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CHAPTER

2 O Chebyshev Filters
PunbTpbl HYebbiweBa

Chebyshev filters are used to separate one band of frequencies from another. Although they can-
not match the performance of the windowed-sinc filter, they are more than adequate for many
applications. The primary attribute of Chebyshev filters is their speed, typically more than an
order of magnitude faster than the windowed-sinc. This is because they are carried out by recur-
sion rather than convolution. The design of these filters is based on a mathematical technique
called the z-transform, discussed in Chapter 33. This chapter presents the information needed to
use Chebyshev filters without wading through a mire of advanced mathematics.

YeObleBckue (GUIbTPBI UCTIONB3YIOTCS, YTOOB! OTJACIUTh OJHY HOJOCY YacTOT OT Ipyroi. XoTs
OHH HE MOTYT COOTBETCTBOBaTh 3 (exkTuBHOCTH (minbpTpa windowed-sinc, oHU - OonbIIe YeM
a/IeKBaTHBI A1 MHOTUX npuiiokeHui. [lepBuunblii arpulyT(cBoiicTBO) YeObIeBCKUX (PUIBT-
POB - UX OBICTPOICHCTBHE, THIIMYHO OOJIBIIE YeM Ha MOPSA0K ObicTpee ueM windowed-sinc. I1o
- TO, MOTOMY YTO OHH BBINOJIHEHBI peKypcueil ckopee, ueM cBepTkoil. IIpoexTrpoBaHue 3THX
(GUIBTPOB OCHOBAHO HAa MAaTEMAaTHYECKON METOJIMKE HA3bIBAEMOH Z-TpaHC(POPMAHTOU, 0OCYK-
JIeHHOM B riaBe 33. Ora riaBa mpejacTaBiseT MHPOPMALUIO, HEOOXOIUMYIO, YTOOBI MCIOJIb30-
BaTh UeObIeBckue GUIBTPHI 6€3 TOro, YTOOBI IPOOHPATHCS Yepe3 0OJI0TO MPOJIBUHYTON MaTe-
MaTHKH.

The Chebyshev and Butterworth Responses
OtBerbl YebObimeBa u byrrepsopra

The Chebyshev response is a mathematical strategy for achieving a faster roll-off by allowing
ripple in the frequency response. Analog and digital filters that use this approach are called Che-
byshev filters. For instance, analog Chebyshev filters were used in Chapter 3 for analog-to-digital
and digital-to-analog conversion. These filters are named from their use of the Chebyshev poly-
nomials, developed by the Russian mathematician Pafnuti Chebyshev (1821-1894). This name
has been translated from Russian and appears in the literature with different spellings, such as:
Chebychev, Tschebyscheff, Tchebysheff and Tchebichef.

YeObIIeBCKHUI OTBET - MaTeMaTHuyecKas CTpaTerus i JOCTHKEHHUs Oonee OBICTpOro 3asa-
na(cnaoda), TO3BOJSS psadb(nyabcayuu; HepagHOMEPHOCHb) B YaCTOTHOW XapaKTepUCTUKE. AHa-
JIOTOBBIE U IU(PPOBBIE PUIBTPBI, KOTOPHIE UCTIOIB3YIOT STOT MOAXOMA, Ha3bIBAIOTCS Qunvmpamu
Yebvuuesa. Hapumep, ananorosie GuiabTpbl UeObIIeBa HCIIOJIB30BAUCH B TaBe 3 ISl aHA-
joro-uuppoBoro U nudppo-aHaIoOroBoro npeodpazoBaHus. ITH GUIBTPHI HA3BAHBI OT UX HC-
NI0JIb30BaHUs MHO20uneHa Yebviuesa, pazpabotanHbiM Poccuiickum marematukoM IlapryTrem
YeoObimeBbM (1821-1894). OTo HazBaHue ObUIO OTTPAHCIUPOBAHO C PYCCKOIO M MOSBISETCS B

JUTEepaType C pas3IudHbIMH TpoBepkamu mpaBormcanus, Tuma: Chebychev, Tschebyscheff,
Tchebysheff u Tchebichef.

Figure 20-1 shows the frequency response of low-pass Chebyshev filters with passband ripples
of: 0%, 0.5% and 20%. As the ripple increases (bad), the roll-off becomes sharper (good). The
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Chebyshev response is an optimal trade-off between these two parameters. When the ripple is set
to 0%, the filter is called a maximally flat or Butterworth filter (after S. Butterworth, a British
engineer who described this response in 1930). A ripple of 0.5% is a often good choice for digi-
tal filters. This matches the typical precision and accuracy of the analog electronics that the sig-
nal has passed through.

Ha pucynke 20-1 moka3aHa yacToTHasi XxapakTepucTuka UeObIeBcKUX (MIBTPOB HU3KOM yac-
TOTBI C HEPABHOMEPHOCTHIO B moJioce nponyckanus: 0 %, 0.5 % u 20 %. IIpu yBenuuenue ps-
ou(myncanuit) (TI0X0), 3aBai(Craa) CTaHOBUTCS OoJiee OCTPhIM (XopominuM). YeObIeBCKU OT-
BET(OTKJIMK) - ONTHUMAJIBHBIA OOMEH MEXIy dTUMHU AByMs napamerpamu. Korma psiOb ycTaHOB-
neHa B 0 %, GpuibTp Ha3bIBaeTCs (PUIABTPOM € MAKCMMAIBHO IUIOCKOH XapaKTePUCTHKON MIH
¢puabrTpom ByTrTepBopTa (mocne toro, kak S. byrrepBopT(S. Butterworth), 6puranckuii nHxe-
Hep, KOTOpbIil omucan 3ToT orBeT B 1930r). Paow(mynscammu) 0.5 % - gacto xopoiuii BeIOOp
Ut UAGPOBBIX PUIBTPOB. ITO COOTBETCTBYET TUIIMYHON MPELU3HOHHOCTH U TOYHOCTH aHAJO-
TOBOM AJIEKTPOHUKH, Yepe3 KOTOPYIO CHUTHAJI IPOIIIEII.

