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Complex Numbers
KoMmniexkcHbIe uncia

CHAPTER

30

Complex numbers are an extension of the ordinary numbers used in everyday math. They have
the unique property of representing and manipulating two variables as a single quantity. This fits
very naturally with Fourier analysis, where the frequency domain is composed of two signals,
the real and the imaginary parts. Complex numbers shorten the equations used in DSP, and en-
able techniques that are difficult or impossible with real numbers alone. For instance, the Fast
Fourier Transform is based on complex numbers. Unfortunately, complex techniques are very
mathematical, and it requires a great deal of study and practice to use them effectively. Many
scientists and engineers regard complex techniques as the dividing line between DSP as a tool,
and DSP as a career. In this chapter, we look at the mathematics of complex numbers, and ele-
mentary ways of using them in science and engineering. The following three chapters discuss
important techniques based on complex numbers: the complex Fourier transform, the Laplace
transform, and the z-transform. These complex transforms are the heart of theoretical DSP. Get
ready, here comes the math!

KommuiekcHbie uncia — yuimHeHHe OOBIYHBIX YHCEIN, MCIIONB3YEMBIX B KaXKIOJHEBHONH MaTeMa-
tuke. OHM MMEIOT YHHUKaJbHOE CBOWCTBO INPE/ICTABICHUS U YIPABICHUS 08yMsA NEPEMEHHBIMU
KaK 00UHOYHOU(EITMHUYHON) BETUUYUHON. DTO OUEHb €CTECTBEHHO coryacyeTcs ¢ aHaau3zom Py-
pbe, I/1e YaCTOTHBIM JIOMEH COCTaBJEH M3 JBYX CUTHAJIOB, peaJbHOM M MHHUMOW uactei. Kom-
IUIEKCHBIE YHCIIa COKpAIlaloT ypaBHEHUs, ucnonb3dyemble B LIOC, u nomyckaroT METO/Ibl, KOTO-
pble SBISIOTCS TPYJIHBIMH WJIM HEBO3MOKHBIMU C OJIHUMH BEIIECTBEHHbIMM unciamu. Hampu-
mep, beicTpoe mpeoOpazoBanne @ypbe OCHOBAHO Ha KOMIUIEKCHBIX uucinax. K coxxanenuto,
KOMILJICKCHBIE METOJIbl OYeHb MaTeMaTHYeCKUe, U 3TO TpeOyeT MHOIO M3y4YeHMs U IMPAKTHUKH,
YTOOBI HCIIONB30BaTh UX APPEKTUBHO. MHOTHE YUYECHBIE U HHXEHEPHI PACIICHUBAIOT KOMILIEKC-
HBbIE METO/BI KaK pasaenurenpHyto JuHuo Mexay LIOC kak uncmpymenm, u LIOC kak kapvepa.
B 5101 raBe, MBI pacCMOTPUM MaTEMaTHKY KOMIUIEKCHBIX YHMCEN, U DJIEMEHTApHBIX IyTeH Hc-
[0JIb30BAHUS UX B HayKe U TexHuke. Cienyromuil Tpy ri1aBbl 00CY/Ial0T BaKHbIE METO/IbI, OC-
HOBaHHBIE Ha KOMIUICKCHBIX UYHUCIIAX: KOMNIEKCHOoe npeobpaszosanue Pypve, npeobpaszosarue
Jlannaca, v z-tpancopMaHTy. DT KOMIUIEKCHbIE TPAaHC(OPMAHTHI - OCHOBA(CEP/LE) TEOPUHU
HOC. IMoaroroBbTECH, 37€CH CIyTHUK MaTeMaTHKa!

The Complex Number System

Cucrema KoMIiekcHoOro ymcJiia

To illustrate complex numbers, consider a child throwing a ball into the air. For example, assume
that the ball is thrown straight up, with an initial velocity of 9.8 meters per second. One second
after it leaves the child's hand, the ball has reached a height of 4.9 meters, and the acceleration of
gravity (9.8 meters per second 2 ) has reduced its velocity to zero. The ball then accelerates to-
ward the ground, being caught by the child two seconds after it was thrown. From basic physics
equations, the height of the ball at any instant of time is given by:

UToOBl MILTIOCTPUPOBATH KOMIUIEKCHBIE YHCJIA, PACCMOTpPUTE peOeHKa, MmoaOpachiBaeT miap B
BO31yX. Hanpumep, mpeanonokuTe, 9To map OpoIIeH MpsMo, ¢ HaualbHONW CKOPOCTHIO 9.8 MeT-
poB B cekyHay. Yepe3 cekyHay mocie Opocka, map JOCTUT BBICOTHI 4.9 METPOB, U yCKOPEHHUE
TshxecTH (9.8 METpOB B CEKYHIy 2) IPUBEIO €€ ckopocTh K Hydto. [llap Torma ¢ yckopeHuem Ha-
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YUHACT najgaThb K 3€MJIC, U JIOBUTCA pCGGHKOM gcpe3 ABC CCKYH/BI IMOCJIC TOro, Kak OH 61:1.]10
OporeH. M3 0oCHOBHBIX ypaBHEHUH (M3HMKH, BHICOTA IIapa B JIIOOOW MOMEHT BPEMEHHU JIACTCS:

h = ~gt

+ vi

Tz1e 4 - BBICOTA HAJ 3eMJIeil (B MeTpax), g - yCKOpeHHe TsokecTH (9.8 METpoB B CEeKyHIy ), V - Ha-
YajbHask CKOPOCTh (9.8 METPOB B CEKYHY), U ¢ - BpeMs (B CEKyHIaxX).

Tenepp, npeanoaoKuTe, YTO Mbl XOTUM 3HATh, KOTJa 1Iap MeperaeT HEKOTOpyIo BeicoTy. [lon-
KJIIOYasi U3BECTHBIE 3HAYEHUS U pellasi ypaBHEHHUE HAXOAUM ¢

i = 1£41-h/49

Hamnpumep, map - Ha BeicoTe 3 MeTpoB nBaxbl: ¢ = 0.38 (mogdpaceiBanue) u ¢ = (maaeHue) 1.62
CEeKYHI.

As long as we ask reasonable questions, these equations give reasonable answers. But what hap-
pens when we ask unreasonable questions? For example: At what time does the ball reach a
height of 10 meters? This question has no answer in reality because the ball never reaches this
height. Nevertheless, plugging the value of # = 10 into the above equation gives two answers:

r=1+y-1041 gpq 1 = | 1141 Both these answers contain the square-root of a negative
number, something that does not exist in the world as we know it. This unusual property of poly-
nomial equations was first used by the Italian mathematician Girolamo Cardano (1501-1576).
Two centuries later, the great German mathematician Carl Friedrich Gauss (1777-1855) coined
the term complex numbers, and paved the way for the modern understanding of the field.

IToka MBI 3ajaeM pa3yMHBIE BOIIPOCHI, 3TH YPaBHEHUS JAIOT pasyMHble OoTBeThl. Ho uTO cityda-
eTcs, KOrJa Mbl 3aJ1aeM HebiaropazymHblie Borpocsl? Hanpumep: B kakoe Bpems miap 10CTUTHET
BbICOTHI 10 MeTpoB? DTOT BONPOC HE UMEET HUKAKOTO OTBETA B IEWCTBUTEIBHOCTH, IIOTOMY YTO
11ap HUKOI'/Ia HE IOCTUTAET A3TOH BhICOTHI. OJJHAKO, MOKIIOUas 3HaueHue 4 = 10 B BbILIeynoms-

HyTOe ypaBHeHMe naer mBa otsera: ! = |+~ LUAL y ¢ = 1=y~ LRIl 06, orpera comepxar
KBaJ[paTHBI KOPEHb OTPHIATEIILHOTO YHCIIA, KOE-UTO, Yero He CYIIECTBYET B MUPE ITOCKOJIBKY,
MBI 3Ha€M 3TO. DTO HEOOBIYHOE CBOMCTBO MOJMHOMHAIBHBIX YPAaBHEHUI CHadaia MCIIOJIb30Ba-
JOCh UTaJbsIHCKUM MatematukoMm Girolamo Cardano (1501-1576). JIBa crtonerust Ha3and, BbI-
natoruiics Hemeukuii matematuk Carl Friedrich Gauss (1777-1855) npemioxun TEpMHH KOM-
TUIEKCHBIE YHCTIa, U TIPOJIOKIIT Iy Th K COBPEMEHHOMY ITOHMMAaHUIO TOJIsI(001aCTH MAaTEMATHKH).
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Every complex number is the sum of two components: a real part and an imaginary part. The
real part is a real number, one of the ordinary numbers we all learned in childhood. The imagi-
nary part is an imaginary number, that is, the square-root of a negative number. To keep things
standardized, the imaginary part is usually reduced to an ordinary number multiplied by the

square-root of negative one. As an example, the complex number: = I~ 104 g first re-
duced to: £ = 1 #1041y~ T and then to the final form: = | + 102y~ T The real part of this
complex number is I, while the imaginary part is '"*2¥ 1. This notation allows the abstract term,
v-1 , to be given a special symbol. Mathematicians have long used i to denote V-1 In compari-
son, electrical engineers use the symbol, j, because i is used & 1 to represent electrical current.
Both symbols are common in DSP. In this book the electrical engineering convention, j, will be
used.

Kask10e KOMIUIEKCHOE YHCIIO - CYMMa JIBYX KOMITOHCHTOB: BelIECTBEHHAs] YaCcTh W MHHMAast
yacTh. PeajibHas 4acTh - BelleCTBEHHOE YHCJI0, OJTHO U3 OOBIYHBIX YHCEN, KOTOPbIE BCE MBI y3-
HaJIM B IeTCTBE. MHHMas 9acTh - MHAMO€ YHCJI0, TO €CTh K8AOPAMHbLIL KOPeHb OMPUuyameibHo-
20 yucna. COXpaHATh BEIIM CTaHAAPTU3UPOBAHHBINA, MHUMAas YacTh OOBIYHO MPHBOIAMUTCS K
OOBIYHOMY YHCITy, YMHOKEHHOMY Ha KBaJIPaTHBIA KOpEeHb u3 —1 (‘ul'r_l ). Kak npumep, komiekc-
noe umcio: 7 VW LM cpavana coxpameno x: £ = 1 L0y 1 g 3atem k xoneuHoit
dopme: ! = |+ 102y~ T BemecTpennas 4acTs 5TOro KOMILIEKCHOrO 4Hcia - I, B TO BpeMs Kak

muumas gacts '02¥ 1. Dra cucrema o6osnauenuit mossonser a0CTPaKTHBIM TEPMUH, v-1 A
ObITH JaH cleluaIbHBIA CUMBOJ. MaTeMaTHKU W3[aBHA HCIOJB30BajJM I, 4TOObI 0003HAYUTH
MHUMYIO 9acTh. J{J151 cpaBHEHUS, MHKEHEPHI - SJEKTPUKHU UCIIONIB3YIOT CHMBOJ, j, IOTOMY YTO i U
I ucnonw3yroTcs, 4ToOBI MpenCcTaBUTh deKTpudeckuii Tok. O6a cumBosia 06bryHbl B [IOC. B
ATOW KHHUTE, COTTIACHO C DJIEKTPOTEXHHUKOM, OYIET HCIIOIB30BATHCS .

Hampumep, Bce crnenyromye uuciaa UMEKOT CWIIy KOMIUIEKCHBIX uMcen: 1+27 1-2j, -1+2j,
3.14159+2.7183j, (4/3)+(19/2)j, u T.1. Bce oObrunbIe uncia, THNA: 2,6.34, u -1.414, MoryT OBITH
IIPEJICTaBJIEHbI KAK KOMIUIEKCHOE YHCIIO C HYJIEM JJI1 MHUMOM yacTH, To ecTh 2+0j u 1.414 +0j.

Just as real numbers are described as having positions along a number line, complex numbers are
represented by locations in a two-dimensional display called the complex plane. As shown in
Fig. 30-1, the horizontal axis of the complex plane is the real part of the complex number, while
the vertical axis is the imaginary part. Since real numbers are those complex numbers that have
an imaginary part equal to zero, the real number line is the same as the x-axis of the complex
plane.

