO€ OCYIIECTBHUTH ATOT Kackaja, (UIBTPYsS CUTHAJI HECKOJBKO pa3, CKOPEE YeM TBITAThCS HAUTH
K03 (hpuImeHTs HeOOXOUMBIE I €TUHCTBEHHOTO(OTACIBHOTO) (PrIIbTpA.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Figure (b) shows examples of the band-reject filter. The narrowest bandwidth that can be obtain
with single precision is about 0.0003 of the sampling frequency. When pushed beyond this limit,
the attenuation of the notch will degrade. Figure (c) shows the step response of the band-reject
filter. There is noticeable overshoot and ringing, but its amplitude is quite small. This allows the
filter to remove narrowband interference (60 Hz and the like) with only a minor distortion to the
time domain waveform.

Ha pucynke (b) mokazansl mpuMepbl MOJIOCOBOTO 3arpaxkaatomero ¢uibTpa. Camas y3kas IIH-
pHUHA TOJIOCHI YaCTOT, KOTOPAsi MOXKET OBITh, MOJTy4YeHA ¢ OJMHAPHOUN MPEIU3NOHHOCTHIO - MPH-
om3utensHO 0.0003 ot BEIOOpOUHOM YacTOThL. Korma momerieHo BHe 3TOro npezena, ociade-
HUe (uIbTpa-npodku yxyamurcs. Ha pucyHke (C) mokasaHa peakiust Ha CKadoK(IepexomHas
YacTOTHAs XapaKTEePUCTHKA) MOJOCOBOr0 3arpaxaaromiero ¢uibtpa. Mmeercs 3naunmoe nepe-
peryIupoBaHUE U 3BOH, HO €r0 aMIUTHTYa BECbMa MaJieHbKasi. JTO MO3BOJISIET QUIBTPY YIAIAThH
y3KoImosiocHyto uHTepdeperunto (60 ' u T.1M.) ¢ TONbKO HE3HAYUTETHLHO MEJIIKUMH UCKAXKECHHUSI-
MU B (OpMe BOJIHBI JOMEHA BPEMEHHU.

Phase Response
®a3oBblii OTBeT(PAa309aCTOTHAS XaPAKTEPUCTUKA)

There are three types of phase response that a filter can have: zero phase, linear phase, and
nonlinear phase. An example of each of these is shown in Figure 19-7. As shown in (a), the
zero phase filter is characterized by an impulse response that is symmetrical around sample zero.
The actual shape doesn't matter, only that the negative numbered samples are a mirror image of
the positive numbered samples. When the Fourier transform is taken of this symmetrical wave-
form, the phase will be entirely zero, as shown in (b).

Nmeercs Tpu tuna ghazouacmomuoii xapaxmepucmuku, KOTOpyro GUIBTP MOKET UMETH: HY.JIe-
Bas (asza, muHeiHasa ¢a3a, u HequHelHasa (a3a. [Ipumep kaxa0l U3 HUX MOKAa3bIBAETCS Ha
pucynke 19-7. Kak noka3ano B (a), GuiabTp HyJeBoM (a3bl XapaKTepU30BaH UMITYJIbCHOH Iepe-
JATOYHOM (PyHKIIMEH, KOTopas sIBJIETCSI CHMMETPUYECKOi BOKpYT BbIOOpKHU HyJs. DakTuyeckas
dopma He MMeeT 3HAYCHHs, TOJNBKO, YTO OTPHULATEIFHBIC MPOHYMEPOBAHHBIE BBIOOPKHU - 3€p-
KaJbHOE M300pakeHue(00pa3) MOJIOKUTEIbHBIX MPOHYMEpOBaHHBIX BbIOOpok. Korma npuss-
To(B3sTa) mpeobOpasoBanue Dypoe(Tpanchopmanta Dypbe) ITOH CUMMETpUUECKON (HOPMBI
BOJIHBI, (ha3a OyJeT MOJHOCTBIO HyJIeBas, KaKk MokazaHo B (b).

The disadvantage of the zero phase filter is that it requires the use of negative indexes, which can
be inconvenient to work with. The linear phase filter is a way around this. The impulse response
in (d) is identical to that shown in (a), except it has been shifted to use only positive numbered
samples. The impulse response is still symmetrical between the left and right; however, the loca-
tion of symmetry has been shifted from zero. This shift results in the phase, (¢), being a straight
line, accounting for the name: /inear phase. The slope of this straight line is directly proportional
to the amount of the shift. Since the shift in the impulse response does nothing but produce an
identical shift in the output signal, the linear phase filter is equivalent to the zero phase filter for
most purposes.