The Chebyshev filters discussed in this chapter are called type 1 filters, meaning that the ripple
is only allowed in the passband. In comparison, type 2 Chebyshev filters have ripple only in the
stopband. Type 2 filters are seldom used, and we won't discuss them. There is, however, an
important design called the elliptic filter, which has ripple in both the passband and the
stopband. Elliptic filters provide the fastest roll-off for a given number of poles, but are much
harder to design. We won't discuss the elliptic filter here, but be aware that it is frequently the
first choice of professional filter designers, both in analog electronics and DSP. If you need this
level of performance, buy a software package for designing digital filters.

UYeobpimeBckue GUiabTphl, 00CYXICHHBIC B ATOH T1aBe Ha3biBatoTCs (pribTpamu 1 THIA, 03HaYasl,
YTO TOJIBKO ps6b TIO3BONIAETCS B nooce nponyckanus. JIns cpaBHeHus, YeObIIEBCKUE QUIBTPHI
2 THna, UMEIOT PAOb TONBKO B noaoce 3adepoicusanus. UIbTPHl 2 TUNA, PEIAKO UCHOIB3YIOTCA,
U MBI He OyJeMm obOcyxnaTth ux. MiMeercsi, OHAKO, BaXKHBIA MPOEKT HA3bIBAEMBINH JIJIMITHYE-
CKUM (QHJIBLTPOM, KOTOPBIH UMEET psA0b, U B nOI0CE NPONYCKAHUA W NOJIOCE 3A0EPIHCUBANHUS.
OnnunTuyeckre QUIbTPhl 00ECIIeYNBAIOT CaMbIid OBICTPBIN 3aBasi(CraT) IS JaHHOTO YHUCIa Mo-
JIOCOB, HO - HAMHOTI'O TsDKEJIee, B IPOEKTUPOBAHHMU. 3/1€Ch Mbl HE OyZieM 00CyXJaTh JUIMITHYE-
ckuil puabTp, HO 3HANTE, UTO ATO - YACTO MEPBBIH BHIOOP MPOPECCHOHANBHBIX MPOESKTUPOBIIH-
KoB ¢unabTpa, U B aHamoroBor snekrpoHuke u [[OC. Eciu Bel Hykmaerecb B 3TOM ypOBHE
3G GEKTUBHOCTH, KyIIUTE MAKEeT MPOTpaMM Uil HPOSKTUPOBAaHUS U(PPOBHIX (HUIBTPOB.

FIGURE 20-1. The Chebyshev response. 1.5
Chebyshev filters achieve a faster roll-off by allowing
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PUCYHOK 20-1. YeObIimeBcknii OTBET(OTKIUK; Yac- 0.5
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Designing the Filter

IIpoexkTpoBanune PuabTpa

You must select four parameters to design a Chebyshev filter: (1) a high-pass or low-pass re-
sponse, (2) the cutoff frequency, (3) the percent ripple in the passband, and (4) the number of
poles. Just what is a pole? Here are two answers. If you don't like one, maybe the other will help:

Bl nomxHBI BRIOpAaTh YeTHIpE MapameTrpa, yToObl mpoekThpoBaTh YeObimeBckuit GuibTp: (1)
OTBET(XapaKTEePUCTUKY) (PUIbTpa BEPXHUX YACTOT WK (UIBTPA HU3KUX YacTOT, (2) 4acToTa OT-
cedku, (3) mporeHT psadu(myIbcanuii B moJjioce mponyckanus, u (4) aucio nonocos. ToabKo, 4TO
sBisieTcst nonmtocom? Mmeercst aBa otBera. Eciim Bam He HpaBUTCS OJIMH, BO3MOYKHO MOMOXET

JPYTOM:

Answer 1- The Laplace transform and z-transform are mathematical ways of breaking an im-
pulse response into sinusoids and decaying exponentials. This is done by expressing the system's
characteristics as one complex polynomial divided by another complex polynomial. The roots of
the numerator are called zeros, while the roots of the denominator are called poles. Since poles
and zeros can be complex numbers, it is common to say they have a "location" in the complex
plane. Elaborate systems have more poles and zeros than simple ones. Recursive filters are de-
signed by first selecting the location of the poles and zeros, and then finding the appropriate re-
cursion coefficients (or analog components). For example, Butterworth filters have poles that lie
on a circle in the complex plane, while in a Chebyshev filter they lie on an ellipse. This is the
topic of Chapters 32 and 33.

OtBer 1 momroc - mpeobpazoBanue no Jlammacy u z-tpanchopmaHTa - MaTeMaTHUECKUE MyTH
JTOMKH(HAPYIICHUS) UMITYJIbCHON TepeaTOuHON (PYHKIIMU B CHHYCOMIIBI M pacraj(3aTyXxaHHe)
MOKa3aTeNbHON (DYHKIUU. DTO CIEIAHO, BBIpAXkKasl XapaKTEPUCTUKHU CUCTEMBI KaK OJHH IOJIH-
HOMHUAIIBHBIA KOMITJIEKC, Pa3/IeIeHHBIN IPYTHM TTOJIMHOMHAIBHBIM KoMIUlekcoM. KopHu uncim-
TeJIsl Ha3bIBAOTCS HYIAMU, B TO BpeMs KaK KOPHU 3HAMEHATENs Ha3bIBAOTCS noarocamu. Tak Kak
MOJIFOCa ¥ HYJIM MOTYT OBITh KOMIUIEKCHBIMH YHCIAMH, OOBIYHO TOBOPHUTH, YTO OHH HMEIOT
"pacmonoxeHne" B KOMIJIEKCHOM MIOCKOCTH. CIOKHBIE CUCTEMBI UIMEIOT OOJIbIIIee KOTHUECTBO
MIOJIFOCOB W HyJIeH 4eM mpocThie. PexypcuBHBIE QHUIBTPBI pa3paboTaHbl EpBBIM OTOOPOM pac-
MOJIO’KEHHUE TIOJIIOCOB U HYJIEH, U 3aTeM 0OHapyKeHHEM COOTBETCTBYIOMINX KOA((UIIMEHTOB pe-
KypcuH (MJIM aHaJoOroBbIX KOMIOHEHTOB). Hampumep, ¢punbtpel ByTTepBopra nMMmeroT nosoca,
KOTOpBIE JIE)KAT Ha KpyTre B KOMIUIEKCHOM TUIOCKOCTH, B TO BpeMs Kak B UeObIeBCKOM (QUIbTpe
OHM JIEKAT Ha 3JuIMIce. JTo - Tema riias 32 u 33.

