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CHAPTER .
The Complex Fourier Transform

3 ]_ Kommiekcnoe IlpeoopazoBanmne ®@ypbe

Although complex numbers are fundamentally disconnected from our reality, they can be used to
solve science and engineering problems in two ways. First, the parameters from a real world
problem can be substituted into a complex form, as presented in the last chapter. The second
method is much more elegant and powerful, a way of making the complex numbers mathemati-
cally equivalent to the physical problem. This approach leads to the complex Fourier transform,
a more sophisticated version of the real Fourier transform discussed in Chapter 8. The complex
Fourier transform is important in itself, but also as a stepping stone to more powerful complex
techniques, such as the Laplace and z-transforms. These complex transforms are the foundation
of theoretical DSP.

XOTsg KOMIIJIEKCHBIE YHUCiIa CYHICCTBCHHO Pa3bCAUHCHBI OT Hamei I[QI’ICTBPITCJILHOCTH, OHHU MO-
TYT HUCIOJIb30BATHCS, YTOOBI PEIIUTh HAyUHbIE U TEXHUYECKHE MpoOIeMbl IByMs criocobamu. Bo
HEePBBIX, MAPAMETPhI OT PEATbHON MUPOBOW MPOOIEMbI MOTYT OBITh 3aMEHEHBI B KOMITJIEKCHYIO
dbopMy, Kak TpEICTaBICHO B MPOLLION TiaBe. BTopoit MeTo HaMHOTO O0Jiee U3SAIICH U MOIIEH,
IMyTb CO3AaHUA KOMINJICKCHBIX YUCCII MAaTCMATUYCCKU 3KBUBAJICHT (bHBH‘ICCKOﬁ Hp06neMe. 9T1OoT
MOJIXOJ] BEJIET K KOMNIeKCHOMY npeobpazosanuio Pypwe, Oosee cIoKHas BEPCUS 8elyeCmEeHHO-
2o Ilpeobpaszosanus @ypwve, odcyxnenHoro B I'mase 8. Kommiekcnoe [IpeobpazoBanue @ypbe
Ba>XHO caMoO IIO C€6e, HO TaK»X€ M KakK Kpaeyronbﬂmﬁ KaMeHb K OoJree MOIIHBIM KOMIIJICKCHBIM
MeToJaM, Tuma npeoOpa3oBanuii Jlammaca u z-npeobpazoganuti. ITH KOMILIEKCHBIE TpaHChOop-
MaHTHI - ocHoBa Teopuu [{OC.

The Real DFT

BemecrBennoe 11D

All four members of the Fourier transform family (DFT, DTFT, Fourier Transform & Fourier
Series) can be carried out with either real numbers or complex numbers. Since DSP is mainly
concerned with the DFT, we will use it as an example. Before jumping into the complex math,
let's review the real DFT with a special emphasis on things that are awkward with the mathemat-
ics. In Chapter 8 we defined the real version of the Discrete Fourier Transform according to the
equations:

Bce getnipe unena cemeiicta nmpeodpazosanuit @ypose (AP, DTFT, Tpanchopmanra Oypre u
Psan ®@ypbe) MOryT OBITH BBIMOJIHEHBI WM C BEUIECTBEHHBIMU YHCIAMU WM C KOMIUIEKCHBIMU
yrcnamu. Tak xak 1OC riaBHbIM 00pa3zom 3auHTepecoBana B JI1®D, Mbl OynemM HCIOIB30BaTh
31O Kak mpumep. [lepea mepexoaoM B KOMIUIEKCHYIO MaTeMaTHKy, cliejJaeM 0030p BELIECTBEH-
Horo JII® co cnenuanbHbIM aKIIEHTOM Ha BELIAX, KOTOPBIE SBISIOTCA HEYKIIOKUMH C MaTema-
TUYECKON TOYKH 3peHus. B riaBe 8 Mbl onpeaeniv BeIeCTBEHHY0 BepcHto JIMCKpeTHOro mpe-
oOpa3zoBanune Oypbe COrIaCHO ypaBHEHHSIM:

EQUATION 31-1

The real DFT. This is the forward transform, calculating the fre- Re X[ &}
quency domain from the time domain. In spite of using the names:
real part and imaginary part, these equations only involve ordinary
numbers. The frequency index, &, runs from O to N/2. These are the
same equations given in Eq. 8-4, except that the 2/N term has been
included in the forward transform.

Y x[n] cos(2nkniN)

-"ll-\.-

3 v -
It X[k} _1: Y x[n] sin(2mkn/N
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31-1 YPABHEHUE

BemectBennoe [I1®. 310 — mpsimoe mpeodpa3oBaHue, BEIUUCICHAS YaCTOTHOTO JOMEHa OT JOMEHa BpeMeHH. He-
CMOTpS Ha WCIIONIb30BAaHUE HAa3BAHUU: 6elyecmeeHHds Yacmb WU MHUMA Y4ACmb, STH YPaBHEHUS BKIIOYAIOT B Ce-
0s1(TToIpa3yMeBaroT) TOIBKO OOBIYHBIE YnCIa. YacTOTHBIN WHAEKC, k, BEIMonHAeTCs OT 0 10 N/2. OHHE - Te xKe caMbie
ypaBHEHHS, JaHHBIEC B YpaBHEHUH §-4, 32 HCKIIOYEHHUEM TOTO, YTO TepMHUH 2/N OBUI BKIIOYEH B IpsAMOe mpeodpas3o-
BaHUE.

In words, an N sample time domain signal, x[n], is decomposed into a set of N/2 + 1 cosine
waves, and N/2 + 1 sine waves, with frequencies given by the index, k. The amplitudes of the
cosine waves are contained in ReX[k ], while the amplitudes of the sine waves are contained in
Im X[k]. These equations operate by correlating the respective cosine or sine wave with the time
domain signal. In spite of using the names: real part and imaginary part, there are no complex
numbers in these equations. There isn't a j anywhere in sight! We have also included the nor-
malization factor, 2/N in these equations. Remember, this can be placed in front of either the syn-
thesis or analysis equation, or be handled as a separate step (as described by Eq. 8-3). These
equations should be very familiar from previous chapters. If they aren't, go back and brush up on
these concepts before continuing. If you don't understand the real DFT, you will never be able to
understand the complex DFT.