Tak e, KaKk BEIIECTBEHHbIC YMCJIa OMUCAHbl KaK HAJIWYUE MO3MLIMNA HAa YHCIOBOW OCH, KOM-
IUICKCHBIC YHCJIa NPEACTABJICHBI PACIOJIOXECHUAMU B ABYMCPHOM OHMCINIEC HAa3bIBACMOM KOM-
IUVIEKCHOM MmiIockocThI0. Kak mokazano B puc. 30-1, ropu3oHTanbHasg 0Chb KOMIUIEKCHOH IIJIOC-
KOCTH - BCHICCTBCHHASA 49aCThb KOMIUICKCHOI'O YHMCJIda, B TO BPpCMA KaK BCpPTUKaJIbHAasA OCb — MHU-
Masi yacTh. Tak Kak BEIIEeCTBEHHbIE YHCIIA - T€ KOMIUIEKCHbIE YUCIIa, KOTOPblE UMEIOT MHUMYIO
4acTb, PaBHYIO HYJIIO, CIMPOKA 6eujeCmeeHH020 Yucia - Ta e camas KaK oCcb X KOMIUIEKCHOU
IJIOCKOCTH.
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PHUCVYHOK 30-1 :
KommrekcHasg mrockocTts. Kaxmoe kKom-
IUIEKCHOE YUCJI0 UMEET YHHKaJIbHOE pac-
MIOJI0’KEHHE B KOMIUIEKCHOM IIIIOCKOCTH,
KaK WUTFOCTPUPOBAHO STUMH TPEMs MPH-
MepaMH, MOKa3aHHBIMU 3]1eCh. | OpU30H-
TaJbHAs OCh MPEJCTABISCT BEIICCTBCH-
HYIO YacTh, B TO BpeMs KaK BepTUKAJIbHAS
0CBb TIPEICTABISICT MHUMYFO YacTh.
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B MareMaTtnuecKkux ypaBHEHMSX, KOMIUIEKCHOE YHCIIO IIPEACTABICHO OTIAEIbHOU NEPEMEHHOM,
Jla)ke TPUTOM, YTO 3TO COCTABJICHO M3 JABYX 4acTed. Hampumep, 5T Tpu KOMIUIEKCHBIE IEpe-
MeHHbIe B puC. 30-1 Mornu ObITh 3alTUCAHBI:

A 2+ &)
B 4 - 1.5j§
C 3 /]

where A, B, & C are complex variables. This illustrates a strong advantage and a strong
disadvantage of using complex numbers. The advantage is the inherent shorthand of representing
two things by a single symbol. The dis-advantage is having to remember which variables are
complex and which variables are ordinary numbers.

I'me A, B, u C - KOMIUIEKCHBIE TIEpEMEHHBIE. DTO WJUIIOCTPUPYET CUIIBHOE npeumyujecmeo u
CWJIBHBII Hedocmamok WUCTONb30BaHUS KOMIUIEKCHBIX uuceln. [IpenMyiiecTBo - cBOWCTBEHHAs
CTeHOrpadus MpeacTaBIeHUs ABYX Bellel eMHCTBEHHBIM(OTAEIbHBIM) cuMBoJIoM. HegocTaTtok
JIOJDKEH, HEOOXOAMMOCTH IMMOMHHTH, KOTOPBIC MEPEMEHHBIE SBISIOTCS KOMIUIEKCHBIMU U KOTO-
pble IepeMEHHBIE SBISIOTCS OOBIYHBIMU YHCIIAMHU.

The mathematical notation for separating a complex number into its real and imaginary parts
uses the operators: Re( ) and Im( ). For example, using the above complex numbers:

Maremarudeckasi cucteMa 0003HAUCHUH Ul OTICNICHHS KOMIUIEKCHOTO YHCJIa B €0 BEIeCT-
BEHHbIC M MHHMMbIE YacCTH MUCIOJb3yeT omepatopbl: Re( ) u Im( ). Hampumep, ucnomab3yst KOM-
IJIEKCHBIE YKCIIA BhILLIE:

Re A i fmr A £
He B = -4 ImB=-1.5
Re C 3 ImC= .7
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Notice that the value returned by the mathematical operator, /m (), does not include the j. For
example, Im(3 + 4j)4/ is equal to 4, not .

OOparuTe BHUMaHWE, YTO 3HAYEHHWE, BO3BpAIIEHHOE MaTeMaTHYeCKUM omepartopom, Im( ), He
BKJtouaet j. Harmpumep, Im(3 + 45)4j He paBHo 4.

Complex numbers follow the same algebra as ordinary numbers, treating the quantity, j, as a
constant. For instance, addition, subtraction, multiplication and division are given by:

KoMriekcHble uncia MpUACpKUBAIOTCS TOM e caMOi anreOphl Kak OObIYHBIC Yhcia, oOpada-
ThIBAsi KOJIMYECTBO, j, KaK KOHCTaHTa. Hampumep, cinokeHue, BbIYUTAHUE, YMHOKEHHUE U JIEJIe-
HHE JJaeTCs:

YPABHEHUE 30-1 (ﬂ"‘bj} + (C"‘d_})

Cl10KeHHE KOMIUIEKCHBIX YHCEIL.

(a+c)+j(b+d)

YPABHEHUE 30-2 (a+ bj) - (¢ +5"tf'}

BriunTanne KOMITJIEKCHBIX YUCE.

(a-¢)+jb-d)

YPABHEHHE 30-3 (a+bj)(c+dj) = (ac-bd) + j(bc+ ad)

VMHOXKEHNE KOMILIEKCHBIX YHCE]L.

VPABHEHMUE 30-4 (a +b_j) ac+ hd . g bhe - ad

JleneHue KOMIUICKCHBIX YUCEIL.
. : 3 3 g 3 ¥
(c+dj) co+d- c+d-

Two tricks are used when manipulating equations such as these. First, whenever a j~ term is en-

countered, it is replaced by -1. This follows from the definition of j, that is: /~ - L e b
The second trick is a way to eliminate the j term from the denominator of a fraction. For in-
stance, the left side of Eq. 30-4 has a denominator of ¢ + dj. This is handled by multiplying the
numerator and denominator by the term c¢ - jd, cancelling all the imaginary terms from the de-
nominator. In the jargon of the field, switching the sign of the imaginary part of a complex num-
ber is called taking the complex conjugate. This is denoted by a star at the upper right corner of
the variable. For example, if Z = a + bj, then Z* = a - bj. In other words, Eq. 30-4 is derived by
multiplying both the numerator and denominator by the complex conjugate of the denominator.

JIBe YJIOBKM HCIIONB3YIOTCS IIPU YIIPABICHUN YPAaBHEHHUSMU THUIIA HUX. Bo mepBeIX, BCAKUH pas,
KOI'Zla CTAJIKMBAIOTCSI C TEPMHUHOM -, 3TO 3aMEHEHO -1. DTO cieyeT U3 onpeneneHus j, KoTopoe:

it = “l'r_' o ] Btopas ynoBka - croco0 HCKIIOYHTH TEPMHH j U3 3HAMEHatesst apoou. Jlis
oOpa3siia, neBasi ctopona ypaBaeHus 30-4 uMeeT 3HaMeHaTelb ¢ + dj. D10 00paboTaHo, yMHO-
JKasi YUCIUTENb U 3HAaMEHATelb BBIPAKEHHUEM C - jd, OTMEHSSl BCE MHUMbIE BBIPAXKCHHS U3 3Ha-
MeHarens. B kaprone mossi, "3MEHEHHE 3HaKa MHUMOW YacTH KOMIUIEKCHOTO YHMCJIa Ha3bIBaeT-
Cs, KOMILJIEKCHO COMNPSKEeHHbIH. DTO 0003HAYEHO 3BE37I0i B BEPXHEM IPABOM YTJI€ MIEPEMEH-
Ho. Hanpumep, ecnut Z = a + bj, To Z* = a - bj. [lpyrumu cinoBamu, ypasaenue 30-4 mosrydeHo,
YMHOasi, 1 YACITUTENb U 3HAMEHATEIb KOMJIEKCHO CONPSIKEHHBIM U3 3HAMEHATEIIS.

The following properties hold even when the variables A, B, and C are complex. These relations

can be proven by breaking each variable into its real and imaginary parts and working out the
algebra.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

Crnenyroniye CBOMCTBA COXPAHSIOTCA axke, Koraa nepemeHHsie A, B, u C KOMIUIEKCHBI. DTH OT-
HOIIICHHUSI MOTYT OBITh JJOKa3aHbl, pa3OMBas KXy TEPEMEHHYIO Ha €€ BEIICCTBEHHbBIC U MHH-
MBI€ YaCTH U pa3padaTeiBas anreopy.

YPABHEHUE 30-5 AB = BA
KomMyTaTuBHOE CBOKCTBO.

YPABHEHUE 30-6 (A+ BY+C = A+(B+)
AcconpaTiuBHOE CBOMCTBO. ) ) '

YPABHEHUE 30-7 Al +C) AR+ AC
JuctpuOyTuBHOE(pacpeeuTenbHOe) CBOUCTBO.

Polar Notation

IMoasipuas Cucrema 0003HaYeHU i

Complex numbers can also be expressed in polar notation, besides the rectangular notation just
described. For example, Fig. 30-2 shows three complex numbers in polar form, the same ones
previously presented in Fig. 30-1. The magnitude is the length of the vector starting at the origin
and ending at the complex point, while the phase angle is measured between this vector and the
positive x-axis. Complex numbers can be converted between rectangular and polar notation by
the following equations (paying attention to the polar notation nuisances discussed in Chapter 8):

KommiekcHble urciia MOTYT TakXke ObITh BBIPaXKEHBI B HOIAPHOU cucmeme 0003HAUEHUH, TOMU-
MO NpAMOY20NbHOU cucmembl 0003HaYEHU, TOJIBKO 4To onucaHHou. Hanpuwmep, puc. 30-2 mo-
Ka3bIBaeT TPH KOMIUIEKCHBIX YMCJa B MOJIAPHON (opMme, Te K€ camble, PeABAPUTEIBHO MpPe-
cTaBiieHHbIe B puc. 30-1. BexuunHa - AyiMHa BEKTOpa, HAUMHAIOIIETOCS B Hayajae KOOpAUHAT U
3aKaHYMBAIOILErOCsl B KOMIUIEKCHOW TOYKE, B TO BpeMs Kak (pa30BbIN Yros M3MEpEeH MExXIy
3THUM BEKTOPOM U TOJOKUTENIBbHON ochbio X. KoMmIulekcHble yncia MOryT ObITh MpeoOpa3oBaHbl
MEX]y MpsIMOYTOJIbHON U MOJSPHOM CUCTEMOM 0003HaUEHUH cielyromuMHI ypaBHEHUSIMHU (00-
paTuTe BHUMaHUE Ha MOJSPHbIE IOMEXU CUCTEMBI 0003HAaUEHU, 00CYKIEHHBIE B TJIaBe 8):

EQUATION 30-8

Rectangular-to-polar conversion. The complex variable, A, can be changed from
rectangular form: Re A & Im A, to polar form: M & 6.

YPABHEHUE 30-8

ITpeoGpasoBane NPMOYrobHOH B TOMApHYI0. KoMmiekchas nepeMenHas, A, f - arctan l fm A l
MOXeT OBITh W3MEHEHA U3 MPSIMOYrojbHON (opMbl: Re A u Im A, XK NONApHOH Re A
¢dbopme: M u 6.

M = {(Re AY + (fm AY

EQUATION 30-9

Polar-to-rectangular conversion. This is changing the complex number from M & 6 to Re
A & Im A.

YPABHEHUE 30-9

IIpeobpasoBaHie TOISPHO B MPAMOYTOJIBHYIO. DTO M3MeHseT komuiekcroe wncno M u Iy A = M sin(B)
OBRe AulmA.