Henocrarok ¢unbTpa HyneBo# ¢asbl - TO, YTO 3TO TPeOyeT HCIONb30BaHNS OTPULIATEIBHBIX HH-
JICKCOB, KOTOPbIE MOTYT OBbITh HEYJOOHBI, YTOOBI ¢ HUMH paboTaTh. OUIBTP TMHEHHON (a3bl —
nyTh(cioco0) BOKpyT 3Toro(cieayromiero?). MmnynbcHas nepeaarounas ¢ynknus B (d) uaeH-
TUYHA TIOKAa3aHHOM B (a), KpOME 3TOTO Oblila CIBUHYTA, YTOOBI UCIOIB30BATh TOJBKO MOJIOMKH-
TeNbHBIE POHYMEPOBaHHbIE BHIOOPKHU. VIMmynbcHas nepenatodHasi GyHKIUS BCE €IIe CHMMET-
pHUyecKas cieBa HalpaBo; OJJHAKO, OCb CHMMETPHUH ObliIa CABUHYTA OT HYJIA. DTOT CIABUT MPHUBO-
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T K (aze, (€), SBISIFOIIMIACS npsAMOouU JuHuell, yATeHHOW(OOBSICHSS) sl UMECHU: JuHelHas gha-
3a. Hakj10H 3TOM NpAMOI JTUHUHU - HETOCPEACTBEHHO MPOMOPIIMOHATIEH KOJIMYECTBY caBHra. Tak
KaK CIBUT B UMIYJbCHOW TEpeIaTOYHON (PYHKIIMH MPOU3BOJUT TOJIBKO HMIICHTHUYHBIN CIBUT B
CUTHAJIC BBIXO/A, IJIsi OOJIBIIMHCTBA 1ee GUIbTP JIMHEHHOU (a3bl SKBUBAJICHTEH (PHIBTPY HY-
7eBOH (a3bl.

Figure (g) shows an impulse response that is not symmetrical between the left and right. Corre-
spondingly, the phase, (h), is not a straight line. In other words, it has a nonlinear phase. Don't
confuse the terms: nonlinear and linear phase with the concept of system linearity discussed in
Chapter 5. Although both use the word linear, they are not related. Why does anyone care if the
phase is linear or not? Figures (c), (f), and (i) show the answer. These are the pulse responses of
each of the three filters.

Ha pucyske (g) nmokazaHa uMIyJbCHas NepeaaTodHas (QyHKIMs, KOTOopas HE CUMMeTpUYecKas
MeXy JieBo u npaBo. COOTBETCTBEHHO, (a3a, (h), - He ipsiMas TUHUA. [[pyruMu cllOBaMHU, UMe-
eT HeauHelinyto ¢hazy. He myTaiiTe TEpMUHBL: HeluHelHas N TuHelHas ¢haza ¢ KOHIICTINEH CHc-
TEMHOH JTHHEHHOCTH, 0OCYXK/IEHHOU B rylaBe 5. X0oTs 00a UCMONIB3YIOT CIOBO JUHElHAsA, OHU HE
cBs3anbl. [louemy Kakblid 3a00TUTCS, sBisieTcs U (a3a uHeHon wim HeT? Ha pucynkax (c),
(f), u (1) nokazan orBeT. OHU - UMITYJIbCHBIE XapaKTEPUCTUKH KAXKAOTO U3 TpeX (PHIBTPOB.

The pulse response is nothing more than a positive going step response followed by a negative
going step response. The pulse response is used here because it displays what happens to both
the rising and falling edges in a signal. Here is the important part: zero and linear phase filters
have left and right edges that look the same, while nonlinear phase filters have left and right
edges that look different. Many applications cannot tolerate the left and right edges looking dif-
ferent. One example is the display of an oscilloscope, where this difference could be misinter-
preted as a feature of the signal being measured. Another example is in video processing. Can
you imagine turning on your TV to find the left ear of your favorite actor looking different from
his right ear?