B cnoBax, N BIOOpPOK CHUTHajIa IOMEHA BPEeMEHH, x[n], pacuieHeH B Habop BonH N/2 + 1 kocu-
Hyca, u N/2 + 1 CHHYCOMAAJIBbHBIX BOJIH, C YaCTOTaMH, JTaHHBIMU WHICKCOM, k. AMIUIUTYIbI
BOJIH KOCHHYcCa cofepxarcst B ReX[k], B To BpeMsl Kak aMIUTUTYbl CHHYCOUAAIBHBIX BOJIH CO-
nepxxurcst B Im X[k]. Dtu ypaBHEHUS ONIEPUPYIOT, KOppeaupysi COOTBETCTBYIOINTYIO BOJHY KOCH-
HyCa WIH CHHyCa C CUTHAJIOM JJOMEHa BpeMeHU. HecMOoTpsi Ha Wcmonbp30BaHNe Ha3BaHUM: geuyje-
CMBEeHHAs 4acmb U MHUMAS 4acmb, B TUX YPAaBHEHUSX HET HUKAaKHWX KOMILIEKCHBIX uncen. He
uMmeercs j rae-Hu0y1p B moje 3peHus! Mbl Takoke BKIIOUMIH K03 dunueHT(pakrop) HOpMaIn-
3auuu, 2/N B 3TH ypaBHeHUs. BcmoMHuTE, 3TO MOXKET OBITH OMEUIECHO WU Mepes] ypaBHEHUEM
CUHTE3a WIH YPaBHCHHMEM aHajn3a, WIH MOXET ObITh 00pa0OTaHO KaK OTAENbHBIA mar (Kak
OMHCaHO ypaBHEHHEM 8-3). DOTU ypaBHEHHUS JOJKHBI OBITh OUYEHb 3HAKOMBI U3 IMPEAbLAYIINX
riaB. Ecniu oHU 3a0BITHI, BO3BPATUTECh HAa3aJ] M MOpaboTaiiTe HaJ dTHMH KOHIICTIIUSMU MEpe]l
nponokenreM. Ecin Bel He moHumaere sewecmeennoco JIIID, Bel Hukorga He Oyzaere cro-
COOHBI IOHATH KomniekcHoe JIT1D.

Even though the real DFT uses only real numbers, substitution allows the frequency domain to
be represented using complex numbers. As suggested by the names of the arrays ReX[k], be-
comes the real part of the complex frequency spectrum, and /m X[k] becomes the imaginary
part. In other words, we place a j with each value in the imaginary part, and add the result to the
real part. However, do not make the mistake of thinking that this is the "complex DFT." This is
nothing more than the real DFT with complex substitution.

Haxe npu ToM, yto BemiecTBeHHOE /I[P ucnonp3yeTr TONbKO BEIIECTBEHHBIE YHCIIA, 3aMelle-
HUe(TIOJICTAHOBKA) TIO3BOJISIET YAaCTOTHOMY JIOMEHY OBITb MpedCmAasiieHHbIM, WUCTIONb3Ys KOM-
TJIeKCHBIE yucia. Kak mpeioxkeHo Ha3BaHUSMU MacCUBOB, ReX[k] CTaHOBUTCSI BEIIECTBEHHOM
Y4acThI0 KOMITJIEKCHOTO CIIEKTpa 4acToT, U Im X[k]| craHOBUTCS MHUMOW YacThio. J[pyrumu cio-
BaMH, MbI pa3MeIlaeM j ¢ KaXJAbIM 3HaY€HHEM B MHHUMOM YacTH, U MPUOABIIsIEM pe3ybTaT K Be-
niecTBeHHOM 4yactu. OfHaKo, He JeiaiTe OmMOKY M3 Pa3MBIIUICHUS, YTO ATO SBISETCA "KOM-
miekcHbIM JI1D." DTo He HUUTO OosbIne yeMm BemecTBeHHBIH J[IID ¢ KOMIICKCHBIM 3amelie-
HUEM(TTOJCTaHOBKOM ).

While the real DFT is adequate for many applications in science and engineering, it is mathe-
matically awkward in three respects. First, it can only take advantage of complex numbers

through the use of substitution. This makes mathematicians uncomfortable; they want to say:
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"this equals that," not simply: "this represents that." For instance, imagine we are given the
mathematical statement: 4 equals B. We immediately know countless consequences: 54 = 5B, 1
+ A =1+ B, A/ x = B/x, etc. Now suppose we are given the statement: 4 represents B. Without
additional information, we know absolutely nothing! When things are equal, we have access to
four-thousand years of mathematics. When things only represent each other, we must start from
scratch with new definitions. For example, when sinusoids are represented by complex numbers,
we allow addition and subtraction, but prohibit multiplication and division.

B 10 Bpems kak BewmectseHHoe 11D anekBaTHO U1 MHOTUX IPUJIOKEHUN B HAyKe U TEXHUKE,
3TO MaTEMaTUYECKN HEYKIIIOKE B TPEX OTHOLICHHSIX. BO MepBbIX, 3TO MOKET BOCIIOJIb30BATHCSA
MPEUMYIIECTBOM KOMILJIEKCHBIX YHCET TOJIBKO C TTOMOIIBIO 3aMEHBI(3aMEIICHUS; TTOJICTAHOBKH ).
DTO HEYJIOOHO JJIT MAaTEMaTUKOB; OHU XOTAT TOBOPHUTH: "3TO pasHno 3ToMy," HE MPOCTO: "ITO
npeocmasnsiem 310." Hampumep, BooOpa3uTe, HaM MAlOT MATEMAaTUYECKYH0 WHCTPYKIUIO: A
paBHsieTcst B. MBI HeMenJieHHO 3HaeM OecuucieHHbIe mociaeacTBus: SA =5B,1+A=1+ B, A/ x
= B/x, u 1.1. Tenepsb NpeAnonoxuTe, HaM al0T HHCTPYKIHIO: A mipencrasiseT B. be3 monomHu-
TeIbHON MH(pOpMAINK, Mbl HE 3HaeM a0conoTHO HU4ero! Koraa Beniy paBHbL, Mbl UMEEM JI0C-
TYI K YEThIPEM ThICSYaM JIET CYLECTBOBaHUS MareMaTuku. Korja Bemu TONbKO MPEeACTaBIsSIOT
JIpyr Jpyra, Mbl JOJDKHBI Ha4aTh Ha IYCTOM MECTE C HOBBIX omnpexaesneHuid. Hampumep, korna
CHUHYCOHJIbI MIPEACTABICHBl KOMIUIEKCHBIMU YUCJIAMH, MBI TIO3BOJISIEM CJIOKEHUE M BBIUUTAHUE,
HO 3aIpeIaeM YMHOXEHHUE U JCJICHUE.