Re A = Mcos(0)

This brings up a giant leap in the mathematics. (Yes, this means you should pay extra attention).
A complex number written in rectangular notation is in the form: @ + bj. The information is car-
ried in the variables: a - b, but the proper complex number is the entire expression: a + bj. In po-
lar form, the key information is contained in M & 6, but what is the full expression for the proper
complex number?
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DTO MOAHMMAET THTAaHTCKUH MPBDKOK B MaTemartuke. (Ila, 3To o3HadaeT, uto Bbl HOMKHBI ye-
JUTH JAOMOJIHUTENbHOE BHUMaHKe). KoMIuleKCHOe YuCIio, HaMCaHHOE B MPSAMOYTOJIbHOM CUCTe-
Me o0o3HaueHui Haxoautcs B gopme: a + bj. NHpopmanuio HEeCyT B MEPEMEHHBIX: a - b, HO
Ha/JIexalee KOMIJIEKCHOE YHCTIO - TIOJHOE BhIpaskeHue: a + bj. B monspHoii ¢popme, kimroueBas
uHpOpMaLUs COAEPKUTCS B M U 6, HO KakoW - MOJHOE BBIPAXKEHUE JUIS HAIJICHKAIIETO KOM-
IJIEKCHOTO yucna?

E ¥ i TR w W o R g R LR ——
FIGURE 30-2 7 e - g )i : |
Complex numbers in polar form. Three example 111 B oy
points in the complex plane are shown in polar coor- T D i S i m i e 2

arclam {62
dinates. Figure 30-1 shows these same points in rec- : i - | o O
tangular form. Imaginary axis 1 i

PUCYHOK 30-2

KommurekcHpre uncna B momsipHoit gopme. [Toka3zsr-
BAcTCs MPUMEP TPEX TOUYEK B KOMIUIEKCHON IJIOCKO-
CTH B TOJPHBIX KoopamHaTax. Ha pucynke 30-1

IIOKa3aHbl TC JXC€ CaMbI€ TOYKH B Hp}IMOyFOHBHOﬁ
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The key to this is Eq. 30-9, the polar-to-rectangular conversion. If we start with the proper com-
plex number, a + bj, and apply Eq. 30-9, we obtain:

Kitou k aTomy - ypaBHenue 30-9, nmpeobpazoBaHue MOISIPHON B MPSIMOYTOJIbHYI0. Eciii MBI Ha-
YHHAEM C HaJUICXKAIIEro KOMILICKCHOTO YHcia, a + bj, u npumensieMm ypaBHeHue 30-9, MbI moty-
qaeM:

EQUATION 30-10

Rectangular and polar complex numbers. The left side is the rectangular

form of a complex number, while the expression on the right is the polar @ *fb = M{¢ osf + Jsin 0)
representation. The conversion between: M & 6 and a & b, is given by

Egs. 30-8 and 30-9.

YPABHEHMUE 30-10

[TpsiMoyTONBHBIE U TIOJISIPHBIE KOMILIEKCHBIE uncia. JleBast cTopoHa - anredpanyeckas popmMa KOMIUIEKCHOTO YHCIIa,
B TO BpeMsi KaKk BbIpa)KEHHE CIIpaBa - MOJsipHOe npexacTaBieHue. [IpeodpasoBanne mexay: M u 6, u a u b, naercs
ypaBHeHUsiMH 30-8 u 30-9.

The expression on the left is the proper rectangular description of a complex number, while the
expression on the right is the proper polar description.

BBIpa)KCHI/Ie CJICBA - HAJICKAIICC npAmoy2ojibHoe ONMMNCAHUC KOMIUICKCHOI'O YH1CJia, B TO BPEM:I
KaK BBIPpaXXCHHUC CIIpaBa - HAJJICIKAIICEC nojisiprHoe OIMMMCaHUuC.

Before continuing with the next step, let's review how we arrived at this point. First, we gave the
rectangular form of a complex number a graphical representation, that is, a location in a two-
dimensional plane. Second, we defined the terms M & 6 to be consistent with our previous ex-
perience about the relationship between polar and rectangular coordinates (Eq. 30-8 and 30-9).
Third, we followed the mathematical consequences of these actions, arriving at what the correct
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polar form of a complex number must be, i.e., M(cosf + j sinf). Even though this logic is
straightforward, the result is difficult to see with "intuition." Unfortunately, it gets worse.

[Ipexne ueM caenath CASAYIOMIMM AT, JaBalTe caenaeM 0030p TOro, KaKk Mbl JOCTHUTIIH 3TOTO
NyHKTa. Bo mepBbIX, MBI Janu aiaredpanydeckoil (opMe KOMIJIEKCHOTO 4HMCiIa Trpaduyueckoe
MIpe/ICTaBJICHHUE, TO €CTh PACIIONIOKEHHE B IBYMEPHOMN IIOCKOCTU. BO BTOPBIX, MBI OIpeeaiin
TepMHuHBI M U 6, 4TOOBI OBITH COBMECTUMBIMH C HAITUM TPEIBIIYIIAM OMBITOM OTHOCHTEIHHO
OTHOIIEHUN MEXIY MOJISIPHBIMUA U MPAMOYTOIBHBIME KoopAuHaTamMu (ypaBHenue 30-8 u 30-9).
Tperbe, MBI clleOBaId 32 MAaTEMATHYECKUMHU TIOCTEACTBUSAMH ITHUX ICHCTBHIA, JOCTUTAS, YTO
noysipHasi (popMa KOMIUIEKCHOTO YHCJIa JOJDKHA OBITh NMPaBWIBHOW(KOPPEKTHOM), TO €CTbh,
M(cosf + j sinf). [laxxe PUTOM, YTO 3TO MpsiMast JIOTHKA, Pe3yJbTaT TPYAHO MPEIBUACTH "HH-
TyuTuBHO". K coxanenuto, 3To yxyamaercs(HeOIaronpusTHO).

One of the most important equations in complex mathematics is Euler's relation, named for the
clever and very prolific Swiss mathematician, Leonhard Euler (1707-1783; Euler is pronounced:
"Oiler"):

Onno u3 Hambojee BaXHBIX YpaBHCHHH B KOMIUICKCHONW MaTeMaTHKE - OTHoOlIeHHe Jiijiepa,
Ha3BAHHOC TMIO MMCHHU YMHOI'O M OYCHbL IIJIOJOBUTOI'O IJ.IBGfIL[ElpCKOI‘O MaT€MaTHKa, .HGOHapIIO
Oiinepa (1707-1783; Diinep oobsBnen: "HedTsaauk"):

YPABHEHUE 30-11 'y .
OrtHouienue Diisiepa. ITO - KIIOYEBOE YPABHEHUE JIUIS KCIIONB30BAHUS KOM- € J: = COSX tjsINnx
TUTEKCHBIX YUCEIT B HAYKE U TEXHUKE.

If you like such things, this relation can be proven by expanding the exponential term into a Tay-
lor series:

Ecnu Be1 mo6ute Takue BElM, 3TO OTHOLLIEHUE MOXKET OBITh I0Ka3aHO, pa3BOpadyuBas IMokKasa-
TEJIbHBIM TEPMHUH B psax Tennopa:

+ E,:_

=0 I'.II r |‘: I |I|

The two bracketed terms on the right of this expression are the Taylor series for cos(x) and
sin(x). Don't spend too much time on this proof; we aren't going to use it for anything.

JIBa 3aKJIFOYCHHBIX B CKOOKHM TEpPMHHA B MPABOW YacCTH ATOTO BBIpaXEHHS - psan Teimopa as
cos(x) u sin(x). He TpaThTe CIUIIKOM MHOTO BpPEMEHHU Ha ATO JOKA3aTEIbCTBO; MBI HE UIEM K
TOMY, YTOOBI MCTIOJIB30BAaTh 3TO ISl YeTO-HUOYIb.

Rewriting Eq. 30-10 using Euler's relation results in the most common way of expressing a com-
plex number in polar notation, a complex exponential:

IIpu nepesamucu ypaBHeHuss 30-10 ucnomnp3yst oTHOLIeHHME Diijiepa NMPUBOAUT K Haubojee
OOBIYHOMY IYTH BBIPQXXEHHs KOMIUIEKCHOI'O UYHMCJIa B MOJIIPHOH cucteMe 00O03HadeHUi, KOM-
IUIeKCHASAI(CJI0:KHAS ) MOKAa3aTelbHast QyHKUMS:

EQUATION 30-12 0
Exponential form of complex numbers. The rectangular form, on the left, is equal to & ] b = Me/
the exponential polar form, on the right.

YPABHEHHUE 30-12

IMokazatenbHas hopma KOMILIEKCHBIX urce. [IpsMoyronbHast popMa, caeBa, BIAETCA PABHON MMOKa3aTeIbHOM IM0-
nsapHO# hopme, cripasa.
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Complex numbers in this exponential form are the backbone of DSP mathematics. Start your un-
derstanding by memorizing Eqgs. 30-8 through 30-12. A strong advantage of using this exponen-
tial polar form is that it is very simple to multiply and divide complex numbers:

KommniexkcHble yncna B 3To mokazaTenbHoi hopme - ocHoBa maremaTuku LIOC. 3anycrute Ba-
e noHuManue, 3anoMuHas ypaBHeHus 30-8 no 30-12. CunbHOE MPEMMYILECTBO MCIOIb30Ba-
HUSI TOH NOKa3aTeabHOM NOJSPHON POPMBI COCTOUT B TOM, YTO OYEHb MPOCTO YMHOXKATh U Je-
JIUTh KOMILJIEKCHBIE YUCIIA:

- i L] fil, = By}
YPABHEHHE 30-13 M. M,e™ = M M,e :
VYMHOKEHHE KOMIUIEKCHBIX YHCEl. | |

118
YPABHEHME 30-14 .'l.fl & Ad WB -8
JleneHne KOMIUIEKCHBIX YUCEN. & ———1 —_] )
M, e™™ M,

That is, complex numbers in polar form are multiplied by multiplying their magnitudes and add-
ing their angles. The easiest way to perform addition and subtraction in polar form is to convert
the numbers to rectangular form, perform the operation, and reconvert back into polar. Complex
numbers are usually expressed in rectangular form in computer routines, but in polar form when
writing and manipulating equations. Just as Re( ) and Im( ) are used to extract the rectangular
components from a complex number, the operators Mag( ) and Phase( ) are used to extract the
polar components. For example, if, then Mag(A4) = 5 and Phase(A4) = n/7.

To ecTh KOMIUIEKCHBIE YHCTIa B TIOJSPHON (opMe YMHOXKEHBI, YMHOXAas WX BEJIMYUHBI U TIPH-
OaBmsisi(ckmanpiBasi) ux yribl. CaMblii MPOCTOW CHOCOO HCIIONHATH CIIOKEHUE W BBIYHTA-
HHUe(CyOTpakLuio) B MOJSPHOM (OpME COCTOUT B TOM, YTOOBI MpeoOpa3oBaTh YMCIA B MPSAMO-
YTOJIbHYIO (hOpMY, HCIIONHATH OTEpAIHio, ¥ MOBTOPHO MPeoOpa3oBhIBaTh Ha3al B MOJSPHYIO.
KomMmrekcHbie dncina 0OBIYHO BBIPAKAIOTCS B MPSMOYTOIBHOU (hOpME B KOMITBIOTEPHBIX IOJ-
porpaMMax, HO B IOJIIPHOHN ()OpMe MpH 3alMCH B YIPABICHUU YpaBHEHUsAMU. Takxke, kak Re( )
u Im( )UCTIONB3YIOTCS, YTOOBI U3BJICYb MPSIMOYTOJILHBIE KOMITOHEHTHI U3 KOMIUIEKCHOTO YHUCIIA,
oneparopsl Mag( ) wu Phase( ) wmcnonb3yroTcsi, 4TOOBI M3BJEYh MOJSIPHBIE KOMIOHEHTH. Ha-
npumep, eciiu = 4 = 5¢™", torma Mag(A) =5 u Phase(A) = n/7.

Using Complex Numbers by Substitution

Hcnonb3oBanue KoMieKCHbIX YKces 3aMellieHMeM (II0JICTAHOBKOM)

Let's summarize where we are at. Solutions to common algebraic equations often contain the
square-root of a negative number. These are called complex numbers, and represent solutions
that cannot exist in the world as we know it. Complex numbers are expressed in one of two
forms: a + bj (rectangular), or Me (polar), where j is a symbol representing V-1 Using either
notation, a single complex number contains two separate pieces of information, either a - b, or M
- 0. In spite of their elusive nature, complex numbers follow mathematical laws that are similar
(or identical) to those governing ordinary numbers.