Answer 2- Poles are containers filled with magic powder. The more poles in a filter, the better
the filter works. Kidding aside, the point is that you can use these filters very effectively without
knowing the nasty mathematics behind them. Filter design is a specialty. In actual practice, more
engineers, scientists and programmers think in terms of answer 2, than answer 1.

Otger 2- nonroca - KOHTEHHEPHI, 3aMOTHEHHBIE MAarMYECKUM MOpoIIKoM. Yem Gosbliee Koaude-
CTBO ITOJIFOCOB B (pHIIbTpE, TEM Iydine padorta ¢puibTpa. PeOsdecTBO B CTOPOHY, €TI0 B TOM , UTO
Brl MokeTe ucnonb30BaTh ATH GUIBTPBI 04€Hb 3PPEKTUBHO O€3 TOro, YT0ObI 3HATH MPOTUBHYIO
MaTEeMaTHKy CONPOBOXKIAIONYI0 uX. [IpoekTrpoBaHue GuibTpa - crienuaibHOCTh. B dakxTude-
CKOH MpakTHKe, OOJbIIee KOIUYECTBO MHKEHEPOB, YUCHBIX M MPOTPAMMHUCTOB JAyMAIOT B Tep-
MMHAaX OTBETa 2, YeM OTBET 1.
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FIGURE 20-2. Chebyshev frequency responses.

Figures (a) and (b) show the frequency responses of low-pass Chebysheyv filters with 0.5% ripple, while (c) and (d)
show the corresponding high-pass filter responses.

(PUCYHOK 20-2. YeObImeBckre 4aCTOTHBIE XapaKTEPUCTHKH.

Pucynku (a) u (b) moka3pIBalOT YaCTOTHBIE XapakTepUCTUKH YeObIeBCKUX (HIBTPOB HU3KUX YaCTOT C PsObIO
0.5%, B To Bpems kak (c) u (d) mOKa3pIBalOT COOTBETCTBYIOLINE OTBETHI(XapaKTEPUCTHKN) (PUIbTpa BEPXHHUX Yac-
TOT.

Figure 20-2 shows the frequency response of several Chebyshev filters with 0.5% ripple. For the
method used here, the number of poles must be even. The cutoff frequency of each filter is
measured where the amplitude crosses 0.707 (-3dB). Filters with a cutoff frequency near 0 or 0.5
have a sharper roll-off than filters in the center of the frequency range. For example, a two pole
filter at fo = 0.05 has about the same roll-off as a four pole filter at f- = 0.25 This is fortunate;
fewer poles can be used near 0 and 0.5 because of round-off noise. More about this later.

Ha pucynke 20-2 moka3zaHbl YaCTOTHBIE XapaKTEPUCTHKH HECKOJIbKUX (GuibTpoB YeOblmesa ¢
psa6wto 0.5 %. Jlna meTona, UCIoab3yeMOoTo 3/eCh, YUCIIO MOTIOCOB TOJDKHO OBITh YeTHBIM. Yac-
TOTa OTCEUKU Kax10ro GpuibTpa u3mepena, rae Ha yposne amrutyasl 0.707 (-3dB). @unbTpsl ¢
yacToTo oTceuku okojo 0 miau 0.5 umeroT Oosnee ocTpblil 3aBajn(cnan) 4eM, pUIbTPHI LEHTpa
4acTOTHOro nuanasoHa. Hampumep, nByxmosmtocHblit GpuibTp B fc = 0.05 MMeeT OTHOCUTENBHO
TOT e 3aBayI(Craj) Kak YeThIpeX MONOCHBIH (GuibTp B fc = 0.25. DTO sBIsETCS yOauHBIM;
MEHbIIee KOJIMYECTBO MOJIFOCOB MOXKET MCIIOIB30BaThCs U3-3a IIyMa OKpyTiaeHus okoio 0 u 0.5.
Bosnbiiie 0OTHOCUTENBHO 3TOTO MO3XKE.
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There are two ways of finding the recursion coefficients without using the z-transform. First, the
cowards way: use a table. Tables 20-1 and 20-2 provide the recursion coefficients for low-pass
and high-pass filters with 0.5% passband ripple. If you only need a quick and dirty design, copy
the appropriate coefficients into your program, and you're done.