NMmynbcHas XapakTepUCTUKa HE HUYTO OOJBINE YeM PEaKiusl Ha MPOXOJSAIIYI0 MOJOKUTETb-
HYIO CTYINEHBbKY(CKa4oK)(IepexoHas XapaKTepUCTHKA), COMPOBOXKIAECMYI0 HETaTHBOM, Clie-
IYIOIIUM 3a peakiuel Ha ckadoK. MIMmynbCcHas XapaKTepUCTHKA UCTIOIB3YETCs 371eCh, TIOTOMY
YTO 3TO OTOOPAXKAET TO, YTO CIYyYAETCs, M C MOBBIIMICHUEM U CITaJIOM IpaHe((ppOHTOB) CUTHAIA.
Nmeetcs BakHast 4acTh: QUIBTPHI HYJIEBOW M JIMHEHHOH (pa3bl MMEIOT JIeBbIe U MpaBble TPaHH,
oOpaMJIsIfoIIUe CUTHAJ, 00uHaKosvie (TOT K€ CaMblil) BHI, B TO BpeMs KaK (PHIIBTPHI HEJIMHEH-
HOW (a3el rpaHu, OOpamMIIIOIIME WMIYJLC CJI€Ba, W CIOpaBa BBINIAIAT paziuyHo. MHOTO
MPWIOKEHUH HE MOTYT JOIMYCTHUTH JIEBbIE M MpaBble TpaHH, cMOTpsuecs paznuyHo. OnuH
puUMep - TUCIUIel ocuuyuiorpada, riae 3Ta pa3HOCTh MOIJIa OBITh U3BpalleHa(BOCTIPUHSATA) KaK
O0COOEHHOCTh HM3MEpsIeMOTOo CHUTHana. Jpyroit mpumMep HaxomguTcs B 00paboTke BHUIcO. BbI
MOXKEeT€ BOOOpPAa3UTh, YTO BKJIIOYMB Balll TEJICBH30p, BBl YBHIWUTE UYTO JIEBOE yXO BaIllero
JTOOMMOTO aKTepa, BBITIISAIUT OTIWYHO(OTIMYAETCS ) OT €r0 IIPaBoro yxa?

It is easy to make an FIR (finite impulse response) filter have a linear phase. This is because the
impulse response (filter kernel) is directly specified in the design process. Making the filter ker-
nel have left-right symmetry is all that is required. This is not the case with IIR (recursive) fil-
ters, since the recursion coefficients are what is specified, not the impulse response. The impulse
response of a recursive filter is not symmetrical between the left and right, and therefore has a
nonlinear phase.

KUX ¢unbtp (uabTp ¢ KOHEUHON UMITYyJIbCHOM MepeaaToyHon (QyHKIMEH) UMEIOIHA THHEH-
HyI0 ¢a3y, cenarb MpocTo. ITO - TO, MOTOMY YTO MMITYJIbCHAS TiepenaTouHast QyHKIUS (SIpo
(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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¢uIIBTpa) HEMOCPEACTBEHHO onpedenero B mporecce npoekra. Co3xanue siapa GuibTpa UMEeT
JIEBO - MPABYI0 CUMMETPHIO - Bce, uTo TpeOyercs. He Tak oocTout neno ¢ BUX (pexypcuBHBIMHI)
¢unbTpaMu, HaYMHAA ¢ KO PUIMEHTOB PEKYPCUH - TO, YTO ONPEAETICHO, HE UMITYJIbCHAS Tepe-
narouHas ¢yHkius. UmmynscHas nmepenarounas GyHKIUS PeKypCUBHOTO (pHIbTpa He CHMMET-
puyecKas MeXIy JIEBO U IIPABO, U TIOATOMY UMEET HelUHeUHYIo (a3zy.

Analog electronic circuits have this same problem with the phase response. Imagine a circuit
composed of resistors and capacitors sitting on your desk. If the input has always been zero, the
output will also have always been zero. When an impulse is applied to the input, the capacitors
quickly charge to some value and then begin to exponentially decay through the resistors. The
impulse response (i.e., the output signal) is a combination of these various decaying exponen-
tials. The impulse response cannot be symmetrical, because the output was zero before the im-
pulse, and the exponential decay never quite reaches a value of zero again. Analog filter design-
ers attack this problem with the Bessel filter, presented in Chapter 3. The Bessel filter is de-
signed to have as linear phase as possible; however, it is far below the performance of digital fil-
ters. The ability to provide an exact linear phase is a clear advantage of digital filters.