JlaBaiiTe CyMMUpPOBaTh, 7€ MBI - B. PemeHnss 0ObIYHBIX anredpandeckux ypaBHEHHUH 4acTo CO-
JIepKaT KBAJApPaTHbIM KOPEHb OTPULATENBHOr0 uncia. OHM Ha3bIBAIOTCSA KOMIUIEKCHBIMU YHCIIa-
MU, ¥ IPEJCTABIISIOT PELIEHUs, KOTOPbIE HE MOTYT CYIIIECTBOBATh B MUPE, TOCKOJIKY MbI 3HaeM
310. KoMIiekcHbIe ymcna BBIpaXXEHBI B OAHOM U3 IBYX (GopM: a + bj (IpAMOYTOJIbHOM), WK

Me" (MOMSAPHOIA), T/Ie j - TIpeacTaBnenHne cuMBona ¥ |, Vcrone3ys wiam cucteMa 0603HAUSHHIA,
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€IMHCTBEHHOE(OT/IEIbHOE) KOMIUIEKCHOE YUCIIO COJACPKHT JIBE OTAEIbHBIX YacTH MH(OpMAIIHH,
a— b, umu M - 6. HecMoTpst Ha UX HEYJIOBUMBIN XapakTep(IPUPOAY), KOMIUIEKCHBIE YHCIIA ClIe-
AYIOT 3@ MATCMATHUYCCKUMHU 3dKOHAMH, KOTOPLIC SABJIAIOTCA aHAJIOTUIHBIMU (I/IJ'II/I I/II[GHTI/I‘-IHBIMI/I)
3aKOHAM YIPaBJISIFOIIAM OOBIYHBIMH YHCIIAMH.

This describes what complex numbers are and how they fit into the world of pure mathematics.
Our next task is to describe ways they are useful in science and engineering problems. How is it
possible to use a mathematics that has no connection with our everyday experience? The answer:
If the tool we have is a hammer, make the problem look like a nail. In other words, we change
the physical problem into a complex number form, manipulate the complex numbers, and then
change back into a physical answer.

9TO OIMHUCBIBACT TO, YEM KOMILIICKCHBIC YHCJIa ABJIAIOTCA U KaK OHHU BIIMCBIBAIOTCA B MI/Ip ‘II/ICTOﬁ
MareMaTtukd. Hama ciemyromias 3amada COCTOUT B TOM, YTOOBI OMUCATh IyTH, KOTOPHIMU OHH
SABJIAKOTCA ITOJIC3HBIMU B HayKe U TCXHUYCCKUX npo6neMax. KaK BO3MOXHO HCIIOJIb30BAaTh MaTc-
MAaTHKY, KOTOpasi HE UMEET HUKAKOW CBSI3U C HAIlIUM Ka)KAOJHEBHBIM onbIToM? OTBET: Ecnu un-
CmpymMenm, KOmopblili Mbl UMeeM - MOJOMOK, 3ACMA8UM NpodIemy HAnOMUHAmMsb 26030b. Jlpyru-
MH CJIOBaMH, MBI 3aMeHsIeM (U3UUECKYIO MpodiieMy B (hOpMy KOMILJIEKCHOTO YHCIIA, YIIPABIIsIEeM
KOMIUICKCHBIMU YHCIIAMU, U 3aT€M U3MEHSIeM Ha3aJl B GU3MUYECKUN OTBET(CMBICT).

There are two ways that physical problems can be represented using complex numbers: a simple
method of substitution, and a more elegant method we will call mathematical equivalence.
Mathematical equivalence will be discussed in the next chapter on the complex Fourier trans-
form. The remainder of this chapter is devoted to substitution.

Nmerores aBa MyTH, KOTOPHIMU (PU3UYECKUE MPOOIIEMBI MOTYT OBITH TIPECTABICHBI, HCIIOIbB3YS
KOMIUICKCHBIE YHCIIa: MPOCTOM METOJ 3aMelleHus(IOJCTAaHOBKH), U 0oJiee M3SAIIHBIA METON
Ha3bIBAEMBII MaTeMaTH4YecKasi IKBUBAJIEHTHOCTh. MareMaTnieckasi 3KBUBAJICHTHOCTh OyjeT
o0cCy’kJieHa B CIEAYIOIIEH TTIaBe 1Mo KoMniekcHoe npeoobpazosanue Pypve. OCTATOK ITOH TIIaBBI
TTOCBSIIEH 3aMeHe(TI0/ICTAHOBKE).

Substitution takes two real physical parameters and places one in the real part of the complex
number and one in the imaginary part. This allows the two values to be manipulated as a single
entity, i.e., a single complex number. After the desired mathematical operations, the complex
number is separated into its real and imaginary parts, which again correspond to the physical pa-
rameters we are concerned with.

3amenieHne(MOCTAaHOBKA) OepeT JBa peadbHBIX(BEIIECTBEHHBIX) (U3MUECKUX IapaMeTrpa Hu
pasMemacT OANMH B BCUHICCTBCHHYIO YaCTh KOMIIJICKCHOT'O YMUCJIa U OAWH B MHUMYIO 4YacCThb. 910
MO3BOJISICT JIBYM 3HAYCHHSM YIPABIATHCS KaK €IUHOMY OOBEKTY, TO €CTh, OTIEIBHOE KOM-
wiekcHoe yucio. [locie xenaTenpbHBIX MaTeMaTHYECKUX OMepaIuii, KOMIJIEKCHOE YUCIIO OT/e-
JICHO B €r0 BEIIECTBCHHBIC U MHHMBIC YacTH, KOTOPhIE CHOBA COOTBETCTBYIOT (PM3NYECKUM Ta-
pameTpaM, Mbl 3aUHTEPECOBAHBI.

A simple example will show how this works. As you recall from elementary physics, vectors can
represent such things as: force, velocity, acceleration, etc. For example, imagine a sailboat being
pushed in one direction by the wind, and in another direction by the ocean current. The resulting
force on the boat is the vector sum of the two individual force vectors. This example is shown in
Fig. 30-3, where two vectors, A and B, are added through the parallelogram law, resulting in C.

[Ipocroii mpumep mokaxeT, kak 3To padotaer. Kak Bel moMHUTE U3 3NIeMeHTapHON (PU3UKU, BEK-
TOPBI MOTYT MPEJCTABIATh TaKWE BEIIU KaK: CUJIa, CKOPOCTh, YCKopeHue, u T.1. Hampumep, Bo-
(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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o0pa3ure mapycHyIo ILTIONKY, MOMEIIAeMYI0 B OJHOM HAalpaBJIEHUH BETPOM, M B JIPYIOM Ha-
IPaBJICHUN OKEAaHMYECKUM TEUEHHEM. 3aKaHYMBAIOLIAsACsA CUJIa Ha JIOAKE - BEKTOPHAs cCyMMa U3
JBYX MHAMBHUyaJIbHBIX BEKTOPOB CHJIbL. DTOT IpUMEp MoKa3biBaeTcs B puc. 30-3, rue aBa Bek-
Topa, A u B, clio)eHbl yepes3 3aKOH napajuienorpamma, npuBojs kK C.

We can represent this problem with complex numbers by placing the east/west coordinate into
the real part of a complex number, and the north/south coordinate into the imaginary part. This
allows us to treat each vector as a single complex number, even though it is composed of two
parts. For instance, the force of the wind, vector A, might be in the direction of 2 parts to the east
and 6 parts to the north, represented as the complex number: 2 + 6;. Likewise, the force of the
ocean current, vector B, might be in the direction of 4 parts to the east and 3 parts to the south,
represented as the complex number: 4 - 3j. These two vectors can be added via Eq. 30-1, result-
ing in the complex number representing vector C: 6 + 3;. Converting this back into a physical
meaning, the combined force on the sailboat is in the direction of 6 parts to the north and 3 parts
to the east.

MpbI MOXKEM MPEACTABIATH ATy MPOOJIEMy C KOMIUIEKCHBIMH YUCJIAMH, TIOMEIasi BOCTOK/3amaj
KOOpPAMHATY B JACUCTBUTEIbHYIO YacTh KOMIUIEKCHOTO YHCIIA, U CEBEpP/IOT KOOPIWHATY B MHHU-
MYIO 9acTh. JTO MO3BOJISET HAaM 00pabaThIBaTh KaX bl BEKTOP KaK IEIbHOE KOMIUIEKCHOE YHC-
710, Aake MPUTOM, YTO OHO COCTaBJICHO U3 ABYX 4acted. Hanmpumep, cuna BeTpa, BEKTOp A, MOr-
7a ObI OBITH B HAIIPABJICHUU 2 YaCTH HA BOCTOK M 6 4acTel Ha ceBep, MPEICTAaBICHHbIN KaK KOM-
MJIEKCHOE YHcIio: 2 + 6j. AHAJIOTMYHO, CHJIa TE€UYEHUs OKeaHa, BEKTop B, moria Obl OBITH B Ha-
IIPABJIEHUU 4 YaCTH HA BOCTOK M 3 4acTU Ha IOT, IPEJICTaBICHHON KaK KOMIUIEKCHOE YHUCIIO: 4 -
3j. OTu nBa BEKTOpa MOTYT OBITH CJIOKEHBI 4yepe3 ypaBHeHHE 30-1, MpUBOIS K KOMIJIEKCHOMY
yuciy, npeacrasisomemMy Bekrop C: 6 + 3;. [IpeoOpa3oBbiBast 3Ty 3aJHIOI0 YacTh B (PU3HUECKOE
3HauYCHHE, 00bEIMHEHHAs CUJIa Ha MAapyCHOM ILTIONKE - B HANMpaBJIeHUH 6 JacTel Ha ceBep W 3
YacTH Ha BOCTOK.

Could this problem be solved without complex numbers? Of course! The complex numbers
merely provide a formalized way of keeping track of the two components that form a single vec-
tor. The idea to remember is that some physical problems can be converted into a complex form
by simply adding a j to one of the components. Converting back to the physical problem is noth-
ing more than dropping the ;. This is the essence of the substitution method.

Ora npobiieMa Moria ObITh pemieHa 6e3 komruiekcHbIX yrcen? Koneuno! KomruiekcHbie dncna
poCTO 00ecreunBaT (HOPMAITN30BAHHBIN ITyTh CICKEHHS 32 IBYMS KOMIIOHEHTAMH, KOTOPBIC
GbOpMUPYIOT €IMHCTBEHHBIN(OTIENBHBIN) BEKTOP. M1es MOMHUTH COCTOUT B TOM, YTO HEKOTO-
pbie dpuzudecKue mpooaeMbl MOTYT OBITh MPE0OPa30BaHbl B KOMILIEKCHYIO (hOpMY, TPOCTO MPH-
0aBisis j K OJHOMY M3 KOMIOHEHTOB. [IpeoOpazoBanue Ha3zad K pu3HuecKoi mpodiemMe He HUUTO
0O0JIBIIIE YeM MOHKEHHUE j. DTO - CYITHOCTh METOJIa 3ameuyeHus(MOACTAaHOBKH ).