The second thing handled poorly by the real Fourier transform is the negative frequency portion
of the spectrum. As you recall from Chapter 10, sine and cosine waves can be described as hav-
ing a positive frequency or a negative frequency. Since the two views are identical, the real Fou-
rier transform ignores the negative frequencies. However, there are applications where the nega-
tive frequencies are important. This occurs when negative frequency components are forced to
move into the positive frequency portion of the spectrum. The ghosts take human form, so to
speak. For instance, this is what happens in aliasing, circular convolution, and amplitude modu-
lation. Since the real Fourier transform doesn't use negative frequencies, its ability to deal with
these situations is very limited.

Bropas Bemp, mioxo oOpabaTkiBaeMasi BEIIECTBEHHBIM TpeoOpaszoBaHueM Dypbe - oTpula-
TeJbHasi 4yacToTa yactu crekrpa. Kak Bel nomuuTe u3 riasel 10, BOJIHBI CHHYCa U KOCUHYCA
MOTYT OBITh OMHMCAHBI KaK HAIUYUE NOI0HCUMENbHOU YACTOTHl WIH OMpUuyamensHoli 4acToThI.
Tak xak JBa MpeacTaBleHUs(BUA) UICHTUYHBI, BEIIECTBEHHOE Npeodpa3zoBanue Pypbe UTrHO-
pupyeT oTpHUIaTeabHble 4acTOThl. OAHAKO, UMEIOTCS MPUIIOKEHUS, TJIe OTPUIIATENIbHBIE YaCTOTHI
BaXXHBI. JTO IIPOUCXOIUT, KOTJA OTPHULATEIbHBIE YACTOTHBIE KOMIIOHEHTHI BBIHYKJEHBI JIBU-
raTbCsl B MOJIOKUTEIbHYIO YACTOTHYIO YacTh CHEKTpa. ['0BOpAT, mpu3paku NPUHUMAIOT YeJIOBe-
yeckuii o6nuk. Hampumep, 3T0 - TO, YTO CIy4aeTcsl B HAJIOKEHUH CIEKTPOB, KOJIBIIEBOW CBEpT-
KU, U aMIUIMTYIHOM Moaymsiiuu. Tak Kak BeulecTBeHHOE npeoOpazoBaHre Oypbe HE UCIOINb3Y-
€T OTpHUIATEIbHbIC YACTOTHI, €T0 CIIOCOOHOCTh UMEThH JIeNI0 ¢ ATUMHU CUTYallMsIMHU, OYEHb Orpa-
HUYECHA.

Our third complaint is the special handing of ReX [0] and ReX [/NV/2], the first and last points in
the frequency spectrum. Suppose we start with an N point signal, x[n]. Taking the DFT provides
the frequency spectrum contained in ReX [k] and ImX [k], where k runs from 0 to N/2. However,
these are not the amplitudes needed to reconstruct the time domain waveform; samples ReX [0]
and ReX [N/2] must first be divided by two. (See Eq. 8-3 to refresh your memory). This is easily
carried out in computer programs, but inconvenient to deal with in equations.

Hama tpetbs kanoba - cnenmnajbHoe ynpasJjenue ReX [0] u ReX [N/2], nepBbIMu U MOCHEN-
HUMU TOYKaMH B cIleKTpe yacToT. [IpeanonoxkuMm, 4To Mbl HaYMHaeM ¢ N TOUKM CUTHama, x[n].
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Bastue 1D obecreunBaeT CEKTp 4acToT, conepkamuiics B ReX [k] u ImX [k], Tne k Bbimon-
Hsercst ot 0 1o N/2. OnHaKo, OHU - HE aMIUTATYIbI, HEOOXOIUMBIE, YTOOBI BOCCTAHOBHUTH (hOpPMY
BOJIHBI IOMeHa BpeMeHU; BbIOOpkH ReX [0] u ReX [N/2] momxHbI cHadana ObITh pa3jelieHbl Ha
nBa. (Cm. ypaBHeHHUE 8-3, 4TOOBI OCBEKUTH Ballly MaMATh). ITO JIETKO BBITIOIHSICTCS B KOMITBIO-
TEPHBIX MMPOrPaMMax, HO HEYJOOHO, YTOOBI UMETH JIEJI0 B YPABHECHUSX.

The complex Fourier transform is an elegant solution to these problems. It is natural for complex
numbers and negative frequencies to go hand-in-hand. Let's see how it works.

KommiekcHoe mpeoOpaszoBanne Dypbe - U3AMIHOE PEIIEHUE ITHX MPoOIeM. DTO €CTECTBEHHO
JUTSE KOMIUIEKCHBIX YHCE U OTPULIATEBHBIX YacTOT, YTOOBI UATH "B3SBIIUCH 3a pyku'". JlaBaiite
MMOCMOTPHUM, KaK 3TO paboTaer.

Mathematical Equivalence
MartemaTnueckass JKBUBAJIEHTHOCTH

Our first step is to show how sine and cosine waves can be written in an equation with complex
numbers. The key to this is Euler's relation, presented in the last chapter:

Hamn mepBbIil mar J0mKeH MoKaszaTh, KaK BOJIHBI CHHYCa M KOCHHYCa MOTYT OBITh 3aITUCaHbI B
YpPaBHEHUU C KOMIUIEKCHBIMU yuciaaMu. Kitou K 3ToMy - OTHOIIEHHE Djepa, IpeACTaBICHHOE B
MIPOLLIJION IJIaBe:

YPABHEHME 31-2
OtHowuenue Ditnepa.

et cos(x) + Jsinix)
At first glance, this doesn't appear to be much help; one complex expression is equal to another
complex expression. Nevertheless, a little algebra can rearrange the relation into two other
forms:

Ha nepBblii B3risj, 3T0 KaXKeTcs, HE MHOI'O MTOMOLIM; OJHO KOMIIJIEKCHOE BBIPA)KEHUE PaBHO
JIPyroMy KOMIUIEKCHOMY BbIpaskeHHI0. OIHaKO, HEMHOTO anreOpbl MOXET MEePEeCTPOUTh OTHO-
IIICHHE B JIBE APYTUX POPMBI:

YPABHEHUE 31-3 coslx) "_ sinix) 'I'_
OTtHomIeHne Difiepa s CHHyca U KOCHHYCA. 2

This result is extremely important, we have developed a way of writing equations between com-
plex numbers and ordinary sinusoids. Although Eq. 31-3 is the standard form of the identity, it
will be more useful for this discussion if we change a few terms around:

DTOT pe3yjbTaT YPE3BBIYANHO Ba)KEH, MBI pa3paboTalid IMyTh 3alMCH YPaBHECHUH MEXTy KOM-
TUIEKCHBIMU YMCJIaMU U OOBIYHBIMU CHHYCOMIaMH. XOTs ypaBHeHue 31-3 - cranmapTtHas Gopma
TOXJIECTBa, 3TO OyAeT OoJee MOJIE3HO JJIA 3TOr0 OOCYXKIICHHUS, €CIIU Mbl H3MEHSIEM(3aMEHSICM )

HECKOJIbKO TEPMUHOB BOKPYT:
| Ji- i
s (| =g T+ =g
YPABHEHMUE 31-4 Be 'R N
CuHyconasl Kak KOMIUIEKCHBIE YHCia. VICmonp3ys KOMIUIEKCHBIE YHCIIa,
BOJIHBI KOCHHYCa M CHHYCa MOTYT OBITh 3aIlFICAaHBI KaK CyMMa IMOJIOKHUTEb- |
HOM M OTpULIATEIBHOMN YaCTOThI s ad =&’ —je
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Each expression is the sum of two exponentials: one containing a positive frequency (), and the
other containing a negative frequency (-®). In other words, when sine and cosine waves are writ-
ten as complex numbers, the negative portion of the frequency spectrum is automatically in-
cluded. The positive and negative frequencies are treated with an equal status; it requires one-
half of each to form a complete waveform.

Kaxmoe BelpakeHue - cyMMa JBYX MOKa3aTelIbHBIX (PYHKIUI: OJTHA COJACPKUT MOJIOKUTEIBHYIO
4acToTy (M), ¥ Apyrast COAEPKUT OTPUIIATEIBHYIO 4acTOTy (-m). Jpyrumu cioBamu, Koraa BOJI-
HBI CHHYCAa U KOCHHYCa 3allMCaHbl KaK KOMIIJICKCHBIC YHCIIa, OTPUIIATEIbHAS YacTh CIIEKTpa Yac-
TOT aBTOMATHYECKH BKIIOYCHA. [l0JIOKUTENBHBIE M OTPHIIATEIBHBIE YacTOThI 00pabOTaHBI C
PaBHBIM COCTOSHHEM; 3TO TpeOyeT MOJOBHUHBI KaX10H, 4ToObI (popMUpOBaTH MONHYIO (opmy
BOJTHBI.

The Complex DFT

Kommuiekcnoe AI1®D
The forward complex DFT, written in polar form, is given by:
[Tpsimoe xomruekcHoe JII1d, 3anucanHoe B OJIPHOM opMe, JaeTcs:

VYPABHEHUE 31-5 Tl -
Ipsimoe komrutekcHoe JI®T. Y nomeH Bpemenu, x[n], u momeH 4actotsl, X[k], Alk] v E-"'l'-' | b
SBJISETCA MACCUBAMM KOMIUIEKCHBIX YMCENl ¢ kK ¥ 71, BBIIOJHAIOIUMKCS OoT 0 10 o

N-1. DT0 ypaBHEHUE HAXOIMUTCS B TOJSIpHON (popme, Hanbonee oObranoM aitst LIOC.

Alternatively, Euler's relation can be used to rewrite the forward transform in rectangular form:
AJNBTEpHATUBHO, OTHOIIEHHE Diliepa MOXKET HCIIOIB30BaThCS, YTOOBI MEpe3anucaTh MPSMYIO
TpaHc(opMaHTy B IPSMOYTOIBHON (opMe:

YPABHEHUE 31-6 L "|I
Hpsmoit kommuiekcnpiii JAI® (npsvoyronshas gop- [k | e Y x|n]| cos(2mkniNY < fsin(2mkniN ]l,l
Ma), we i

To start, compare this equation of the complex Fourier transform with the equation of the real
Fourier transform, Eq. 31-1. At first glance, they appear to be identical, with only small amount
of algebra being required to turn Eq. 31-6 into Eq. 31-1. However, this is very misleading; the
differences between these two equations are very subtle and easy to overlook, but tremendously
important. Let's go through the differences in detail.

Haunnas, cpaBHUTE 3TO ypaBHEHUE KOMNIEKCHO20 npeobpazosanus Pypve ¢ ypaBHEHUEM geuje-
cmeenHo2o npeobpazosanus Oypbe, ypaBHenue 31-1. Ha mepBblil B3I, OHU KaXYTCS UICH-
TUYHBIMH, TOJIBKO C MAJICHbKHM KOJIMYECTBOM anreOpbl, TpedyeMoil, YToObl MOBEPHYTh ypaBHe-
Hue 31-6 B 31-1 ypaBaenue. O1HaKo, 3TO OYEHb BBOAMT B 3a0yKACHUE; PA3INUH MEXKAY ITH-
MU JIBYMsI YpaBHEHUSIMH OY€Hb TOHKHE U MPOCTHI IPOIMYCTUTh, HO Ype3BbIUaiiHO BakHbI. J{aBaii-
T€ MPOXOJUTD PA3TUYUS TOJPOOHO.