AHaJoroBble 3JEKTPOHHBIE IIEMH UMEIOT Ty K€ caMylo IpodiemMy ¢ (pa3oyacTOTHOM XapakTepH-
cTukoi. BooOpasute cxeMmy, COCTaBICHHYIO U3 PE3UCTOPOB M KOHJACHCATOPOB, HAXOSAIIUXCS HA
Bamei rmate. Eciu BBoa Beera ObuT HyJIEBOH, BBIXOJ] OyIeT Takke Bcerna HyseBoil. Korna nm-
MyJIbC MPUMEHSETCS] K BBOJLY, KOHACHCATOPHI OBICTPO 3apsDKAIOTCS 0 HEKOTOPOTO 3HAYCHUS U
3aTéM HAYMHAIOT IO SKCIIOHEHTE paspsiKaTbesl yepe3 pe3ucTopbl. VMmynbcHas nepenaToyHas
GbyHKIUS (TO €CTh, CUTHAJ BBIXO0J1a) - KOMOMHAIIMS 3TUX PA3IUYHBIX 3aTyXalOIIUX MOKa3aTelb-
HBIX QyHKuMiA. MnynbscHas nepenatouHasi GyHKIUS He Modcem ObITh CUMMETpUYECKasi, OTO-
MY YTO BBIXOJ] OBLJT HYJIEBOH MPEXKIE, YeM UMIYILC, U SKCIIOHEHITMATBHBIA CIIaJ HUKOTJA BECh-
Ma HE JOCTUTaeT 3HAYeHHsI HYJII CHOBAa. AHAJIOTOBble MPOEKTUPOBIIUKK (PUIBTpa HAMalaoT Ha
3Ty mpobaemy ¢ ¢unbTpom beccensi(beccenepn), npencrasneHHsM B riaBe 3. @unbtp becce-
nsi(beccenepn) npenHa3HaveH, 4TOOBI UMETh KakK JIMHEHHAs! (ha3a HACKOJIBKO BO3MOYKHO; OJTHAKO,
3TO Janeko Hike 3((hekTuBHOCTH HUPPOBBIX (GUIbTpoB. CIIOCOOHOCTh OOecTeYnBaTh JTUHEH-
HY10 (ha3y mouHo - YUCTOE MPEUMYIIECTBO ITUPPOBBIX (HUIBTPOB.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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Zero Phase Filter
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FIGURE 19-7. Zero, linear, and nonlinear phase filters.

A zero phase filter has an impulse response that has left-right symmetry around sample number zero, as in (a). This
results in a frequency response that has a phase composed entirely of zeros, as in (b). Zero phase impulse responses
are desirable because their step responses are symmetrical between the top and bottom, making the left and right
edges of pulses look the same, as is shown in (¢). Linear phase filters have left-right symmetry, but not around sam-
ple zero, as illustrated in (d). This results in a phase that is linear, that is, a straight line, as shown in (e). The linear
phase pulse response, shown in (f), has all the advantages of the zero phase pulse response. In comparison, the im-
pulse responses of nonlinear phase filters are not symmetrical between the left and right, as in (g), and the phases
are not a straight line, as in (h). The worst part is that the left and right edges of the pulse response are not the same,
as shown in (i).

UUCIJO(PUCYHOK) 19-7. Hyns, nuHelHbIC, 1 HETHHEWHBIE (ha30BbIe (PUIBTPHI.
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Dunemp Hyne6oll ¢azvpl IMEET UMITYJILCHYIO TIEPEJaTOYHyI0 (QYHKIIMIO, KOTOPas HMEET JIEBO - TIPaByl0 CHMMETPHUIO
BOKPYT' BRIOOPKHM HOMEp HYJb, KaK B (2). DTO MPUBOJUT K YaCTOTHOM XapaKkTepUCTHKE, KOTOpasi COCTaBIsieT (asy,
MOJIHOCTBIO COCTOSILIYIO M3 HyJeH, kak B (b). VimmynbcHble nepenaTounble GYHKIMN HYJIEBOH (asbl, jKelaTeslbHbl,
MOTOMY YTO MX PEaKIMM Ha CKauyOK(IIepeXOIHbIe XapaKTEPUCTUKH) CUMMETPUYECKHE MEXIy BEpPXHEH M HIKHEH
TpaHHMIIEH, Aeiast JeBble U NpaBble TPaHH IPOCMOTPa UMITYJIECOB OJMHAKOBBIMHU, KaK MOKa3bIBaeTcs B (C). GHILTPHI
JMHEHHON (ha3bl UIMEIOT JIEBO - IIPaBYI0 CUMMETPHIO, HO HE BOKPYT BBIOOPKH HYJIs, Kak WintrocTpuposano B (d). 3to
NpUBOAUT K (haze, KOTOpasi ABJSIETCS JIMHEHHOM, TO ecTh IpsMasi JIMHUS, Kak Toka3aHo B (e). JIuneiiHas ¢a3oBas
UMITYJIbCHAsI XapaKTepUCTHKA, moka3aHnHas B (f), UMeeT Bce MperuMyIecTBa MITYJIbCHON XapaKTePUCTUKH HYJIEBON
(aspl. [l cpaBHEHUs, UMITYJIbCHBIC MepeaaTouHbie QYHKIMKU DUIBTPOB HENUHEHHOM (a3bl HE CUMMETPHUYCCKUE
MEX/1y JIEBBIM U MPaBbIM, Kak B (g), ¥ (a3l - He npsimas JuHus kak B (h). Camas rioxas 4acTh - TO, YTO JIEBBbIE U
MIpaBble TPaHU UMITYJIbCHOM XapaKTepUCTHUKH - HE OJJIHAKOBBIE, KaK TIOKa3aHo B (1).