Here's the rub. How do we know that the rules and laws that apply to complex mathematics are
the same rules and laws that apply to the original physical problem? For instance, we used Eq.
30-1 to add the force vectors in the sailboat problem. How do we know that the addition of com-
plex numbers provides the same result as the addition of force vectors? In most cases, we know
that complex mathematics can be used for a particular application because someone else said it
does. Some brilliant and well respected mathematician or engineer worked out the details and
published the results. The point to remember is that we cannot substitute just any problem into a
complex form and expect the answer to make sense. We must stick to applications that have been
shown to be applicable to complex analysis.
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Nmeercs npenarcTBue(3arpyaHenne). Kak Mbl 3HaeM, 4TO mpaBuiia M 3aKOHBI, KOTOpBIE 00pa-
IIAI0TCS K KOMIUIEKCHOW MaTeMaTHKe - T€ JK€ caMble MIPaBUJIa U 3aKOHBI, KOTOpbIE 00palatoTCs
K TNepBOHAYaIbHON (u3nueckoil nmpobieme? Hampumep, Mbl ucmonb3oBanu ypaBHeHue, 30-1,
YTOOBI CJIOKUTh BEKTOPBI CUJIBI B IIpo0sieMe ¢ mapycHoi nuntonkoil. Kak Mbl 3HaeM, 4To cioxe-
HHUE KOMIUIEKCHBIX YHCEN 00eCIeUnBaeT TOT )K€ CaMblil pe3yJbTaT KaK CIOKEHHE BEKTOPOB CH-
7b1? B OOJBIIMHCTBE ClIy4yaeB, Mbl 3HAE€M, YTO KOMIUIEKCHAsI MaTEMaTHKa MOKET UCIIOJIb30BaTh-
sl s cnenrn(UIecKoro MpUiIokKeHus, IOTOMY 4TO KTO - TO €IIe cKa3all, 4To 3To jaenaer. Heko-
TOPBIN OJIECTSIIUI ¥ CHJIBHO yBa)kKaeMblii MaTEMATUK WM MHXKEHEp pa3paboTall MoApOOHOCTH U
u3gan pe3ynbrathl. IIyHKT, 4TOOBI IOMHUTH - TO, YTO MBI HE MOXEM 3aMEHSTh TOJIBKO JIIO0YIO
po0jeMy B KOMIUIEKCHYIO (OpMYy M OKHMIATh, YTO OTBET OyJIEeT MMETh CMbICI. MBI JOKHBI
MIPUICPKHUBATHCS TPHIOKEHUH, KOTOPBIE MOKA3aJIMCh, YTOOBI OBITH NMPUMEHUMBIMH K KOM-
IUIEKCHOMY aHaJIM3Yy.

Naorth

FIGURE 30-3

Adding vectors with complex numbers. The
vectors A & B represent forces measured with
respect to north/south and east/west. The
east/west dimension is replaced by the real part
of the complex number, while the north/south
dimension is replaced by the imaginary part.
This substitution allows complex mathematics
to be used with an entirely real problem.
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PUCYHOK 30-3

CrnoxeHne BEKTOPOB C KOMILJIEKCHBIMH 4HCTa-
Mu. Bextopsl A u B npencTaBisor cuisl, U3-
MEpEHHBIE OTHOCHTENFHO CeBepa/iora U BOCTO-
Ka/3anana. Bocrok/3anan usmepeHue 3aMeHEHO ?
BEIIECTBEHHON YacThI0O KOMIUIEKCHOTO YHCIIa, £
B TO BPEMsI KaK CEBEP/IOT M3MEPEHHE 3aMEHEHO
MHHMOW 4acThl0. DTa 3aMEHa IMO3BOJIIET KOM-

-—

IUIEKCHOM MaTeMaTHKe MCIOJIb30BaThCs C MOJ- ' | B8 1 % F 4 f & T &
HOCTBIO peallbHOM(BEMIECTBEHHON) TMpoliie- +— Heal axis —=
MOM. South

Let's look at an example where complex number substitution does not work. Imagine that you
buy apples for $5 a box, and oranges for $10 a box. You represent this by the complex number: 5
+ 10j. During a particular week, you buy 6 boxes of apples and 2 boxes of oranges, which you
represent by the complex number: 6 + 2j. The total price you must pay for the goods is equal to
number of items multiplied by the price of each item, that is, (5 + 10j ) (6 + 2j ) = 10 + 70;. In
other words, the complex math indicates you must pay a total of $10 for the apples and $70 for
the oranges. The problem is, the answer is completely wrong! The rules of complex mathematics
do not follow the rules of this particular physical problem.

JaBaiiTe paccMOTpuM MpUMep, T/Ie 3aMeHa KOMIUIEKCHOTO YHciia He paboTtaeT. BooOpaswure, uto
Brl nokymaere s6010ku 1o $5 3a sk, u anenbcunsl Mo $10 3a smuk. Bel npencrarisere 3To
KOMIUIEKCHBIM uuciom: 5 + 10j. B teuenune cnenuduyeckoit Henenu, Bol mokynaere 6 sSmMkoB
070K W 2 sIIUKa anellbCMHOB, KOTOpPhie BBl mpeacTaBisieTe KOMIUIEKCHBIM 4YuCIOM: 6 + 2j.
[Tonnas nena, koTopyio Bbl JOJKHBI OIJIATUTh 3a TOBAp, pPaBHA YKCIY IPEIMETOB, YMHOXKEH-
HBIX IIEHOM KaKJI0TO 3JIeMeHTa(ImyHKTa), To ecTh (5 + 105) (6 + 2j) = 10 + 70j. pyrumu cnoBa-
MU, KOMIUICKCHasi MaTeMaTHKa YKa3bIBaeT, YTO BbI TOKHBI OIUIATUTH 00Iee KoarmuecTBo $10
st ss6ok 1 $70 mist anenbcuHOB. [IpoGiema, oTBeT MONHOCTHIO HenpaswieH! [IpaBuia KoM-
MJICKCHOM MaTeMaTHKU HE CIEAYIOT 3a MpaBUiiaMH 3Toil cnienuduueckoil ¢puznyeckoit mpoodie-
MBI.
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Complex Representation of Sinusoids
Kommniiekcnoe IlpeacraBienune Cunycouns

Complex numbers find a niche in electronics and signal processing because they are a compact
way to represent and manipulate the most useful of all waveforms: sine and cosine waves. The
conventional way to represent a sinusoid is: M cos(wt + ¢) or Acos(w?) + Bsin(wt) in polar and
rectangular notation, respectively. Notice that we are representing frequency by w, the natural
frequency in radians per second. If it makes you more comfortable, you can replace each w with
2nf to make the expressions in hertz. However, most DSP mathematics is written using the
shorter notation, and you should become familiar with it. Since it requires two parameters to rep-
resent a single sinusoid (i.e., 4 & B, or M & ¢), the use of complex numbers to represent these
important waveforms is a natural. Using substitution, the change from the conventional sinusoid
representation to a complex number is straight-forward. In rectangular form:

KommuiekcHble uncia HaXOAST HUMLY B 3JEKTPOHUKE M 00pabOTKe CUTHAJIOB, IOTOMY YTO OHH -
KOMITaKTHBIA CIIOCcO0 MPEeACTaBNsATh M YHPABIATh Haubosiee MOJIe3HBIMU M3 BCeX ()OPM BOJHBI:
CHHYCOM M KOCHHYCOM BOJIHBI. OOBIYHBIN CIIOCOO MPEACTaBIATh CUHycouny: M cos(wt + ¢) umun
Acos(wt) + Bsin(wf) B MONSIPHON U MPSIMOYTOJBHON crcTeMe 0003HAYeHUI, COOTBETCTBEHHO.
OOpaTtuTte BHUMaHHE, YTO MBI NPEACTABIISAEM YaCTOTY @, COOCMBEHHAs 4acmoma B paouaHax 6
cexynoy. Ecnu 910 nenaet Bac Gonee ynoOHbIME, BBl MOXKeTe 3aMEHATh KaXkA0TO @ € 27f, YTOOBI
JenaTh BeIpakeHue B repuax. Omnako, 6onpimnHcTBO MateMatnku [{OC HamucaHo, UCTIONB3YS
0oJee KOPOTKYIO crucTeMy 0003Ha4YeHHi, 1 BBl TOMKHBI 03HAKOMUTKCS ¢ Hell. Tak kak 3To Tpe-
Oyer, 4TOOBI /1Ba MapaMeTpa NpeACTaBIIN €UHCTBEHHYIO(OTIEIbHYI0) CUHYCOUAY (TO €CTh, A U
B, wnu M u ¢), ucnonb3oBaHrne KOMIUIEKCHBIX YHCEN, YTOOBI IPEICTAaBUTh 3TU BakKHbIE (POPMBI
BOJIHBI - Oekap. Vicnonp3ys 3amelieHne, n3MEHEHHE OT OOBIYHOTO MPEACTABICHHUS CHHYCOUIBI B
KOMITIEKCHOE yuciio npsmo(straight-forward). B mpsmoyronbao# hopme:

Acos{u) + Bsin{a) = a+fbh
( Obviunoe npedcmasnenue) (KOMIIEKCHOE YUCTO)

where = and &+ - & Putin words, the amplitude of the cosine wave becomes the real part of
the complex number, while the negative of the sine wave's amplitude becomes the imaginary
part. It is important to understand that this is not an equation, but merely a way of letting a com-
plex number represent a sinusoid. This substitution also can be applied in polar form:

I'ne, A=« u B+ -& V3naras B cioBax, aMIUIMTYZa BOJIHBI KOCUHYCAa CTAHOBUTCS BEIECTBEH-
HOHM Y9aCThI0 KOMIUIEKCHOTO YHCIIa, B TO BPEMsI KaK He2amue aMILTUTY bl CHHYCOUIATbHON BOJI-
HBI CTAHOBHUTCSA MHHUMOM 4JacTbhblo. BaxxHO IOHATH, YTO 3TO - HC YPABHCHHC, HO IMPOCTO NIYTh pa3-
peIICHUST KOMIJICKCHOMY YHCITy TPEICTABISITh CHHYCOMIY. DTa 3aMeHa TaKKe MOXKET MpUMe-
HSTBCS B TIOJISIPHOU (opme:

Mcos{wt + ) = Me'®

( Obviunoe npedcmasnenue) (KOMIIEKCHOE YUCTO)

where A =M and Y~ - @ In words, the polar notation substitution leaves the magnitude the
same, but changes the sign of the phase angle.
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Ine, M« M u = @ B cnopax, noispHas 3aMeHa CHCTEMbI 0003HAYEHHIT OCTABIISET BEITHUMHY
TOH kK€ caMOM, HO M3MEHSET 3HaK (pa3oBOTO yria.

Why change the sign of the imaginary part & phase angle? This is to make the substitution ap-
pear in the same form as the complex Fourier transform described in the next chapter. The sub-
stitution techniques of this chapter gain nothing from this sign change, but it is almost always
done to keep things consistent with the more advanced methods.

[Touemy m3MeHsieTcss 3HaK MHMMOM 4yacTu M (pa3oBoro yria? DTo JOKHO 3aCTaBUTh 3aMEHY
MOSIBUTHCS B TOM k€ caMoil hopMe Kak KomniekcHoe npeodopasosanue Pypve, ONIUCAHHOE B Clle-
nyrolel rinase. MeToabl 3ameujeris STON TIIaBbl HE MI0JIy4al0oT HUYTO OT 3TOW 3aMEHbI 3HaKa, HO
3TO MOYTH BCETAA JeJaeTcs, YTOObl COXPAaHUTh BEUIM COBMECTUMBIMH C OoJjiee MPOJBUHYTHIMU
METOJIaMHU.

Using complex numbers to represent sine and cosine waves is a common technique in electrical
circuit analysis and DSP. This is because many (but not all) of the rules and laws governing
complex numbers are the same as those governing sinusoids. In other words, we can represent
the sine and cosine waves with complex numbers, manipulate the numbers in various ways, and
have the resulting answer match the way the sinusoids behave.

Hcnonp3oBanne KOMILUICKCHBIX YHUCCII, I{T06LI MMpEACTaBUTL CHHYC U BOJIHBI KOCUHYCA - 06LI‘{Ha$I
Metoaunka B Teopun 1eneit u [{OC. D10 - TO, MOTOMY 4TO MHOTO (HO HE BCE) MPABUII M 3aKOHOB,
YHOpapJIAOMUX KOMIUICKCHBIMUA YUCIIAMH - TC K€ CaMBIC KaK TC, YIPABJIAIONIUC CUHYCOUAAMU.
Jpyrumu cioBamu, Mbl MOKEM MPECTABIATH CHHYC U KOCHHYCA BOJHBI KOMITJIEKCHBIMU YHCIa-
MU, YIIPABJIATh YUCIIaMU Pa3JIMUHbIMU CHOCO6aMI/I, U UMCEThH 3aKquHBaIOIHHﬁCﬂ OTBCT, COOTBECT-
CTBYIOIUHN yTH(00pa3y), KOTOPBIM CHHYCOHUIBI BETYyT CEOsI.

However, we must be careful to use only those mathematical operations that mimic the physical
problem being represented (sinusoids in this case). For example, suppose we use the complex
variables, 4 and B, to represent two sinusoids of the same frequency, but with different ampli-
tudes and phase shifts. When the two complex numbers are added, a third complex number is
produced. Likewise, a third sinusoid is created when the two sinusoids are added. As you would
hope, the third complex number represents the third sinusoid. The complex addition matches the
physical system.