First, the real Fourier transform converts a real time domain signal, x[x], into two real frequency
domain signals, ReX[k] ImX[k]. By using complex substitution, the frequency domain can be
represented by a single complex array, X[k]. In the complex Fourier transform, both x[n] & X[k]
are arrays of complex numbers. A practical note: Even though the time domain is complex, there
is nothing that requires us to use the imaginary part. Suppose we want to process a real signal,
such as a series of voltage measurements taken over time. This group of data becomes the real
part of the time domain signal, while the imaginary part is composed of zeros.
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Bo mepBrix, mnpeoOpazoBanue Dypbe MpeoOpPa3OBBHIBAET CHTHAN JOMEHA PealbHOrO BPEMEHH,
x[n], B 1Ba BEIIECTBEHHBIX CUTHAJA YaCTOTHOTO AoMeHa, ReX[k] ImX[k]. Ucnonw3ys komIuiekc-
HYIO BaMeHy(BaMGH_IeHI/IC), JaCTOTHBIN JOMCH MOXKET GBITB npedcmaeﬂeﬁ €ANHbIM KOMIIJICKCHBIM
MaccuBoM, X[k]. B kommiekcHoM mipeoOpazoBanuu dypre, u x[n] u X[k] - MacCUBBI KOMITJIEKC-
HBIX YUCEII. HpaKTI/I‘-IeCKaH HOTa: I[axce MNPpUTOM, YTO JOMCH BPCMCHU KOMIIJIICKCCH, HC UMCCTCH
HUYETO, 4YTO mpeb08ano Ovl, 4TOOBI MBI UCIIOJIB30BATM MHUMYIO 4acThb. [Ipenrnonoxum, 9To Mbl
XOTHUM 00paboTaTh BELIECTBEHHBIN CUTHAJ, THIA Psa U3MEPEHUIN HANPSHKEHUS CIETaHHBIX Ye-
pe3 Kakoe-To BpeMs. JTa Tpynna JaHHBIX CTAHOBUTCS BEIIECTBEHHOW YaCThIO CHTHaja JOMEHA
BpPEMCHHU, B TO BpCMA KaK MHUMaAs 4aCTb COCTAaBJICHA U3 HYJIGP'I.

Second, the real Fourier transform only deals with positive frequencies. That is, the frequency
domain index, &, only runs from 0 to N/2. In comparison, the complex Fourier transform includes
both positive and negative frequencies. This means k runs from 0 to N-1. The frequencies be-
tween 0 and N/2 are positive, while the frequencies between N/2 and N-1 are negative. Remem-
ber, the frequency spectrum of a discrete signal is periodic, making the negative frequencies be-
tween N/2 and N-1 the same as between -N/2 and 0. The samples at 0 and N/2 straddle the line
between positive and negative. If you need to refresh your memory on this, look back at Chap-
ters 10 and 12.

Bo BTOpBIX, BemecTBeHHOE npeoOpasoBaHre Pypbe UMEET JeN0 TOJIBKO C MOJIOKUTEIbHBIMU
yacToTaMM. TO €CTh MHJEKC YaCTOTHOI'O JIOMEHa, k, BBIMONHSAETCS ToJbKO OoT 0 mo N/2. Jlns
CpaBHEHHUs, KOMIUIEKCHOE mpeolOpa3zoBaHue Dypbe BKIIOYACT, U TMOJOKHUTEIbHBIE U OTPHIIA-
TEJNBbHBIE YaCTOTHL. DTO 03HAYAET, YTO k BhimomHseTcs ot 0 qo N-1. Yactoter mexay 0 u N/2 mo-
JIO)KUTETILHBI, B TO BPEMs Kak 4acTOThl Mexay N/2 u N-1 orpunarenbHbl. BcrmomMHUTE, CIIeKTp
4acTOT JUCKPETHOTO CUTHAJA MEPHOJNYECKHIA, JIeasi OTPUIATeIbHbIC YaCTOThI MeXy N/2 u N-
1 Temu xe cambiMu Kak Mexay -N/2 u 0. Beidopku B 0 u N/2 xoneOGnroTcs(yABOCHBI?) MEXKIY
CTPOKOHM MEXIy MO3UTHBOM M HeraTHBOM. Eciu Bbl JOMKHBI OOHOBHUTH Ballly aMsITh HA ITOM,
OIITHUTECHh Ha3ax B riaBbl 10 u 12.

Third, in the real Fourier transform with substitution, a j was added to the sine wave terms, al-
lowing the frequency spectrum to be represented by complex numbers. To convert back to ordi-
nary sine and cosine waves, we can simply drop the j. This is the sloppiness that comes when
one thing only represents another thing. In comparison, the complex DFT, Eq. 31-5, is a formal
mathematical equation with j being an integral part. In this view, we cannot arbitrary add or re-
move a j any more than we can add or remove any other variable in the equation.

Tpetbe, B BemecTBEHHOM IpeoOpa3oBannu Pypbe ¢ 3aMeHOH, j OblT J0OaBIIeH K TEpPMUHAM CH-
HYCOMJIQIbHOM BOJIHBI, TIO3BOJISISL CHEKTPY YacTOT OBITh MPEACTaBIEHHBIM KOMIUICKCHBIMHU YHC-
namu. YToOBI mpeoOpa3oBbIBaTh Ha3aJ K OOBIYHBIM BOJIHAM CHHYCAa M KOCHHYCA, MBI MOXEM
IIPOCTO OITyCKAaTh j. DTO - CBIPOCTH, YTO IOJIY4aeTCs, KOTAA OJHA BEIb TOJBKO MPEACTABIIACT
apyryio Bemb. /i cpaBHenus, komiuiekcHoe JI1®, ypaBuenue 31-5, sBusercss (GopMalbHBIM
MaTEMaTUYECKUM YPaBHEHHUEM C j, SIBJSIIOIMIMMCS HEOTBEMIIEMOM 4acThl0. B 3TOM mpencrasie-
HUH(BUJE), MBI HE MOYKEM TPOU3BOJIBHO MPUOABIATH WM YJIANIATH j TAKXKE KaK, Mbl MOXEM IIpH-
0aBIATH UM yAAJIATH 000 IPYTyIO IEPEMEHHYIO B YPABHEHUH.