Fortunately, there is a simple way to modify recursive filters to obtain a zero phase. Figure 19-8
shows an example of how this works. The input signal to be filtered is shown in (a). Figure (b)
shows the signal after it has been filtered by a single pole low-pass filter. Since this is a nonlinear
phase filter, the left and right edges do not look the same; they are inverted versions of each
other. As previously described, this recursive filter is implemented by starting at sample 0 and
working toward sample 150, calculating each sample along the way.

K cuacteio, nMeeTcst mpocToi Coco0 M3MEHUTh PEKYypPCUBHBIE (PHIBTPBI, YTOOBI MOIYyUUTH H)-
nesyro ¢gazy. Ha pucynke 19-8 mokazan nmpumep TOTo, Kak 3T0 paboraer. BxogHol curHam, Ko-
Topblii OyneT ¢unbTpoBaH, nokasa B (a). Ha pucynke (b) mokasan curxai mocie Toro, Kak oH
ObUT GUIBTPOBAH OJAHOIOIIOCHBIM (DHUIBTPOM HUKHHUX YaCTOT. Tak Kak 3TO - (PHIBTp HEIMHEH-
HOU (a3bl, JIeBbIE U MpaBble TPAHU HE BBITJISAAT OJMHAKOBO; OHU - TIEPEBEPHYTHIC BEPCUU IPYT
npyra. Kak mpenBapuTensHO ONMMCAaHO, 3TOT PEKYPCUBHBIM (HIBTP OCYIIECTBICH, HAYMHASACH
npu BeiOopke 0 u pabotas k BeiOopke 150, BRIYHCIASA KaK/y10 BEIOOPKY 10 ITyTH.

Now, suppose that instead of moving from sample 0 toward sample 150, we start at sample 150
and move toward sample 0. In other words, each sample in the output signal is calculated from
input and output samples to the right of the sample being worked on. This means that the recur-
sion equation, Eq. 19-1, is changed to:

Teneps, MPEANONOKHUTE, YTO BMECTO MepeMenieHus ot Beioopku 0 k Beioopke 150, Mbl HauMHa-
em nipu BeIoopke 150 u aBuraemcs k Beroopke 0. Jlpyrumu cioBaMu, Kakaast BHIOOpKa B CUTHAJIE
BBIXOJIa paCCUUTaHa OT BEIOOPOK BBOJA U BBIBOJA HAIIPABO OT BBIOOPKH, Ha/l KOTOPOH paboTaroT.
DTO0 03HAYaEeT, YTO YpaBHEHUE peKypcuH, 19-1 ypaBHeHHE, U3MEHEHO:

vin]l = ayxn] + ax[n+1] + a,x[n+2] + a,x[n+3] + -

+ bl_]? [ﬂ + I] + bj.‘l’l [” +2] + b:} [ﬁr _|.:J',] 4 wes
YPABHEHUE 19-9. O6paTHO€ ypaBHEHUE PEKYPCHUH.

310 - TOT XKe camoe, 4To U ypaBHeHHe 19-1, kpome Toro, 4to curHan GUILTPOBAH CiIeBa HAIIPAaBO, BMECTO " crpaBa
Hajeso ".