OpnHako, MbI JOJKHBI ObITh BHUMATENbHBIM, YTOOBI MCHOIb30BaTh TOJIBKO T€ MaTEeMAaTUUYECKUE
OTlepaliy, KOTOpbIE MOJpaXKatoT (PU3NUECKON MpencTaBiseMol mpobiemMe (CHHYCOMIbl B 3TOM
ciydae). Hampumep, mpennosioxkure, YTo Mbl UCHOJB3YEM KOMILJIEKCHBIE NepeMeHHble, 4 U B,
YTOOBI MPEICTAaBUTh JIBE CUHYCOUBI TOM K€ CAMON 4aCTOThI, HO C Pa3IMYHBIMU AMIUIUTYIAMH U
casuramu (as. Korjga 3Ti 1Ba KOMIUIEKCHBIX YHCIa CII0XKEHbI, TPEThE KOMIUIEKCHOE YUCIIO MPO-
U3BEJICHO. AHAJIOTUYHO, TPEThSI CUHYCOU/Ia CO3[laHa, KOTAa 3TH JBE CUHYCOU[bI cloxkeHsl. [1o-
CKOJIbKY BBl Hazesuinch Obl, TPETb€ KOMIUIEKCHOE YHUCIIO IMPEACTaBISET TPEThIO CHUHYCOUY.
KommiekcHoe ciiojkeHne COOTBETCTBYET (PU3NYECKON CHCTEME.

Now, imagine multiplying the complex numbers 4 and B, resulting in another complex number.
Does this match what happens when the two sinusoids are multiplied? No! Multiplying two sinu-
soids does not produce another sinusoid. Complex multiplication fails to match the physical sys-
tem, and therefore cannot be used.

Tenepp, BOOOpa3uTe yMHOKEHUE KOMIUIEKCHBIX uyucel 4 u B, mpuBojdiiee K APyroMy KOM-
MJIEKCHOMY YHCITy. DTO COOTBETCTBYET TOMY, YTO CIY4YaeTcs, KOI/la 3TU JIB€ CHHYCOUIbl YMHO-
*KeHbl? Hem! YMHOXEHHE ABYX CHHYCOHWJ HE MPOU3BOAUT APYTYI0 cuHycouay. KomrmiekcHoe
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YMHOKCHHC 6yz[eT HC B COCTOAHHUU COOTBECTCTBOBATH (1)H3H‘-I€CKOI>1 CUCTCMC, U IIOOTOMY HC MO-
KET UCIIOJIB30BaTHCA.

Fortunately, the valid operations are clearly defined. Two conditions must be satisfied. First, all
of the sinusoids must be at the same frequency. For example, if the complex numbers: 1 + 1j and
2 + 2j represent sinusoids at the same frequency, then the sum of the two sinusoids is represented
by the complex number: 3 + 3. However, if 1 + 1 and 2 + 2j represent sinusoids with different
frequencies, there is nothing that can be done with the complex representation. In this case, the
sum of the complex numbers, 3+ 3j, is meaningless.

K cuacteio, cipaBenMBBIC ONEPALMU SICHO OIpeesieHbl. J[Ba yCloBHsS JOJKHBI OBITH YIOBIIE-
TBOpEHBI. Bo MepBBIX, BCe CHHYCOU/IBI TOJDKHBI OBITH B TOM ke camoi yactote. Hampumep, ecnu
KOMIUIEKCHbIE uucna: 1+1j u 242/ npencraBisioT CHHYCOUIBbl OAHOW M TOM 4acTOTHI, TOTJa
CyMMa 3THX JIBYX CHHYCOHUJ MIpEACTaBIeHa KOMIUIEKCHbIM yuciaom: 3+3;. Onnako, ecnu 1+1j u
2+2j mpeACTaBISIIOT CUHYCOWJbl C Pa3IMYHBIMM YacCTOTAMU, HE MMEETCS HUYEro, YTO MOKET
OBITH ClI€JaHO C KOMILJIEKCHBIM Ipe/icTaBiIeHreM. B 3ToM citydae, cyMMa KOMIUIEKCHBIX YHUCEIL,
3+3j, ssBasieTcst 6eCCMBICTICHHOM.

In spite of this, frequency can be left as a variable when using complex numbers, but it must be
the same frequency everywhere. For instance, it is perfectly valid to add: 2o + 3wj and 3w + 1j,
to produce: 5o + (3w + 1)j. These represent sinusoids where the amplitude and phase vary as
frequency changes. While we do not know what the particular frequency is, we do know that it is
the same everywhere, i.e., ©.

HecMoTtpst Ha 3TO, yacTOTa MOXKET OBITh OCTaBJIICHA KAaK TMEpeMEHHas MPU UCTIOIb30BAHUU KOM-
TUIEKCHBIX YHCEII, HO ATO JOJDKHO OBITH Ta )K€ caMas 4acTtoTa Bcioy. Hampumep, 310 coBepIieH-
HO MMEET CHIIy, 4TOOBI cloKuTh: 20 + 3w/ and 3w + 1j, yToOsl mpousBecTu: S® + (3w + 1))
OHM NPEeNCTaBISIOT CHHYCOU/IBI, TJC aMIUTUTY 1A M )a3a H3MEHSIOTCSI C M3MEHEHHUEM YacTOThL. B
TO BpeMs KaK Mbl HE 3HaeM, KaKoBa criennuueckas 4acToTa, Mbl 3HAeM, YTO ITO - TOT K€ CaMbIi
BCIOZY, TO €CTh, (.

The second requirement is that the operations being represented must be /inear, as discussed in
Chapter 5. For instance, sinusoids can be combined by addition and subtraction, but not by mul-
tiplication or division. Likewise, systems may be amplifiers, attenuators, high or low-pass filters,
etc., but not such actions as: squaring, clipping and thresholding. Remember, even convolution
and Fourier analysis are only valid for linear systems.

Bropoe TpeboBaHue - TO, UTO MpECTaBIsIEMblE ONEPALUN TOJKHBI ObITh JTUHEWHBI, KaK 00CyX-
JCHO B I'JIaBE€ 5. HaHpI/IMCp, CUHYCOHUbI MOTYT GBITB O6’be,Z[I/IH€HBI CJIOJKECHUEM U BBIYHNTAHU-
eM(cyOTpakiueii), Ho He yMHOKCHHEM WJIH JCICHHEeM. AHAJIOTUYHO, CUCTEMBI MOTYT OBITh yCH-
JINTCIIN, aTTCHIOATOPHI, (bHJIBTpBI BBICOKHMX HW)XHHUX 4aCTOT, U T.4., HO HC TaKHC HeﬁCTBHH KaK:
BO3BEJCHUE B KBaJpaT, OTceueHHe(cpe3aHue; orOpachiBaHUE; OrpaHUYCHUE(OJHOCTOPOHHE)) U
noporoBasi 00padotka. [lomHuTe, UeTHas cBepTKa M aHaiau3 Oypbe UMEIOT CHITY TOJIBKO IS JIH-
HEUHBIX CUCTEM.

Complex Representation of Systems
Kommnuexkcnoe Ilpeacrasienne Cucrem
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Figure 30-4 shows an example of using complex numbers to represent a sinusoid passing
through a linear system. We will use continuous signals for this example, although discrete sig-
nals are handled the same way. Since the input signal is a sinusoid, and the system is linear, the
output will also be a sinusoid, and at the same frequency as the input. As shown, the example
input signal has a conventional representation of: 3cos(wt + m/4), clipping or the equivalent ex-
pression: 2.1213 cos(wt ) - 2.1213 sin(wz ). When represented by a complex number this be-
comes: 3¢’ or 2.1213 + j2.1213. Likewise, the conventional representation of the output is:
1.5cos(wf - m/8), or in the alternate form: 1.3858cos(wt ) + 0.5740sin(w?). This is represented by
the complex number: 1.5¢™ or 1.3858 - 70.5740.

Pucynok 30-4 mokaspIBaeT mpUMEpP HCIOJIb30BAHUS KOMIUICKCHBIX YHCEI, YTOOBI MPEICTAaBUTh
CHUHYCOUJY, TIPOXOSIIYI0 Yepe3 JUHEHHYI0 cucTteMy. Mbl Oy/eM HCIOJb30BaTh HEMPEPHIBHBIE
CUTHAJIBI ISl ATOTO TIPUMEPA, XOTS TUCKPETHBIE CUTHAIBI 00pabOTaHBl TEM K€ CaMbIM ITyTEM.
Tak kak BXOAHOW CUTHAJ - CHHYCOUa, U CUCTeMa JIMHEHHA, BBIXOJ] OyJeT Tak:Ke CHHYCOU/Ia, U B
TOHM kK€ caMOl 4acToTe Kak BBOJA. Kak mokazaHo, BXOJHOW CHUTHaJ MpUMEpa MMEET OOBIYHOE
npenacrasieHue: 3cos(w? + m/4), wiu 3KBUBaJIeHTHOE BhIpaxeHue: 2.1213cos(w?) - 2.1213sin(w?).
Korna npencraBieHo KOMIUIEKCHBIM YMCIIOM 3TO CTAHOBUTCS: 3¢7™* unm 2.1213 + j2.1213. Ana-
JIOTUYHO, OOBIYHOE TpEJCTaBIeHUEe BbIXoaa: 1.5cos(w? - n/8), uau B ITOMOTHUTENHHOU dopMme:
1.3858cos(wt ) + 0.5740sin(w?). DTO MPEACTABICHO KOMIIJICKCHBIM YHCIIOM: 1.5¢™® wn 1.3858 -
j0.5740.

The system's characteristics can also be represented by a complex number. The magnitude of the
complex number is the ratio between the magnitudes of the input and output (i.e., M,,/M,, ).
Likewise, the angle of the complex number is the negative of the difference between the input
and output angles (i.e., - [D,ur - @iy ]). In the example used here, the system is described by the
complex number, 0.59°™®. In other words, the amplitude of the sinusoid is reduced by 0.5, while
the phase angle is changed by -3n/8.

XapaKkTepUCTUKU CUCTEMBI MOTYT TaK)Ke OBITh IIPEICTABICHbI KOMIUIEKCHBIM YKciIoM. Bennunna
KOMIUIEKCHOTO YHCIIa - OTHOIIEHUE MEXAY BEIMYMHAMH BBOJA U BBIBOJA (TO €CThb, M,,/My,).
AHaJIOrMYHO, YroJi KOMILJIEKCHOTO YUCIIA - Heamug pa3inuyuns MeXay YIJlaMd BBOJA U BBIBOJIA
(To ectb, - [Dyy - Diy]). B mpumepe, UCHoNb3yeMOM 3/1€Ch, CUCTEMA OMUCaHA KOMILJIEKCHBIM
anciom, 0.5, Hpyrumu ciioBamu, amMIuiuTyJa CUHYCOWAbl cokpamieHa 0.5, B TO BpeMsi Kak
(a3oBbIi yron uaMeHeH -3m/8.

The complex number representing the system can be converted into rectangular form as: 0.1913 -
7 0.4619, but we must be careful in interpreting what this means. It does not mean that a sine
wave passing through the system is changed in amplitude by 0.1913, nor that a cosine wave is
changed by -0.4619. In general, a pure sine or cosine wave entering a linear system is converted
into a mixture of sine and cosine waves.

KoMriekcHoe 9ucio, MpeacTaBisioniee CUCTEMY MOXKET OBITh MPEoOpa3oBaHO B MPSIMOYTONb-
Hyto ¢opmy kak: 0.1913 -7 0.4619, HO MBI AOTKHBI OBITH BHUMATEIHHBIM B UHTEPIIPETALIMH YTO
3TO O3HA4aeT. DTO He nodpazymesdaem, 9YTO CUHYCOUTANIbHAS BOJIHA, POXOsIas Yepe3 CUCTe-
My, u3MeHeHa B ammuutyne 0.1913, Hu To, 4TO BOJNIHA KOocHHYyca m3MeHeHa -0.4619. Booobie,
(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

YHCTBIA CHHYC WJIM KOCHHYC BOJIHBI BBOJIa B JIMHEHHOH cucTeme mpeoOpa3oBaHbl B CMECh BOJH
KOCHHYCa U CHHYCa.
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FIGURE 30-4

Sinusoids represented by complex numbers. Complex numbers are popular in DSP and electronics because they are
a convenient way to represent and manipulate sinusoids. As shown in this example, sinusoidal input and output sig-
nals can be represented as complex numbers, expressed in either polar or rectangular form. In addition, the change
that a linear system makes to a sinusoid can also be expressed as a complex number.