NmeroTcst 1Ba myT oOHapy>keHUs KOG OHUIIMEHTOB peKypcHr 0€3 TOro, 4ToObI NCIIONh30BaTh Z-
TpanchopmaHTy. Bo nepBeIX, myTh Tpyca: ucnonabp3yiire Tadmuiy. Tabmumsr 20-1 u 20-2 obec-
MEeYMBAIOT KO3(PPUIIMEHTHI peKypCHr U I (GUIBTPOB HU3KHUX YacTO W JJIA (PHIBTPOB BEPXHUX
4acTOT ¢ HEPAaBHOMEPHOCTHIO B mojioce nponyckanus 0.5 %. Ecau tonbko Bel Hykxnaetech B
OBICTPOM U TPSA3HOM MPOEKTE, KOMUPYETE COOTBETCTBYIONINE KOA(P(DUIIMEHTHI B Ballly IIPOrpaM-
MY, ¥ BBI CJICJIaHBl.

There are two problems with using tables to design digital filters. First, tables have a limited
choice of parameters. For instance, Table 20-1 only provides 12 different cutoff frequencies, a
maximum of 6 poles per filter, and no choice of passband ripple. Without the ability to select pa-
rameters from a continuous range of values, the filter design cannot be optimized. Second, the
coefficients must be manually transferred from the table into the program. This is very time con-
suming and will discourage you from trying alternative values.

Nmeercst 1Be mpoOIeMBbl C UCTIOIB30BAaHUEM TaOJIUII, YTOOBI MPOSKTUPOBATH ITU(MPOBBIC PUITHT-
pbl. Bo mepBbIX, TabaHIIbI HIMEIOT OTpaHUYEHHBINA BbIOOp mapamerpoB. Hanpumep, Tabmuma 20-1
o0ecrieunBaeT TONBKO 12 pa3mUyYHBIX YaCTOT OCTAHOBA(YACTOTHI MPOIYCKaHMsS), MAKCUMyM 6
HOJIFOCOB B (DWIIBTpPE, U HUKAKOTo BbIOOpAa HEPABHOMEPHOCTH B IoJioce mpomyckanus. bes cro-
COOHOCTH BBIOMpATh MapaMeTphl U3 HENPEpPHIBHOTO AHMana3oHa 3HAYCHHH, MPOEKT (MIbTpa He
MOYXET OBbITh ONTUMHU3UPOBaH. Bo BTOPBIX, K03 (DUIIMEHTHI JOIKHBI OBITH BPYUYHYIO IEepeMelie-
HBI U3 TaOJIUIBI B IPOrpaMMy. DTO OTHUMAET MHOTO BPEMEHH, U OyJeT MpensTcTBoBaTh Bam B
HOIBITKE AIbTEPHATHUBHBIX 3HAYCHUH.

Instead of using tabulated values, consider including a subroutine in your program that calcu-
lates the coefficients. Such a program is shown in Table 20- 4. The good news is that the pro-
gram is relatively simple in structure. After the four filter parameters are entered, the program
spits out the "a" and "b" coefficients in the arrays A[ ] and BJ[ ]. The bad news is that the program
calls the subroutine in Table 20-5. At first glance this subroutine is really ugly. Don't despair; it
isn't as bad as it seems! There is one simple branch in line 1120. Everything else in the subrou-
tine is straightforward number crunching. Six variables enter the routine, five variables leave the
routine, and fifteen temporary variables (plus indexes) are used within. Table 20-5 provides two
sets of test data for debugging this subroutine. Chapter 31 discusses the operation of this pro-
gram in detail.

Bmecro ncnonb30BaHus CBEACHHBIX B TAOJMIy 3HAUEHUH, pacCMOTPUTE, BKIIIOUEHUE IMOATPO-
rpaMMEbI B Ballly Mporpammy, KoTopas Berauciser kodddumuentsl. Takas mporpamMmma mokasbl-
Baercs B Tabimie 20- 4. Xopoime HOBOCTH - TO, YTO MporpaMMa SIBJISIETCS OTHOCHUTEIBHO TPO-
cToii B cTpykType. Ilocne Toro, kak 4etbipe mapamerpa QuibTpa BBEACHBI, IPOTPaMMa BBITUIC-
BbIBaeT ko3 dumments "a" u "b" B maccuBbl A[ | and B[ ]. [lnoxue HOBOCTH - TO, YTO MpPO-
rpamMma BbI3bIBaeT noamnporpamMmy B tabnune 20-5. Ha mepBblil B3 3Ta noanporpamMma Jieii-
CTBUTENBHO ypo uinBas. He oTuamBaiitech; 3TO HE CTONb II0XO0, Kak Kaxercs! MMeercs oauH
npocTtoi nepexox B crpoke 1120. Bee octambHOE B MOANPOrpaMMeE - MPSAMOE IEpeMasblBaHNE
ymcen. Illectb mepeMeHHBIX BBOAST MOANPOrPaMMY, MATh MEPEMEHHBIX OCTAaBISIIOT MOATMPO-
rpamMmy, U MATHAALATh BPEMEHHBIX NMEPEMEHHBIX (IOJO0KUTEIbHbIE UHACKCHI) UCIOIb3YIOTCS B
npeaenax(BayTpu). Tabmuma 20-5 obGecrieunBaeT aBa HabOpa Pe3ybTATOB MCIBITAHUS IS OT-
JaaKu 3Toi nmoamporpammsl. ['maBa 31 o6cyxaaer paboTy 3TON IpOrpaMMBbl MOAPOOHO.
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Step Response Overshoot

IlepeperyaiupoBanue Peakuuu Ha CKA4OK(CTYIICHb)

Butterworth and Chebyshev filters have an overshoot of 5 to 30% in their step responses, becom-
ing larger as the number of poles is increased. Figure 20-3a shows the step response for two ex-
ample Chebyshev filters. Figure (b) shows something that is unique to digital filters and has no
counterpart in analog electronics: the amount of overshoot in the step response depends to a
small degree on the cutoff frequency of the filter. The excessive overshoot and ringing in the step
response results from the Chebyshev filter being optimized for the frequency domain at the ex-
pense of the time domain.