Figure (c) shows the result of this reverse filtering. This is analogous to passing an analog sig-
nal through an electronic RC circuit while running time backwards. !esrevinu eht pu-wercs nac
lasrever emit -noituaC

Ha pucynke (c) mokaszan pe3yJibTar 3Toi 00paTHOH (PUIBTPanMU. DTO aHAJIOTHYHO MPOITyCKa-
HUIO aHAJIOTOBOI'O CUTHaJIa yepes3 3JeKTpoHHY RC cxemy B TO BpeMs Kak BpeMs BBIIOJIHEHHUS
Kak oopamHo. lesrevinu eht pu-wercs nac lasrever emit -noituaC

Filtering in the reverse direction does not produce any benefit in itself; the filtered signal still has
left and right edges that do not look alike. The magic happens when forward and reverse filtering
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are combined. Figure (d) results from filtering the signal in the forward direction and then filter-
ing again in the reverse direction. Voila! This produces a zero phase recursive filter. In fact, any
recursive filter can be converted to zero phase with this bidirectional filtering technique. The
only penalty for this improved performance is a factor of two in execution time and program
complexity.

OunbTpanys B 00paTHOM HalpaBJICHUU HE MPOU3BOIAUT HUKAKOM BBITOJBI cama 1o cebe; GuibT-
POBAHHBIN CHT'HAJ BCE €IIE€ MMEET JIEBbIC M TPaBble IPAaHH, KOTOPhIC HE BHIVIAAAT aHAIOTHYHO.
Uyno ciydaercsi, Koraa (UIbTpallud BIEpel U Hazad obvedunensi. Pucynok (d) cienctBue
¢uIBTpanMy CUTHAJA B PSIMOM HAIIPaBJICHUH M 3aTeM (HIbTpaNUs CHOBA B OOpPAaTHOM HaIIpaB-
nenuu. Voilal 910 npon3BoauT HyNeBOH (a30BbINi peKypCUBHBIN (PUiIbTp. DakTHUECKH, 000
PEKYPCUBHBIN (QHIBTP MOXKET OBITH MpeoOpa3oBaH K (a3e HyJs ¢ ITOW METOIUKON IBYHANpaB-
JIeHHO# ¢puabTpanuu. EnvHCTBEHHBIN paciiiarTa 3a 3Ty yiIydlieHHYI0 3(ppeKTUBHOCTD - (pakTop
7IBa B CJIOKHOCTH TPOTPaMMBI M BPEMEHH BBITTOJTHEHUSI.
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Bidirectional recursive filtering. A rectangular
pulse input signal is shown in (a). Figure (h)
shows the signal after being filtered with a
single pole recursive low-pass filter, passing
from feft-to-right. In (c), the signal has been
processed in the same manner, except with the
filter moving righi-to-lefi. Figure (d) shows the
signal after being filtered both fefi-to-right and
then right-fo-lefi.  Any recursive filter can be
made zero phase by using this technique.

FIGURE 19-8. Bidirectional recursive filtering.
A rectangular pulse input signal is shown in (a). Figure (b) shows the signal after being filtered with a single pole
recursive low-pass filter, passing from lefi-to-right. In (c), the signal has been processed in the same manner, except
with the filter moving right-to-left. Figure (d) shows the signal after being filtered both left-to-right and then right-
to-left. Any recursive filter can be made zero phase by using this technique.
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PUCYHOK 19-8. [IByHanpaBieHHas peKypCHBHAS (DMIBTPALIUS.
[IpsiMOyTONBHBII CHTHAJI BBOJMMOIO HMITyJIbCa TOKasbBaeTcs B (a). PucyHok (b) mOKas3bIBaeT CHUTHAN IIOCIE
(hUIBTpaK OIHOTIONIOCHBIM PEKYPCHBHBIM (MIIBTPOM HIDKHUX YacTOT, MPOXOJSINEro cieBa Hampaso. B (c), cur-
HaJl OBLT 00paboTaH TEM e CaMbIM CITIOCOOOM, KpOME TOrO, YTO IepemelnecHue (GuabTparmu " crpaBa HaieBo ".
Pucynok (d) mokassiBaeT curHai mocie QuiIbTpaIiy, CJIeBa HampaBo u 3aTeM " crpasa HayieBo ". JIro0oit pexypcuB-
HBIH (GUIBTP MOXKET OBITh cleiaH (GUIBTPOM C HYJICBOU ()a30i, HCIOJIB3Ys ATY METOIIUKY.
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How do you find the impulse and frequency responses of the overall filter? The magnitude of the
frequency response is the same for each direction, while the phases are opposite in sign. When
the two directions are combined, the magnitude becomes squared, while the phase cancels to
zero. In the time domain, this corresponds to convolving the original impulse response with a
left-for-right flipped version of itself. For instance, the impulse response of a single pole low-
pass filter is a one-sided exponential. The impulse response of the corresponding bidirectional
filter is a one-sided exponential that decays to the right, convolved with a one-sided exponential
that decays to the left. Going through the mathematics, this turns out to be a double-sided expo-
nential that decays both to the left and right, with the same decay constant as the original filter.