Forth, the real Fourier transform has a scaling factor of two in front, while the complex Fourier
transform does not. Say we take the real DFT of a cosine wave with an amplitude of one. The
spectral value corresponding to the cosine wave is also one. Now, let's repeat the process using
the complex DFT. In this case, the cosine wave corresponds to two spectral values, a positive and
a negative frequency. Both these frequencies have a value of S. In other words, a positive fre-
quency with an amplitude of S, combines with a negative frequency with an amplitude of S, pro-
ducing a cosine wave with an amplitude of one.
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Janbre, BemiecTBeHHOE mpeoOpazoBanue Dypre nMeer KodQOHUIMEHT MacTaOUPOBaHUS 08d
BIIEPEIH, B TO BpeMs Kak KOMIUIEKCHOE Npeodpa3zoBanue Pypne 3Toro He Aenaer. [ oBopuM, 4To
MbI 6epeM BemecTBeHHOE JI1D BomHBI KOCHHYCA ¢ aMIUTUTY 0 0dun. CTIEKTpaJIbHOE 3HAYCHHE,
COOTBETCTBYIOILIEE BOJIHE KOCHHYCa Takke OHO. Tenepsp, AaBaiiTe MOBTOPATH MPOLIECC, UCIIOJIb-
3yst koMiuiekcHoe JI[1®. B 3Tom ciydae, BoJIHA KOCHHYCAa COOTBETCTBYET JBYM CHEKTPAIbHBIM
3HAUEHUSM, TIO3UTHBY M OTPHUIIATEIbHON YacToTe. O0e 3TH 4acTOThl UMEIOT 3HaueHue S. [pyru-
MU CJIOBaMH, MOJIOKUTENbHAS YaCTOTa C aMIUIUTYA0H S, 00bEeIMHAETCS C OTPUIATEIFHOM YacTo-
TOW C aMIUIMTYI0H S, IPOU3BO/S BOJIHY KOCHHYCA C aMIUIUTYIOU 0OUH.

Fifth, the real Fourier transform requires special handling of two frequency domain samples:
ReX [0] & ReX [N/2], but the complex Fourier transform does not. Suppose we start with a time
domain signal, and take the DFT to find the frequency domain signal. To reverse the process, we
take the Inverse DFT of the frequency domain signal, reconstructing the original time domain
signal. However, there is scaling required to make the reconstructed signal be identical to the
original signal. For the complex Fourier transform, a factor of 1/N must be introduced some-
where along the way. This can be tacked-on to the forward transform, the inverse transform, or
kept as a separate step between the two. For the real Fourier transform, an additional factor of
two is required (2/N), as described above. However, the real Fourier transform also requires an
additional scaling step: ReX [0] and ReX [N/2] must be divided by two somewhere along the
way. Put in other words, a scaling factor of 1/N is used with these two samples, while 2/N is used
for the remainder of the spectrum. As previously stated, this awkward step is one of our com-
plaints about the real Fourier transform.

[TsToe, BemecTBeHHOE MTpeoOpa3oBanue Dypre TpedyeT crnennanbHoi 00paboTKH JBYX BHIOOPOK
4acTOTHOTO JIoMeHa: ReX [0] u ReX [N/2], Ho komIuIeKcHOE TipeoOpa3zoBanne Dypre He JeraeT.
[IpennonoxumM, YTO Mbl HAYMHAEM C CUTHaIa JIOMEHa BpeMmeHHu, u O6epem 1D, uTtoObl HaliTH
CHUTHAJI YaCTOTHOTO JoMeHa. YTOOBI MOJTHOCTHIO U3MEHATH Tporiecc, Mbl Oepem O6patHbiid J(I1D
CHUTHAJIa YaCTOTHOTO JIOMEHA, BOCCTaHABJIMBAs MEPBOHAYAIBHBIA CUTHAN JI0MeHa BpeMeHHu. O-
HAaKo, TaM MacITabupyeT TpeOyeMbIil, YTOOBI 3aCTaBUTh BOCCTAHOBJICHHBI CUTHAJI OBITh HICH-
TUYHBIM NIEPBOHAYAIBHOMY CUTHaNY. [ KoMIuiekcHOro npeodpazoBanust Dypee, kodhduim-
eHT 1/N pomxeH ObITh TPEACTABICH TIe-HUOYIb MO MyTH. DTO MOXET " MPUKPEIUIAThCS Ha " K
npsAMOil TpaHcopmaHTe, o0paTHOW TpaHc(OpMaHTe, MM COXPAHATHCS KaK OTICNIBHBIA IIar
Mexay nByms. Jns peanbHOro mpeodpazoBanusi Oypbe, JOMOIHUTEIbHBIN KO3PPUIIMEHT JBa
tpebyercs (2/N), kak onucaHo Bbime. OJHAKO, BellecTBEHHOE Npeodpa3zoBanne Dypre Takxe
TpeOyeT JOMOJHUTENBbHOTO 11ara MaciradupoBanus: ReX [0] u ReX [N/2] nomxkeH ObITh pasje-
JeH ABa rae-HuOynp mo myTH. M3maras npyrumu cioBamu, KO3((UIIMEHT MacIITaOupOBaHHS
1/N ucnons3yeTcs C STUMHU JIBYMsI BHIOOPKaMH, B TO BpeMsl Kak 2/N WUCIIONb3yeTCs NIl OCTaTOU-
HOTO 4JIeHa OT cnekTpa. Kak nmpeaBapuTenbHO 3asBICHO, TOT HEYKIIOKUH IIar - OHA U3 HAIIUX
’Ka100(HEJ0BOJILCTB) OTHOCHTENILHO BEIIECTBEHHOTO MpeobpazoBanus Oypre.

Why are the real and complex DFTs different in how these two points are handled? To answer
this, remember that a cosine (or sine) wave in the time domain becomes split between a positive
and a negative frequency in the complex DFT's spectrum. However, there are two exceptions to
this, the spectral values at 0 and N/2. These correspond to zero frequency (DC) and the Nyquist
frequency (one-half the sampling rate). Since these points straddle the positive and negative por-
tions of the spectrum, they do not have a matching point. Because they are not combined with
another value, they inherently have only one-half the contribution to the time domain as the other
frequencies.