PUCYHOK 30-4. Cunycounsl, NpeAcTaBIEHHbIE KOMIITIEKCHBIMH YHCIAMU.

KommiekcHble uncna nomyssipasl B [JOC u aseKTpoHUKe, IIOTOMY 4TO OHH - YIOOHBIH CHOCOO NpENCTaBIATh U
YIPaBIATh CHHYcOMIaMu. Kak moka3aHo B 3TOM IpUMepe, CHHYCOUIAIbHBIC CUTHAJIBI BBOJIA M BBIBOJA MOTYT OBITh
MIPE/ICTABIICHBI KaK KOMIUICKCHBIC YHCIIA, BEIPAXKCHHBIC WK B ITOJSIPHOW WIIM B IIPSIMOYTroyibHOM (opme. Kpome To-
ro, I3MEHEHHE, KOTOPOE JIMHEIHAsI CUCcTeMa JIellaeT K CHHYCOUJIE, MOXKET TakKe OBITH BBIPAXKEHO KaK KOMIUIEKCHOE
YHCIIO.

Fortunately, the complex math automatically keeps track of these cross-terms. When a sinusoid
passes through a linear system, the complex numbers representing the input signal and the sys-
tem are multiplied, producing the complex number representing the output. If any two of the
complex numbers are known, the third can be found. The calculations can be carried out in either
polar or rectangular form, as shown in Fig. 30-4.

K CHaCTblO, KOMIUICKCHAA MAaTCeMaTHKa aBTOMATUYCCKH CJIICAUT 3a 3THMHU IMEPCCCKAOMHNMUCIT
tepMuHamMu. Korjma mpoXonbl CHHYCOHMJBI uYepe3 JMHEHHYI0 CHCTEMY, KOMIUICKCHBIC 4YHCIIa,
MPEJICTABIISIFOIINE BXOJHOW CHUTHANT M CUCTEMY VMHOJICeHbl, TIPOU3BOJS KOMIUICKCHOE YHCIIO,
npejcTaBisionee Bixoa. Ecim moboe AByX M3 KOMIUIEKCHBIX YHCET M3BECTHO, TPETHE MOXKET
OBITH HaiiieHo. BeIuucieHust MOTyT OBITh BBIIOJIHEHBI WM B TOJSPHONW WIN B MPSAMOYTOJIEHOU
dbopwme, Kak 1mokazaHo B puc. 30-4.

In previous chapters we described how the Fourier transform decomposes a signal into cosine
and sine waves. The amplitudes of the cosine waves are called the real part, while the ampli-
tudes of the sine waves are called the imaginary part. We stressed that these amplitudes are ordi-
nary numbers, and the terms real and imaginary are just names used to keep the two separate.
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Now that complex numbers have been introduced, it should be quite obvious were the names
come from. For example, imagine a 1024 point signal being decomposed into 513 cosine waves
and 513 sine waves. Using substitution, we can represent the spectrum by 513 complex numbers.
However, don't be misled into thinking that this is the complex Fourier transform, the topic of
Chapter 31. This is still the real Fourier transform; the spectrum has just been placed in a com-
plex format by using substitution.

B nmpenpiaynux riaaBax Mbl onmmcand, Kak npeoOpa3zoBanne Dypre aHanu3upyeT(pacuyieHSET)
CUTHAJ B BOJHBI KOCHHYCA M CHHYCAa. AMIUTMTYAbI BOJH KOCHHYCA Ha3bIBAIOTCS BeleCmMBeHHOU
yacmuio, B TO BpeMs KaK aMILTUTY/Ibl CHHYCOUAANBHBIX BOJIH HA3bI8AIOMC MHUMOU 9acTbio. Mbl
MOYEPKHYIIH, YTO 3TU AMILTUTY/IbI - OOBIUHBIC YHCIIA, U TEPMUHBI, 8eujecmeerHvle U MHUMbLE -
TOJIbKO Ha3BaHUs, OOBIYHO HCIOJIB3YEMOE COXPAHSATH ATH JBa OTJENIbHO. Tenepb, KOrjga KOM-
TJICKCHBIC YHcia ObUTA TIPEICTABICHBI, 3TO JOJHKHO OBITh BEChbMa OYEBHIHO, OTKY/Ia HA3BAHUS,
ucxonar. Hanpumep, BooOpasute curaan u3 1024 todek, pacuieHEHHBIA B BOJHBI 513 KOCHHY-
coB U 513 cuHycommanbHBIX BONH. MCHonb3ys 3aMelIeHre, MBI MOXKEM IPEICTaBIATh CIEKTP
513 komruiekcHbIME YHciamMu. OHaKo, HEe OybTE BBEACHBI B 3a0JIyKACHUE TyMmasi, YTO ITO SIB-
JsieTcs KOMIUIEKCHBIM TipeoOpa3oBanueM Dypbe, Tema riaBsl 31. 310 - Bce ellie BEeIEeCTBEHHOE
npeobpazoBanre Dyphe; CIEKTP TOIBKO YTO OBLI MOMEIICH B KOMIUIEKCHBIA (hopMaT, HCIOJIb-
3ysl 3aMelIeHHeE.

Electrical Circuit Analysis

Teopus dIeKTpUYeCKHUX Henei(cxem)

This method of substituting complex numbers for cosine & sine waves is called the Phasor
transform. It is the main tool used to analyze networks composed of resistors, capacitors and
inductors. [More formally, electrical engineers define the pharos transform as multiplying by the
complex term: ¢ and taking the real part. This allows the procedure to be written as an equa-
tion, making it easier to deal with in mathematical work. “Substitution” achieves the same end
result, but is less elegant].

DTOT METOJ] 3aMEHbI KOMIUIEKCHBIX YHCEJI JIs1 BOJIH KOCUHYCA U BOJIH CHHYCa HA3bIBAETCS BEK-
TOPHOI TpaHCPOPMAHTOI. DTO - OCHOBHON MHCTPYMEHT, OOBIYHO HCIIOJIB3YEeMbIH I aHaTu3a
LIeTe, COCTABJIEHHBIX W3 PE3UCTOPOB, KOHACHCATOPOB M KaTylIEeK WHIYKTHUBHOCTU. [bonee
(hopManbHO, HHXKEHEPHI - SJEKTPUKU ONPEICISIIOT BEKTOPHYIO TPaHC(HOPMAHTY KaK YMHOKEHHUE
KOMIIJIEKCHBIM TEPMHUHOM: ¢®' ¥ B3sITHE BEIIECTBEHHOMN YacTH. JTO TIO3BOJISET nporenaype ObITh
HAMMCaHHOMW, KaK ypaBHEHHUE, o0jerdas BO3MOKHOCTh UMEET JIeJI0 B MaTEeMaTHYECKON padore.
"[loncranoBka" TOCTUTAET TOTO K€ CAMOTO KOHEYHOT'O Pe3ysIbTaTa, HO MEHee U3SIIHa|.

The first step is to understand the relationship between the current and voltage for each of these
devices. For the resistor, this is expressed in Ohm's law: v = iR, where i is the instantaneous cur-
rent through the device, v is the instantaneous voltage across the device, and R is the resistance.
In contrast, the capacitor and inductor are governed by the differential equations: i = C dv/dt, and
v = L di/dt, where C is the capacitance and L is the inductance. In the most general method of
circuit analysis, these nasty differential equations are combined as dictated by the circuit con-
figuration, and then solved for the parameters of interest. While this will answer everything
about the circuit, the math can become a real mess.

IlepBbIii m1ar HEOOXOMMO MOHATH OTHOIICHHUS MEXIY TOKOM M HaNpsHKEHUEM JUIS KaxXJI0ro U3
3TUX YCTpOMCTB. st pe3ucTopa, 3To BeipakeHo B 3akoHe OMa: v = iR, r1ie i - MTHOBEHHBIN TOK
4yepe3 yCTPOMCTBO, V - MTHOBEHHOE HAIIPSKEHUE IONEPEK YCTPOMCTBA, U R - COIPOTHUBIICHHUE.
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HampoTtuB, KOHIEHCAaTOp W KaTylIKa WHIyKTUBHOCTH YMPABISIOTCS U depeHranbHo-
pasHocTHBIMU ypaBHeHUsMHA: [ = C dv/dt, u v = L di/dt, tne C - eMKOCTh U L - UHIYKTUBHOCTh. B
OOJBIIMHCTBE OOMIMX METOJOB CXEMHOIO aHalli3a, 3TH NPOTUBHBIC AU(epeHIInaIbHO-
pa3HOCTHBIC YpaBHEHUSI OOBEIMHEHBI, KaK MPOAUKTOBAHO KOH(HTYypalMeld CXeMBbl,  3aTeM pe-
IICHBI JJIs TAPaMETPOB, MPEACTABISIONINX HHTEPEC. B TO BpeMs Kak 3TO OTBETHT, YTO BCE OTHO-
CUTEJIbHO CXEMBI, MATEMAaTHKa MOXKET CTaTh PeabHBIM(BEIIECTBEHHBIM) OECTIOPSIIKOM.

This can be greatly simplified by restricting the signals to be sinusoids. By representing these
sinusoids with complex numbers, the difficult differential equations can be directly replaced with
much simpler algebraic equations. Figure 30-5 illustrates how this works. We treat each of these
three components (resistor, capacitor & inductor) as a system. The input to the system is the si-
nusoidal current through the device, while the output is the sinusoidal voltage across its two ter-
minals. This means we can represent the input and output of the system by the two complex
variables: / (for current) and V (for voltage), respectively. The relation between the input and
output can also be expressed by a complex number. This complex number is called the imped-
ance, and is given the symbol: Z. This means:

DTO MOXET OBITh OYCHB YIPOIICHO, OTPAaHMYMBAs CUTHAIbI, YTOOBI OBITH cuHyconaamu. Ilpen-
CTaBIISIl 3TU CHUHYCOUJbl KOMILJICKCHBIMH YHUCIIAMH, TPYAHbIE Oughgepenyuanvhvie ypaBHEHUS
MOTYT OBITh HETIOCPE/ICTBEHHO 3aMEHEHBI HAMHOTO 00Jiee MPOCTBIMHU aeebpauyecKkumu ypaBHe-
HusiMu. Pucynok 30-5 wimoctpupyeT, kak 31o paboraer. Mbl oOpabaTbiBaeM KaXKIbIi M3 3TUX
TpeX KOMIIOHEHTOB (PE3UCTOP, KOHJICHCATOP M KaTyIIKa MHIYKTUBHOCTH) Kak cucmemy. BBox k
CHCTEME - CHHYCOMJAIBHBIA TOK Yepe3 YCTPOICTBO, B TO BpeMs KaK BBIXOJ - CHHYCOUJAILHOE
HaIpspKeHHE TIOIEPeK ero ABYX TEPMHUHAIOB. DTO 03HAYAET, YTO MBI MOYKEM IPEACTABIISATH BBOJ
U BBIBOJI CHCTEMBI 3TUMH JIByMsI KOMIUIEKCHBIMU TMepeMEeHHBIMU: [ (1711 ToKa) U V (a7t Hamps-
KEHUs), COOTBETCTBEHHO. OTHOIIEHNE MEX/y BBOJAOM M BBIBOJJOM MOXET TaK)Xe OBITH BBIpaXKe-
HO KOMIUIEKCHBIM YHCJIOM. DTO KOMIUIEKCHOE YHMCJIO Ha3bIBACTCSI MMIEAAHCOM, U JJACTCS CHM-

BOJI: Z. DTO O3HAYaeT:
=7 ¥

In words, the complex number representing the sinusoidal voltage is equal to the complex num-
ber representing the sinusoidal current multiplied by the impedance (another complex number).
Given any two, the third can be found. In polar form, the magnitude of the impedance is the ratio
between the amplitudes of /" and /. Likewise, the phase of the impedance is the phase difference
between V and /.
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Resistor Capacitor Inductor
—i= - 3
-
® ‘i? W ==Y @

Aanplitude

Soplitide

FIGURE 30-5

Definition of impedance. When sinusoidal voltages and currents are represented by complex numbers, the ratio be-
tween the two is called the impedance, and is denoted by the complex variable, Z. Resistors, capacitors and induc-
tors have impedances of R, -j/oC and joL, respectively.