Ounbtpsl ByTTepBopTa 1 Yebnimena nmeroT nepeperynupoanue ot 5% 10 30% B ux peakuusx
Ha CKa4yOK(TMEepeXOoqHON XapaKTePUCTHUKE), CTAHOBICH OOJIbIIE, IO MEpPe YBEIUYCHUS YUCIIA TI0-
mocoB. Ha pucynke 20-3a mokazaH mpuUMep peakiluyd Ha CKadyOK(IePEXOTHON XapaKTEPUCTUKH )
st AByx puneTpoB YebbieBa. Pucynok (b) mokaspiBaeT Koe-4To, 4YTO YHUKAIBHO AJis nudpo-
BBIX (DMJIBTPOB M HE UMEET HUKAKOTO JAyOJIMKaTa B aHAJIOTOBOM 3JIEKTPOHUKE: KOJINYECTBO IMepe-
peryJupoBaHusl B peaklui Ha CKa4yOK(IIEPEXOIHON XapaKTEPUCTUKE) 3aBUCUT B MaJICHbKOM CTe-
MEHU OT YacTOThl OoTceuku (uibTpa. UpesmepHoe mepeperyinpoBaHHE W 3BOH B PEaKIMM Ha
CKa4YOK(TEepeX0oqHON XapaKTepUCTUKa) cieaytoT u3 UebbimeBckoro GuUabTpa, ONTUMU3HPYEMO-
TO JUIS 4acmomHo20 0OMeHa 3a CYET OOMEHA 8PeMEeHU.

1.5 : : T L] T T
a. Step response | |h. Overshoot
4 pale 15
4
.. = INAYAWA)
3 AR 2
= & 15— - 6 pole -
'E. - )
- -
. & 10 J"J \
5 " 2 pole
. { & \
0
=10 n 1 20 1] 40 501 i) 0 0.1 0.2 0.3 0.4 0.3
Sample number Fregquency

FIGURE 20-3. Chebyshev step response.

The overshoot in the Chebysheyv filter's step response is 5% to 30%, depending on the number of poles, as shown in
(a), and the cutoff frequency, as shown in (b). Figure (a) is for a cutoff frequency of 0.05, and may be scaled to other
cutoff frequencies.

PUCYHOK 20-3. YeOblmieBcKkas peakiiys Ha CKauoK(Tepexo1Hasi XapaKTePUCTHKA).

[epeperynupoBaHue B peakiMy Ha cKauoK(IepexoJHoi xapakrepuctuke) Yedbimesckoro duibtpa - 5 % - 30 %, B
3aBUCHMOCTH OT YHCJIa HOJIIOCOB, KaK MOKa3aHo B (a), M 4acTOTe OTCEUKH, Kak 1mokas3aHo B (b). PucyHok (a) - mis
yacToTsl oTcedkn 0.05, 1 MOXKeT MacIITaOMPOBATHCS K APYTHM YacTOTaM OCTaHOBa(OTCEUKH; Cpe3a).

Stability

CradniabHoOCTh

The main limitation of digital filters carried out by convolution is execution time. It is possible to
achieve nearly any filter response, provided you are willing to wait for the result. Recursive fil-
ters are just the opposite. They run like lightning; however, they are limited in performance. For
example, consider a 6 pole, 0.5% ripple, low-pass filter with a 0.01 cutoff frequency. The recur-
sion coefficients for this filter can be obtained from Table 20-1:
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OcHoBHOE OrpaHHuYeHUE MUPPOBLIX (HUIHTPOB, BHIMOJIHEHHBIX CBEPTKOU - BPEMS BBIMOJHEHUS.
Bo3MoxHO 10CTHYh TTOUTH J1F000TO O0TBETa (QMIHTPa(UYaCTOTHONW XapaKTEPUCTUKH ), eciii Bl jke-
JlaeTe MOJMyYUTh pe3yibTaT. PeKypcuBHBIE (PUIBTPHI - TOIBKO MPOTHBOIOIOKHOCTE. OHU pabo-
TalOT MOAO00OHO MOJIHUH; OJHAKO, OHU OrpaHu4YeHbl 2P (HeKTUBHOCTHIO. Hampumep, paccmoTpure
6 MoMOCOB (MIBTPa HMKHHUX YacToT, psadb 0.5 %, ¢ wactoroit orceuku 0.01. Koaddumnmentsr
PeKypcHuu It 3TOTO (GUIBTPa MOTYT OBITh TIOJTyYeHBI U3 TaOIuUIEl 20-1:

a0= 1.391351E-10

al= 8.348109E-10 Dbl= 5.883343E+00
a2= 2.087027E-09 b2= -1.442798E+01
a3= 2.782703E-09 b3= 1.887786E+01
ad= 2.087027E-09 bd4= -1.389914E+01
ab= 8.348109E-10 bb5= 5.459909E+00
a6= 1.391351E-10 Db6= -8.939932E-01

Look carefully at these coefficients. The "b" coefficients have an absolute value of about fen.
Using single precision, the round-off noise on each of these numbers is about one ten-millionth
of the value, i.e. 10°. Now look at the "a" coefficients, with a value of about 10 . Something is
obviously wrong here. The contribution from the input signal (via the "a" coefficients) will be
1000 times smaller than the noise from the previously calculated output signal (via the "b" coef-
ficients). This filter won't work! In short, round-off noise limits the number of poles that can be
used in a filter. The actual number will depend slightly on the ripple and if it is a high or low-
pass filter. The approximate numbers for single precision are:

BaumatenpHo mocMoTpute Ha 3TH K03 dunueHtol. Koaddumuentsr "b" umeroT adbcomtoTHOE
3HaYeHUE MPUOIMZUTENBHO AeCATh. MCIonbp3yst OMMHAPHYIO MPEIU3UOHHOCTb, IIIYM OKPYTJICHHS
Ha KQKIOM M3 3THX 9HCEN MPUOIM3HTENBHO OHA IeCATH-MIIIHOHHAS 3HAYCHHs, TO ecTh, 107,
Teneps mocMoTpuTe Ha K03(hGuIHeHTs "a", cO 3HAaueHHeM npubmH3uTensHO,10™. Koe-uto
3[IeCh - OYEBMJIHO HEMpaBUIbHO. BKiaa oT BXoaHOro curHaina (mocpeAacTBoM Kod(@uimeHTon
"a") 6yner B 1000 pa3 meHbllle, 4eM wu/ym OT MPEABAPUTEIIHHO PACUUTAHHOTO (IIOCPEICTBOM KO-
s durmentor "b") curnana Beixoma. IToT GuabTp He OyaeT padorars! Kopoue rosops, mym
OKpYTJICHUSI OTPAaHUYMBACT YHCIIO MOJIOCOB, KOTOPHIE MOTYT HMCIIONB30BaThes B puiibTpe. Dak-
THYECKOE YHCJIO OYyJEeT 3aBHCETh CJIeTKa OT psOW W OT TOTO, SIBISETCS JH (PUIbTp QUIBTPOM
BEPXHHUX WIH (QUIBTPOM HIKHHX 4acToT. [Ipubnu3urenbHOe YMCIO A OAWHAPHOW Mpelu3H-
OHHOCTH:

Yacrora orceukn | 0.02 | 0.05 | 0.10 | 0.25 | 0.40 | 0.45 | 0.48

MaxcumanbHOe 4 6 10 20 10 6 4
YHCJI0 MOJIFOCOB

Ta6muua 20-3. MakcuMalbHOE YKCIIO MOJFOCOB JUIsl OJMHAPHOM MPEH3HOHHOCTH.

The filter's performance will start to degrade as this limit is approached; the step response will
show more overshoot, the stopband attenuation will be poor, and the frequency response will
have excessive ripple. If the filter is pushed too far, or there is an error in the coefficients, the
output will probably oscillate until an overflow occurs.

D¢ deKkTUBHOCTh GUIbTPAa HAYMHACT YXYIIIATHCS, TI0 MEpe MPUOIMIKEHUS K STOMY Tpeeny; pe-
aKIMs Ha CKAa4YOK(IEepeXo Has XapaKTePUCTHKA) MOKAXKET OOJbIIee KOJUIECTBO MEepeperyInpo-
BaHUsI, 0cIa0JIeHNE TTOJIOCH 3a/Iep)KUBAHUS OYAET IUI0X0€, U YaCTOTHAs XapaKTepUCTHKA OyIeT
UMETh Ype3MepHyI0 psOb. Ecnu GuibTp momemeH CIUIIKOM JaieKo, I UMEeTCsl OommOKa B
koa(dpurmenTax, BpIxo1 Oy1eT BEpOSTHO HECTAOMIILHBIM, TIOKA TIEPETIOTHEHNE HE TTPOUCXO/INT.
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There are two ways of extending the maximum number of poles that can be used. First, use
double precision. This requires using double precision in the coefficient calculation as well (in-
cluding the value for pi ).

HNwmerorcsa ABa IIYTHU YBCIWYCHHA MAKCUMAJIBHOI'O 4YHCJIa IMOJIIOCOB, KOTOPBIC MOT'YT HCIIOJIB30-
BaThCs. Bo mepBBIX, HCMIOMB3YHTE ABOMHYIO MPEIU3UOHHOCTh. ITO TPEOyeT TaKkKe MCIOIb30Ba-
HUS IBOMHOM NMPENM3MOHHOCTH B BEIYUCICHUH KO PHUIIMEHTa (BKIIIOYast 3HAYCHUE TS pi).

The second method is to implement the filter in stages. For example, a six pole filter starts out as
a cascade of three stages of two poles each. The program in Table 20-4 combines these three
stages into a single set of recursion coefficients for easier programming. However, the filter is
more stable if carried out as the original three separate stages. This requires knowing the "a" and
"b" coefficients for each of the stages. These can be obtained from the program in Table 20-4.
The subroutine in Table 20-5 is called once for each stage in the cascade. For example, it is
called three times for a six pole filter. At the completion of the subroutine, five variables are re-
turn to the main program: A0, A1, A2, Bl, & B2. These are the recursion coefficients for the two
pole stage being worked on, and can be used to implement the filter in stages.

Bropoii MeToa cOCTOUT B TOM, 4TOOBI OCYIIECTBUTH(CO3aBaTh) GMIbTp 1Mo cmaduam. Hamnpu-
Mep, IIECTH TOJIOCHBIM (QUIBTP HAUMHAIOT KaK Kackaja U3 TPEX CTaJUM MO JBa MOJ0CA KayK/bI.
IIporpamma B Tabnune 20-4 0ObeIUHSET 3T TPHU CTAIUU B OTIACIBHBIA HA0OP KOA(PPHUIIMEHTOB
peKypcuu Ul ynpolileHus nporpammupoBanusi. OnHako, Gunstp Oosiee yCTOMYUB €CI BbINOJI-
HEH KaK OpPUTHHAIbHBIN(TIOAIMHHBIN) QUIBTP U3 TPEX OTACNBHBIX CTaauil. DT0 TpeOyeT 3HaHUs
koadurmenton "a" u "b" mus kaxaoi u3 ctaguii. OHU MOTYT OBITH IMOJTYYEHBI OT MPOTPAMMBI B
tabmune 20-4. [lognporpamma B Tadnwuie 20-5 BBI3BIBACTCS OJHAKIBI IS KAKIOW CTaJUU B
kackazae. Hampumep, ans mectu montocoB (GuiabTpa, OHa BbI3bIBaeTCs Tpu pasa. lpu 3aBepiie-
HUU TOJIPOrpPaMMBI, MATh NEPEMEHHBIX - BO3BpALIAlOTCS K OCHOBHOM nporpamme: A0, A1, A2,
Bl, u B2. OHu - k03QUIMEeHTh peKypPCUH I ABYX IMOJIFOCOB CTaIMU, KOTOpPhIE pa3padaThiBa-
10T, U MOTYT UCIIOJIb30BaThCsI, YTOOBI OCYIIECTBIATH(CO3/1aBaTh) (GUIIBTP MOCTENIEHHO.
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100 '©UJIbTP YEBBIIIEBA — BBIYNCJIIEHUE KOODOUITMEHTOB PEKYPCHUU
110"