Kak Bbl HaxoquTe UMIYJIbC U YaCTOTHBIE XapaKTEPUCTHUKH IoJHOTO (uibTpa? BenuunHa yac-
TOTHOW XapaKTEPUCTHKH - Ta K€ camas I KaXXI0TO HAIIPaBIICHHs, B TO BpeMs Kak (ha3bl — Ipo-
THUBOIIOJIOXKHBI 110 3HAKY. Korna OTU [BA HAIIPABJICHUA O6I>GI[I/IH€HBI, BCJIIMYNHA CTAHOBUTCS BO3-
BEJICHHOW B K6adpam, B TO BpeMs Kak (a30Bble OTMEHSIOTCS K HYJI0. B m1OMeHe BpemMeHH, 3To
COOTBETCTBYET CKPYUYHMBAHHUIO NEPBOHAYAILHOW MMITYJIBCHOM MepelaTOYHON (YHKUIUHU C JIEBO -
MIPaBBIM 3€pKaIbHO OTpakeHHOU Bepcuu cedst. Hanpumep, nmmybcHas nepeaarodHas QyHKIHsS
OJTHOIIONIOCHOTO (WJIBTPAa HIKHUX YacTOT - OJHOCTOPOHHSS TOKa3arenbHas ¢QyHKuus. Mm-
MyJIbCHAst TiepeaTouHasi QyHKIMSI COOTBETCTBYIOIIETO IBYHAIIPABICHHOTO (PHUIbTPA - OJHOCTO-
POHHSISI TIOKa3aTellbHass (PYHKIIHSI, KOTOpasi pacnagaercs(3aTyxaer) BIpaBO, CBEPHYTAast C OJIHO-
CTOpOHHEH TOoKa3aTeNbHON (QYyHKIHMEH, KoTopas pacmamaercs(3aTyxaer) BieBo [Ipoxoas mare-
MaTHKY, 3TO, OKa3bIBAaeTCs, JBYCTOPOHHSS IMoOKa3aTelbHas (YHKIHs, KOTOpas pacmaaaeT-
csa(zaryxaeT), B 000MX HampaBJICHUAX (CJIeBa HANpaBO M CIIpaBa HAJIEBO), C TOM K€ caMOM To-
CTOSTHHOM BpEMEHH 3aTyXaHHsI KaK MepBOHAYAIBHbIN (UIbTP.

Some applications only have a portion of the signal in the computer at a particular time, such as
systems that alternately input and output data on a continuing basis. Bidirectional filtering can be
used in these cases by combining it with the overlap-add method described in the last chapter.
When you come to the question of how long the impulse response is, don't say "infinite." If you
do, you will need to pad each signal segment with an infinite number of zeros. Remember, the
impulse response can be truncated when it has decayed below the round-off noise level, i.e.,
about 15 to 20 time constants. Each segment will need to be padded with zeros on both the left
and right to allow for the expansion during the bidirectional filtering.

HekoTopsie mpuiiokeHrus UMEIOT TOJIBKO YacTh CUTHAja B KOMIIbIOTEpE B CHElU(pUUecKoe Bpe-
Msl, THTA CHUCTEM, KOTOpBIC MOOYEPEIHO BBOJISAT W BBIBOJASAT JaHHBIE OTHOCHTEIHHO MPOIOJ-
JKAIoIIerocsi OCHOBaHUA. J|ByHanpaBieHHas (pUIbTpaLKs MOXKET HUCIOJIb30BAThCA B 3TUX CIIyda-
SIX, OOBEIUHSS ITO C MEPEKPHITUEM - TOOABICHHBIM METOIOM, OMIMCAHHBIM B TIOCJICIHEH Ti1aBe.
Korna Bsl npubsiBaeTe B BOIIPOC TOTO, KaKOW JUIMHHBI UMITYJIbCHAS MepenaToyHas QyHKIUs, He
roBopure "OeckoneuHa". Eciu Bol genaere, Bel Oymere JOMKHBI HOMOTHUTH Ka) bl CETMEHT
curHajga 0ecCKOHEUYHbIM 4MciioM Hysel. [lomHuTe, nMnynbcHas nepenaToyHas QyHKIUS MOXKET
OBITh yCEUeHa, KOT/Ia 3TO Paclalioch(3aTyXJIO) HIKE YPOBHS IIIyMOB OKPYIJICHUH, TO €CTh, IPHU-
Om3uTenbHO OT 15 mo 20 pa3 KOHCTAHTHI(IMTOCTOSTHHOW BpeMeHn). Kaxaplii cerMeHT OyieT 10-
KEH JIOMIOJHUTHCS C HYJSIMU U CJIEBa U CIIpaBa, YTOOBI YYECTh pacCHIMpEHUE B TEUCHHE JByHA-
MIPaBJICHHON (PUIBTPALINH.