PUCYHOK 30-5. Onpenenenre ummneaanca.

Koraa cunycounganbHble HAMPSDKEHUST U TOKH MPECTaBICHbI KOMIUICKCHBIMU YMCIIaMK, OTHOIIeHHE(KodddurmeHt)
MEXIy dTUMHU JBYMS Ha3bIBACTCS UMHeOaHcom, 1 0003HaAUCHO KOMIUIEKCHOW IIepeMEeHHON, Z. Pe3ucTopsl, KOHACH-
CaTophbl M KATYIIKA HHAYKTUBHOCTH UMEIOT UMIIeJaHChl R, -j/oC 1 joL, COOTBETCTBEHHO.

This relation can be thought of as Ohm's law for sinusoids. Ohms's law (v = iR) describes how
the resistance relates the instantaneous current and voltage in a resistor. When the signals are
sinusoids represented by complex numbers, the relation becomes: V' = IZ. That is, the impedance
relates the current and voltage. Resistance is an ordinary number, since it deals with two ordinary
numbers. Impedance is a complex number, since it relates two complex numbers. Impedance
contains more information than resistance, because it dictates both the amplitudes and the phase
angles.

O 3TOM OTHOILEHUH MOXHO TyMaTh Kak 3axon Oma ons cunycoud. 3akoH OMa (v = iR) onucel-
BAaeT, KaK COnpomusieHue CBSI3aHO ¢ MTHOBEHHBIM TOKOM M HampspKeHHeM Ha pesucrope. Korma
CUTHAJIbI - CUHYCOUbI, MTPEJICTABICHBl KOMIIJIEKCHBIMHU YUCIIAMH, OTHOILIEHHE CTAaHOBUTCS: V =
1Z. To ecTh UMIIEIaHC CBS3BIBACT TOK M HampsbkeHHe. CONMPOTHBICHHE - OOBIYHOE YHCIIO, TaK
KaK 3TO MMeEET JIeJI0 C JIByMsl OOBIYHBIMM yHuciaMH. VIMIenaHc - KOMIUIEKCHOE YHUCIIO0, TaK Kak
3TO CBSI3BIBAET J[BA KOMIUIEKCHBIX YucCIa. VIMIIeaHC COAEPKUT MOAPOOHYI0 HH(OpMAIHIO, YeM
COIIPOTHBIIEHHE, TOTOMY UTO 3TO AUKTYET, M aMIUIUTY/Ibl U (Pa30BbIE yTJIbl.

From the differential equations that govern their operation, it can be shown that the impedance of
the resistor, capacitor, and inductor are: R, -j/wC, and jwL, respectively. As an example, imagine
that the current in each of these components is a unity amplitude cosine wave, as shown in Fig.
30-5. Using substitution, this is represented by the complex number: 1 + 0j. The voltage across
the resistor will be: V' =17 = (1+ 0j)R = R+ 0j. In other words, a cosine wave of amplitude R.
The voltage across the capacitor is found to be: V' = IZ = (1+0j)(-j/wC). This reduces to: 0 -j/wC,
a sine wave of amplitude, 1/wC. Likewise, the voltage across the inductor can be calculated: V' =
1Z=(1+0j)(JTL ). This reduces to: 0 + jwL a negative sine wave of, amplitude, oL.

Ot nmuddepeHmanTbHO-pa3HOCTHBIX ypaBHEHH, KOTOPBIE YIPABISIOT MX ONepaiueld, MOXKHO
[I0Ka3aHO, YTO MMIIEIAaHC PE3UCTOpa, KOHAEHCATOpa, U KaTyIIKH MHIYKTHUBHOCTH: R, -j/wC, u
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joL, coorBercTBeHHO. Kak mpumep, BooOpazuTe, YTO TOK B KaXJAOM M3 3THX KOMIIOHEHTOB -
BOJIHA KOCHHYCAa aMIUIMTYIIbl €IWHUIIBI, KaK Moka3aHo B puc. 30-5. Mcnone3ys 3ameHy, 3TO
IpeCTaBICHO KOMIUIEKCHBIM unciiom: | + 0j. Hanpsbkenue Ha pesucrope Oynet: V=17 = (1+
0j)R = R+ 0j. lpyrumu cioBaMu, BOJTHA KOCHHYCa aMIUTUTYIbI R. Hampsokenue Ha KOHAEHCATO-
pe HaiineHo, 4toosl ObITh: V = IZ = (1+0))(-j/wC). D10 mpuBoaut k: 0 -j/wC, cuHycouaaabHas
BOJIHA aMIUTUTY bl 1/wC. AHaIOruyHO, HaNpsHKEHHE Ha KaTyIIKe UHIYKTUBHOCTU MOXET OBITh
paccuurtano: V' =1Z= (1 + 0j )(jTL ). Oto npuBomut k: 0 + jowL oTpuuaTeibHas CUHYCOUIalb-
Hasl BOJIHA, aMIUIUTyAa, ®L.

The beauty of this method is that RLC circuits can be analyzed without having to resort to differ-
ential equations. The impedance of the resistors, capacitors, and inductors is treated the same as
resistance in a DC circuit. This includes all of the basic combinations, such as: resistors in series,
resistors in parallel, voltage dividers, etc.

Kpacora storo metoga cocrout B ToM, uTo RLC 11enu MOTyT OBITh TpOAaHATU3UPOBAHBI €3 TOTO,
9TOOBI UMETh HEOOXOIMMOCTH Mpuderath K nuddepeHmanbHbIM YpaBHEHUAM. M unedanc pes3u-
CTOPOB, KOHAECHCATOPOB, U KaTyIIeK UHAYKTUBHOCTH 00pabOTaH TOT e CaMblid KaK cOnpomug-
JleHue B TIeTIH TTOCTOSTHHOTO TOKa. JTO BKJIFOYAECT BCE OCHOBHBIC KOMOHMHAIIUH, THIIA: TTOCIIEIOBA-
TEJIbHBIE PE3UCTOPBL, TApAIIIEIbHBIE PE3UCTOPHL, ACIUTEIN HAIPSHKEHUS, U T.J.

FIGURE 30-6 Vin
RLC notch filter. This circuit removes a narrow band of frequencies from a sig-
nal. The use of complex substitution greatly simplifies the analysis of this and
similar circuits.

PUCYHOK 30-6

RLC ¢unbtp-npodka. ITa cxema yJaiseT y3KyIO MOJIOCY YaCcTOT OT CHUTHAJA.
Hcnonp3oBaHHe KOMIUIEKCHOW 3aMeHbI(3aMElIeHHsI) OYeHb YIPOIIAeT aHajIu3
9TOW U MOJOOHBIX IEMEH.

As an example, Fig. 30-6 shows an RLC circuit called a notch filter, used to remove a narrow
band of frequencies. For instance, it could eliminate 60 hertz interference in an audio or instru-
mentation signal. If this circuit were composed of three resistors (instead of the resistor, capaci-
tor and inductor), the relationship between the input and output signals would be given by the
voltage divider formula: v,,/vi, = (R2 + R3)/(RI + R2 + R3). Since the circuit contains capacitors
and inductors, the equation is rewritten with impedances:

Kax nmpumep, Ha puc. 30-6 nokazana RLC cxema Ha3bpiBaeMasi GUIBTP-MPOOKA, OOBIYHO UCITOJIb-
3yeMBbIi /ISl yAaleHusl y3KOH MOJIOChl 4yacToT. Hampumep, 3ToO MOTo ycTpaHsITh UHTephepeH-
o 60 repil B 3ByKOBOM WJIM KOHTPOJIBHO-U3MEPHUTENBHOM curHaiie. Eciu aTa cxema Obuia co-
CTaBJICHA U3 TPEX PE3UCTOPOB (BMECTO PE3UCTOPA, KOHACHCATOPA M KATYIIKW WHIYKTUBHOCTH),
OTHOIICHHS MEX/y CHTHAJIAaMH BBOJIA ¥ BBIBO/Ia OYIyT NaBaThesi (DOPMYIION MEUTENs HAMpsiKe-
HUS: Voud/Vin = (R2 + R3)/(R1 + R2 + R3). Tak kak cxeMa COJEPKUT KOHJIEHCATOPHI U KATYIIKU
WHIyKTUBHOCTH, YpPaBHEHHE TIEPE3aNMCAHO C UMIICTaHCAMHU:

Vour 22+ 723
Fin LI+ 22+ 23
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where: Vout, Vin, Z1, Z2, and Z3 are all complex variables. Plugging in the impedance of each
component:
I'ne: Vout, Vin, Z1, Z2, n Z3 - Bce KOMIUIEKCHBIE TTIepeMeHHbIe. [loKkouaeMbie B UMIIEAaHC Ka-
JKJIOr0 KOMITOHEHTA: _
fual — —£—
Four ' il

I
i R+ jwl L

ol

1.5 T

i Magminsde

L 1 I
k. Phase
~ 1

| | gl i

rail s

il Y N ——

Lmpdinede
hase

4 il
T

i 11 i 0% 1] (K 24

0.0 0.4 ]
Freguency (MHz)

Frequency (MHzr)
Pucynoxk 30-7. YacToTHas XapakTepucTHKa GUIBTPA-TIPOOKH. DTH KPUBBIE - JUII KOMIIOHEHTOB 3HaueHuit: R = 5002,
C=470pF, u L =54 pH.

Next, we crank through the algebra to separate everything containing a j, from everything that
does not contain a j. In other words, we separate the equation into its real and imaginary parts.
This algebra can be tiresome and long, but the alternative is to write and solve differential equa-
tions, an even nastier task. When separated into the real and imaginary parts, the complex repre-
sentation of the notch filter becomes:

3aTteM, MbI IPOKPYUHBAEM Uyepe3 anredpy, 4ToObl OTAEIUTH BCE COAEpIKAILEE j, OT BCEro, YTO HE
COJEPKMT j. [IpyruMu ciioBaMM, MbI OTAEJISIEM YPaBHEHUE B €I0 BELIECTBEHHbIC U MHUMBIE Yac-
TH. JTa anredpa MOXeT ObITh YTOMUTENIbHA W JUTMHHA, HO aJlbTepHATHBA JTOJDKHA 3aIMCHIBATH H
pemuTh AudpdepeHnaibHble ypaBHEHMs, YETHYI0 Oosiee MPOTHBHYIO 3a1auy. Korna otaeneHo B
BEIIECTBEHHBIE 1 MHUMBIE YaCTH, KOMITJICKCHOE TIpeIcTaBlIeHNe (puabTpa-nmpoOKH CTAaHOBUTCS:

Fonit k* o Rk

|I' ——
Vin R+ k* R+ k*
rae: k wd - 1ol

Lastly, the relation is converted to polar notation, and graphed in Fig. 30-7:
Hakownern, oTHomeHue mpeodpazoBaHo K MOJISAPHON cucTeMe 0003HaueHui, u rpaduky B puc. 30-

:]'

£ - liwC
Mag = - w Phaxe url.:l'dnl _]
wd - '

R+ [wL - lwC
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The key point to remember from these examples is how substitution allows complex numbers to
represent real world problems. In the next chapter we will look at a more advanced way to use
complex numbers in science and engineering, mathematical equivalence.

KnroueBoit myHKT, 4T0OBI HOMHHUTB OT 3THUX IPUMEPOB - TO, KaK 3ameHa(3ameujenue; noocma-
HO6KA) TIO3BOJISIET KOMIUIEKCHBIM YHCJIaM HPEACTAaBIATH pealbHbIC(BEIICCTBEHHBIE) MHUPOBHIC
npobaemsl. B cienyromeit rmaBe Mel OyieM cMOTpeTh Ha 0oJiee MPexAeBPEMEHHBIN CIIOco0 HMC-
II0JTb30BaTh KOMIUIEKCHBIC YHCTIa B HAYKE U TEXHUKE, MAMeMAmuieckoll IK8UBANIeHMHOCMU.
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