120 'MHULUAJIN3ALIMA TIEPEMEHHBIX

130 DIM A[22] 'conepxut ko3h¢dunneHTs! "a" mocie 3aBepuieHus! IporpaMmbl

140 DIM B[22] 'cogmeput ko3¢ duimeHTs "b" mocie 3aBepiieHus porpaMMsbl

150 DIM TA[22] 'internal use for combining stages(BHyTpeHHee HCIIOJIB30BaHUE JJIs1 OOBEIUHEHNS CTAINH)
160 DIM TBJ[22] 'internal use for combining stages(BHyTpeHHEe UCIIOb30BaHIE 11 OOBEIMHEHUS CTAINN)
170"

180 FOR 1% =0TO 22

190 A[I%] =0

200 B[1%] =0

210 NEXT I%

220"

230 A[2]=1

240 B[2]=1

250 PI =3.14159265

260 'BBOJ] UETBIPEX ITAPAMETPOB ®UJIbTPA (ENTER THE FOUR FILTER PARAMETERS)
270 INPUT "Bsenute gactroty otceuku (0 - .5): ", FC (Enter cutoff frequency (0 to .5): ", FC)
280 INPUT "Beenute 0 st LP, 1 mns HP ¢umeTpa ", LH

290 INPUT "Bsenute nportieHt psiou (0 - 29): ", PR (Enter percent ripple (0 to 29): ", PR)

300 INPUT "BeemuTte 4rcio momocoB (2,4,...20): "', NP (Enter number of poles (2,4,...20): ", NP)
310"

320 FOR P% = 1 TO NP/2 'LIUKJI JIJ151 KAXJIOM TTAPBI TIOJIFOCOB (LOOP FOR EACH POLE-PAIR)
330"

340 GOSUB 1000 'Tloxmporpamma B Tadsuiie 20-5 (The subroutine in TABLE 20-5)

350"

360 FOR 1% =0 TO 22 'Jo6aBnenune koaddurmentos k kackany(Add coefficients to the cascade)
370 TA[1%] = A[1%)]

380 TB[I%] = B[1%)]

390 NEXT I%

400"

410 FOR 1% =2 TO 22

420 A[1%] = AO*TA[1%] + A1*TA[1%-1] + A2*TA[1%-2]

430 B[1%] = TB[1%] - BI*TB[1%-1] - B2*TB[1%-2]

440 NEXT 1%

450"

460 NEXT P%

470"

480 B[2]=0 'Konen o0bpenunenus koadduuenton (Finish combining coefficients)

490 FOR 1% =0 TO 20

500 A[I%] = A[1%+2]

510 B[1%] = -B[1%+2]

520 NEXT I%

530"

540 SA=0 'HOPMAJIM3YUTE YCUJIEHUE (NORMALIZE THE GAIN)

550 SB=0

560 FOR 1% =0 TO 20

570 IF LH = 0 THEN SA = SA + A[1%]

580 IF LH = 0 THEN SB = SB + B[1%]

590 IF LH = 1 THEN SA = SA + A[1%] * (-1)"I%

600 IF LH =1 THEN SB =SB + B[1%] * (-1)"[%

610 NEXT I%

620"

630 GAIN=SA /(1 - SB)

640"

650 FOR 1% =0TO 20

660 A[1%] = A[1%] / GAIN
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670 NEXT 1%
680 ' 'KoHeunble k03¢ duuneHTs! pekypcuu Haxonsates B Al | u B[ ]
690 END
Tabmnuna 20-4

1000 'THIS SUBROUTINE IS CALLED FROM TABLE 20-4, LINE 340
1010
1020 ' Variables entering subroutine: PI, FC, LH, PR, HP, P%
1030 ' Variables exiting subroutine: A0, A1, A2, B1, B2
1040 ' Variables used internally: RP, IP, ES, VX, KX, T, W, M, D, K,
1050' X0, X1, X2, Y1, Y2
1060
1070 ' 'Calculate the pole location on the unit circle
1080 RP = -COS(PI/(NP*2) + (P%-1) * PI/NP)
1090 IP = SIN(PI/(NP*2) + (P%-1) * PI/NP)
1100
1110 ' 'Warp from a circle to an ellipse
1120 IF PR = 0 THEN GOTO 1210
1130 ES =SQR( (100 / (100-PR))"2 -1)
1140 VX = (1/NP) * LOG( (1/ES) + SQR( (1/ES"2) + 1))
1150 KX = (1/NP) * LOG( (1/ES) + SQR( (1/ES"2) - 1))
1160 KX = (EXP(KX) + EXP(-KX))/2
1170 RP = RP * ( (EXP(VX) - EXP(-VX) ) /2 ) / KX
1180 IP = IP * ( (EXP(VX) + EXP(-VX) ) /2 ) / KX
1190
1200 ' 's-domain to z-domain conversion
1210 T=2 * TAN(1/2)
1220 W = 2*PI*FC
1230 M = RP"2 + IP~2
1240 D =4 - 4*RP*T + M*T"2
1250 X0 =T"2/D
1260 X1 =2*T"2/D
1270 X2 =T"2/D
1280 Y1 = (8 - 2*M*T"2)/D
1290 Y2 = (-4 - 4*RP*T - M*T"2)/D
1300
1310 ''LP TO LP, or LP TO HP transform
1320 IF LH =1 THEN K = -COS(W/2 + 1/2) / COS(W/2 - 1/2)
1330 IF LH =0 THEN K = SIN(1/2 - W/2) / SIN(1/2 + W/2)
1340 D=1+ Y1*K - Y2*K"2
1350 A0 = (X0 - X1*K + X2*K”2)/D
1360 Al = (-2*X0*K + X1 + X1*K”2 - 2*¥*X2*K)/D
1370 A2 = (X0*K"2 - X1*K + X2)/D
1380 B1 = 2*K + Y1 + Y1*K"2 - 2*¥Y2*K)/D
1390 B2 = (-(K™2) - Y1*K + Y2)/D
1400 IF LH =1 THEN Al =-Al
1410 IF LH =1 THEN BI1 = -Bl1
1420
1430 RETURN
Ta6muma 20-5