[Touemy - BemecTBeHHOE U KoMIUIekcHOe 1D, OTIMYHBI B TOM, KaK 3TH JIB€ TOYKU 00padoTa-
HbI? UTOOBI OTBEUaTh Ha 3TO, MOMHHUTE, YTO BOJIHA KOCHHYCA (MU CHHYCa) B IOMEHE BPEMEHU
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CTaHOBHUTCS pa30UTON MEXIy MO3UTHBOM M OTPHUIIATEIBHOM YaCTOTON B CIIEKTPE KOMILJICKCHOTO
JI®D. Ognako, UMEIOTCS J1Ba MCKIIOUEHHUS K dTOMY, CIIeKTpayibHble 3HaYeHUs B 0 u N/2. OHnu
nepeaaroT(nepenuchiBalOTCs ) YaCTOTE HyJIs (MIOCTOSIHHBIN TOK) 1 yacToTy HalikBucTa (rmosoBuHa
4acTOThl BHIOOPKHU). Tak Kak 3TH TOYKU KOJEOIIOTCS MEXY MOJOXKUTEIbHBIMU M OTPULIATEb-
HBIMH YaCTSIMU CIEKTPa, OHU HE UMEIOT TOUYKH COOTBETCTBHS. [I0CKONBKY OHU HE OOBEIUHEHBI C
JIpYyTUM 3HauY€HUEM, OHH HEOThEMJIEMO MMEIOT TOJIbKO MOJIOBHUHY COAEWUCTBUA(BKIIaZA) TOMEHY
BPEMEHHU KaK JPYTUe YaCTOTHI.
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HH, OTOMY 4YTO BEIECTBEHHAS YacTb CIIEKTPa MMEET
YETHYIO CHMMETPUIO, U MHUMAasl 9aCTh MMEET HEUETHYIO
cuMMeTpuio. JlBa KBaJpaTHBIX MapKepa B BELIECTBEH- Frequency

HOW 4acTU COOTBETCTBYIOT BOJIHE KOCHHYyCa C OJHUMU

aMIUTUTYyAaMH, 1 yacToToi 0.23. /IBa Kpyriblx Mapkepa B MHUMOIl 4aCTH COOTBETCTBYIOT CHHYCOHUAILHON BOJIHE C
OJIHOM aMILTUTY101, 1 yactoToi 0.23.

Figure 31-1 illustrates the complex DFT's frequency spectrum. This figure assumes the time do-
main is entirely real, that is, its imaginary part is zero. We will discuss the idea of imaginary
time domain signals shortly. There are two common ways of displaying a complex frequency
spectrum. As shown here, zero frequency can be placed in the center, with positive frequencies
to the right and negative frequencies to the left. This is the best way to think about the complete
spectrum, and is the only way that an aperiodic spectrum can be displayed.

Pucynok 31-1 nnmoctpupyet cnektp 4actoT koMiuiekcHoro JIII®. DToT pucyHok mpeamnosnara-
€T, 4YTO JIOMEH BPEMEHH MOJIHOCTBIO 8elyecmeeret, TO €CTh €ro MHUMasi 4acTh HyJieBasi. Mbl 00-
CyJIUM HJICI0 OTHOCHUTEIBHO MHUMBIX CUTHAJIOB JJOMEHA BpeMeHH Bckope. MImeroTcst 1Ba 00ObIu-
HBIX MyTH OTOOpa)XKeHUs KOMIUIEKCHOTO cHekTpa yacToT. Kak mokaszaHo 37ech, 4yacToTa HyJI,
MOJKET OBITh IMOMEIIEHA B IICHTP, C MOJIOKUTEIFHBIMU YaCTOTAMU HANPaBO M OTPHUIIATEIHHBIMH
4acTOTaMHU HaJIeBO DTO - JIy4IIUH croco® dymams OTHOCUTEIBHO MOJIHOIO CIEKTpa, U - eOun-
CMBEHHbIl Ty Th, KOTOPBIM allePHOANIECKHIA CIIEKTP MOXKET OBITh OTOOpaXKEH.

The problem is that the spectrum of a discrete signal is periodic (such as with the DFT and the
DTFT). This means that everything between -0.5 and 0.5 repeats itself an infinite number of
times to the left and to the right. In this case, the spectrum between 0 and 1.0 contains the same
information as from - 0.5 to 0.5. When graphs are made, such as Fig. 31-1, the -0.5 to 0.5 con-
vention is usually used. However, many equations and programs use the 0 to 1.0 form. For in-
stance, in Eqgs. 31-5 and 31-6 the frequency index, &, runs from 0 to N-1 (coinciding with O to
1.0). However, we could write it to run from -N/2 to N/2-1 (coinciding with -0.5 to 0.5), if we
desired.

[IpoGnema cocTOUT B TOM, UYTO CHEKTP AUCKPETHOTO CUTHAJA SBISETCS MEPUOANUECKUM (THUIIA C
JAII® u DTFT). Oto o3nayaeT uto Bce Mexay -0.5 u 0.5 mMOBTOPEHUSMHU CaMOCTOATEIBHO Oec-
KOHEYHOE YHUCJIO pa3 HajJeBO U HampaBo B 3Tom ciydae, criektp Mexay 0 u 1.0 conepkur Ty xe
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camyto uHpopmaruio kak ot - oT 0.5 mo 0.5. Korma auarpammsi(rpaduku) clienaHsl, TUIIA PHC.
31-1, ot -0.5 mo 0.5 cormameHusi 0OBIYHO HCTONB3yeTcss. OaHAKO, MHOTO YpaBHEHUU W TIPO-
rpammbl uenonb3ytoT ot 0 1o 1.0 dopmer. [{ns ob6pasua, B ypaBHeHusax 31-5 u 31-6 yacToTHBIM
uHJeKe, k, BeimonHseTcs ot 0 mo N-1 (coBmagaromnmuii ¢ ot 0 g0 1.0). OmHaKO, MBI MOTJIH 3aITH-
CBIBAaTh 3TO, 4TOOKI paboTath OT -N/2 mo N/2-1 (coBmamatomwmii ¢ ot -0.5 10 0.5), ecau MbI xKena-
.

Using the spectrum in Fig. 31-1 as a guide, we can examine how the inverse complex DFT re-
constructs the time domain signal. The inverse complex DFT, written in polar form, is given by:

Hcnons3ys criektp B puc. 31-1 kak pyKOBOACTBO, MBI MOKEM HCCIIEIOBaTh, KAK 0OPaTHBIN KOM-
miekcHbii JIII® BoccranaBnuBaeT curHai npomeHa BpemeHu. OOpartHbiii komruiekcHbid J(T1D,
HaNMCaHHBIN B MOJIIPHON Qopme, 1aeTcs:

EQUATION 31-7

The inverse complex DFT. This is matching equation to the forward complex DFT in V-1 )

Eq. 31-5. xln] = ¥ X[k]e/Intnn
YPABHEHMUE 31-7. O6patHslit kommekcHblid JJI1D. L

OTO COOTBETCTBYET YpaBHEHUIO Ipsmoro kommiuekcHoro JJDT B ypaBuenun 31-5.