Using Integers
HUcnoab3zoBanue Lleabix uncesa

Single precision floating point is ideal to implement these simple recursive filters. The use of
integers is possible, but it is much more difficult. There are two main problems. First, the round-
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off error from the limited number of bits can degrade the response of the filter, or even make it
unstable. Second, the fractional values of the recursion coefficients must be handled with integer
math. One way to attack this problem is to express each coefficient as a fraction. For example,
0.15 becomes 19/128. Instead of multiplying by 0.15, you first multiply by 19 and then divide by
128. Another way is to replace the multiplications with look-up tables. For example, a 12 bit
ADC produces samples with a value between 0 and 4095. Instead of multiplying each sample by
0.15, you pass the samples through a look-up table that is 4096 entries long. The value obtained
from the look-up table is equal to 0.15 times the value entering the look-up table. This method is
very fast, but it does require extra memory; a separate look-up table is needed for each coeffi-
cient. Before you try either of these integer methods, make sure the recursive algorithm for the
moving average filter will not suit your needs. It /oves integers.

OpuHapHas MPEUU3MOHHOCTD C IUIABAIOLICH 3amsaToi HiaeaibHa, YTOOBl OCYIIECTBUTH 3TH MPO-
CThIE peKypcuBHbIe PUIBTPHI. Vcronb30BaHNe LENbIX YUCET BO3MOKHO, HO 3TO HAMHOTO OoJiee
TpyaHo. VIMeroTcst 1B€ OCHOBHBIX MpoOsieMbl. Bo mepBbIX, ommrOka OKpyTJIeHus: OT OrpaHHYEH-
HOTO 4YHCJIa OMTOB MOXET YXYyAIIATh OTBET(XapaKTepUCTUKY) (HDUIbTpa, UK JaKE JeNaTh €€ He
cTabmibHOM. Bo BTOpBIX, ApoOHBIE 3HaUEHUS KO3()(DUITMEHTOB PEKYypCUH JTOJIKHBI OBITH 00pabo-
TaHBI C HEJIOYHCIEHHOW MaTeMaTHKOW. OUH croco0 HanaaaTh Ha 3Ty IPOOJIEeMy COCTOUT B TOM,
YTOOBI BBIPA3UTh Kbl KOdPPHuMEeHT Kak qpoob(nomns). Hanpumep, 0.15 cranosurcs 19/128.
Bwmecro ymuoxenus 0.15, Bel cHavanna ymHoxkaere Ha 19 u 3aTtem genute Ha 128. [pyroi nyTh
COCTOUT B TOM, YTOOBI 3aMEHUTh YMHOXXCHHE TAOIUIIAMH TOMCKA(CIIPAaBOYHBIMH TaOJIHIIaMu).
Hampumep, 12 6utHbii(paspsaubiit) AL 12 nmpousBoaut BeIOOpPKK cO 3HaueHHEeM Mexay 0 u
4095. Bmecto ymMHOXeHHs Kakaoi BeIOopku Ha (.15, Bbl mepemaere BBIOOpPKH uepe3 TaOIUILy
MoMCKa, Kotopas siBisiercs 4096 BxonaMu IITUHHON. 3HaYeHUE, TTOJIYYCHHOE OT TaOJIUIIBI TTOMCKA
paBHo 0.15 3Ha4yeHUs, BXOIIEE B TAOIHILY MOUCKA. DTOT METOJI OYEHb OBICTpP, HO TpedyeT J0-
MIOJIHUTEJILHON MaMsTH; OTJeIbHas TabIuIla TOMCKa HEOOX0IMMa I KaKI0TO KO3 dUIIUEHTA.
[Ipexne, ueM Bel mpobOyete 11000i1 M3 3THUX IETOYUCICHHBIX METOJIOB, YJIOCTOBEPHTECH, UTO
PEKYPCHUBHBIN alrOpuTM JUisl GUIBTPaA CKOJIB3SIIET0 CPEAHEro 3HadeHHsl He OyIeT yJOBIIETBO-
PATH BalIM MOTPEOHOCTH. DTO JIIOOUT IEJIbIe YHCTIA.
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