TABJIMLIA 20-4 n 20-5.

[Iporpamma, s Beraucinenus kodhdumuentos "a" u "b" mis pexkypcuBHBIX QUIbTpoB YeOrImesa.

B crpokax 270-300, geTsipe mapameTpa BBeIeHHI B mporpammy. Yacrora otceuku, FC, BeIpaykeHa Kak ApoOB(Ios)
BBIOOPOYHON YACTOTHI, M MMO3TOMY JOJDKHA OBITH B Anamazone: oT 0 mo 0.5. Ilepemennas, LH, ycraHOBieHa B 3Ha-
gyeHue 1 1 QUIbTpa BEPXHHUX 4acToT, u 0 mst GUiIbTpa HIDKHUX 4acTOT. 3HaueHue, BBedeHHoe il PR momkHo
O61Th B nuamazoHe oT 0 mo 29, coorBercTBys psa6u oT 0 10 29 % B wacTOTHOHN Xapakrepuctuke ¢mibTpa. Yucmo
HOJIOCOB B (DMIIBTPE, BBEJICHHOM B nepeMeHHyr0 NP, 1oypkeH ObITh 4eTHBIM LiesibiM uuciioM mexnay 2 u 20. [lpu
3aBepLIeHNH Iporpammsl, kodduuuentsr'a" u "b" coxpanensl B MaccuBax A[ ] and B[ ] (ap = A[0], a; = A[1],u
T.1.). TABJIMIIA 20-5 - moxnporpamma, BeI3biBaeMast oT cTpoku 340 n3 ocHoBHOIT nporpammel. Illects nepemen-
HBIX TIEPEalOT K 3TOH MoJIporpaMMe, U IsATh IIEPEMEHHBIX Bo3BpalieHbl. Tabmuma 20-6 (ciemyromas cTpaHuIa)
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HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

COJIEPKUT JiBa HaOopa JaHHBIX, YTOOBI IOMOTaTh OTNIAANTH 3Ty noanporpammy. Oynknun: COS u SIN - ucnons3y-
10T paauanbl, He rpagycel. @ynknusa: LOG HatypanbHblid (OcHOBaHHE ¢) Jjorapudm. OObsIBICHHE BCEX MEPEMEH-
HBIX C IUIABAIOILEH 3amsTol (BKIIIOYasi 3HaYeHHE T) C ABOMHOW NMPELN3UOHHOCTHIO, MTO3BOJISAT MCIOJIB30BATh 0OJIb-
1Iee KoandecTBo nomocoB. Tabmuie! 20-1 u 20-2 ObIIM CreHepUpOBaHbI 3TOH MPOrpaMMON M MOTYT MCIIOIb30BaTh-
csi, yTOObl TPOBEPUTH HA HaJUICKAILylo onepanuio. [7aBa 33 omnmchIBaeT MaTeMaTHUECKYIO OIEpalMio STOH
NIPOrpaMMBl.

HABOP JJAHHBIX 1 HABOP JAHHBIX 2

Beenute TIoATIpOrpaMmy € 3TUMH 3HAUYCHUAMMU!

FC = 0.1 FC = 0.1

LH = 0 LH = 1

PR = 0 PR = 10

NP = 4 NP = 4

P% = 1 P% = 2

PI = 3.141592 PI = 3.141592

Oty 3HaueHUsI JOIDKHBI IPUCYTCTBOBATE B cTpoke 1200:

RP = -0.923879 RP = -0.136178
IP = 0.382683 1P = 0.933223
ES = notused ES = 0.484322
VX = notused VX = 0.368054
KX = notused KX = 1.057802

Otu 3HaueHus! JOIDKHBI PUCYTCTBOBATH B cTpoke 1310:

T = 1.092605 T = 1.092605
W = 0.628318 W = 0.628318
M = 1.000000 M = 0.889450
D = 9.231528 D = 5.656972
X0 = 0.129316 X0 = 0.211029
X1l = 0.258632 X1 = 0.422058
X2 = 0.129316 X2 = 0.211029
Yl = 0.607963 Yl = 1.038784
Y2 = -0.125227 Y2 = -0.789584

Oty 3HaueHUs JOJDKHBI OBITH BO3BpAIlleHHE K TIIaBHOM mporpamme (Main):

A0 = 0.061885 A0 = 0922919
Al = 0.123770 Al = -1.845840
A2 = 0.061885 A2 = 0.922919
Bl = 1.048600 Bl = 1.446913
B2 = -0.296140 B2 = -0.836653

TABJIMILIA 20-6. Otitagka TaHHBIX.
Ota Tabauia CoAePKUT 1Ba HaOopa NaHHBIX IS OTIAAKH MOANPOTpaMMbl, puBeieHHOH B Tabmuie 20-5.
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