Using Euler's relation, this can be written in rectangular form as:
Hcnonp3ys oTHOMIEHHE Diiepa, 3TO MOXKET ObITh HAIIMCAHO B MPSIMOYTOJIBHOM (OopMe Kak:

EQUATION 31-8

The inverse complex DFT. This is Eq. 31-7 rewrit- N=1 |
ten to show how each value in the frequency spec- ¥ |# | ) Re X[k |{I-1"!~'::E-'U-' N)+ jan(2nkn) "-']J'l
trum affects the time domain. s

YPABHEHUE 31-8

O6parnoe komiekcHoe JIII®. D1o - ypaBHeHue g _ _ A
31-7 mepesanucaHHOE, YTOOBI NOKA3aTh, KK KaX- E Im Xk] [“““:?:"; nIN) - feos(2mhknil "‘II
JI0€ 3HAueHHE B CIIEKTPE YacTOT BO3JeiiCTByeT Ha Sp

JIOMEH BPEMEHH.

The compact form of Eq. 31-7 is how the inverse DFT is usually written, although the expanded
version in Eq. 31-9 can be easier to understand. In words, each value in the real part of the fre-
quency domain contributes a real cosine wave and an imaginary sine wave to the time domain.
Likewise, each value in the imaginary part of the frequency domain contributes a real sine wave
and an imaginary cosine wave. The time domain is found by adding all these real and imaginary
sinusoids. The important concept is that each value in the frequency domain produces both a real/
sinusoid and an imaginary sinusoid in the time domain.

Komnakrnas ¢opma ypaBHenust 31-7 - to, kak obparHoe [IIID oOBIYHO 3amUCHIBACTCS, XOTS
pacmupeHHas Bepcus B ypaBHeHUH 31-9 MoxkeT ObITh Tipoiie, 4ToObI TOHATE. B ciioBax, Kaxmoe
3HAUEHUE B BEIIECTBEHHOM 4aCTU YaCTOTHOT'O JOMEHA KEPTBYET(BHOCUT BKJIAJl) BELIECTBEHHYIO
BOJIHY KOCMHYCa U MHUMYIO CHUHYCOHJIaJIbHYIO BOJIHY K JOMEHY BPEMEHHU. AHAJIOTUYHO, KaX10€
3HAUEHUE B MHMMOM YacCTH YaCTOTHOI'O IOMEHA >KEPTBYET(BHOCUT BKJIAJ) BEIIECTBEHHYIO CHHY-
COMJIAIbHYIO BOJIHY U MHHMYIO BOJIHY KOcHHYca. JloMeH BpeMeHU HalijieH, NpubaBiisis BCe 3TU
peasbHbIE U MHUMBIE CUHYCOMIbI. BaxxHas KOHLENIMS - TO, YTO Ka)KJ10€ 3HaYEHHE B YACTOTHOM
JIOMEHE TIPOU3BOJINT, U BEIIECTBEHHYIO CUHYCOUY 1 MHUMYIO CUHYCOUy B JJOMEHA BPEMEHH.

For example, imagine we want to reconstruct a unity amplitude cosine wave at a frequency of .
This requires a positive frequency and a negative frequency, both from the real part of the fre-
quency spectrum. The two square markers in Fig. 31-1 are an example of this, with the frequency
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set at: 2mk/N. The positive frequency at 0.23 (labeled 1 in Fig. 31-1) contributes a cosine wave
and an imaginary sine wave to the time domain:

Hanpumep, BooOpasute, 4T0 Mbl XOTUM BOCCTAaHOBUTH BOJIHY KOCHHYCA aMILIUTY/Ibl €IUHUIIBI B
4acToTe. ITO TpeOyeT MOJOKUTEIIbHON YaCTOThl U HeraTuBa 27k/N 4acTOThl, 00a OT BEIIECTBEH-
HOM 4acTH CIIEKTpa 4acToT. /[Ba kBagpaTHbIX Mapkepa B puc. 31-1 - mpumep 3Toro, ¢ 4aCTOTHBIM
HabopoMm B: 2mk/N. IlonoxutenpHas yactota B 0.23 (mapkupoBanHa 1 B puc. 31-1) xepTBy-
eT(BHOCHT BKJIaJl) BOJHY KOCHHYCa 1 MHUMYIO CHHYCOUJAJIbHYIO BOJIHY K JOMEHY BPEMEHHU:

o cos(2m0.23n) + Y jsin(2m0.238)

Likewise, the negative frequency at -0.23 (labeled 2 in Fig. 31-1) also contributes a cosine and
an imaginary sine wave to the time domain:

Amnanoru4Ho, orpuuarensHas yacrora B -0.23 (mapkupoBana 2 B puc. 31-1) Taxke >xepTByeT
KOCHHYC ¥ MHUMYIO CUHYCOUJAJIbHYIO BOJHY K JJOMEHY BPEMEHHU:

Yocos(2m(-0.23)n) + Y sin(2n(-0.23)n)

The negative sign within the cosine and sine terms can be eliminated by the relations: cos(-x) =
cos(x) and sin(-x) = -sin(x). This allows the negative frequency's contribution to be rewritten:

3HaK MUHYC B TpejesiaX TepPMHUHOB KOCHHYCAa U CHHYCa MOXKET OBbITh yCTpaHEH OTHOLICHUSMHU:
cos(-x) = cos(x) and sin(-x) = -sin(x). ITo MO3BOJAET COACHCTBUIO(BKIIAAY) OTPUIIATEIHHON Yac-
TOTBI 6LITB nepe3anrCaHHbIM:

V2c08(2m0.23n) - Y2y sin(2m0.23#)

Adding the contributions from the positive and the negative frequencies reconstructs the time
domain signal:

CrnoxeHue cojeicTBUEe(BKIA) MOMOKUTEIbHBIX W OTPHULATENBHBIX YaCTOT BOCCTAHABIMBAET
CHTHAJI JOMEHA BPEMCHH:

Bxiaz oT MMOJIOXUATEILHOM YaCTOTEl — Yeos(2mi23n) + Y isan(2an02in)
Bkiia 0T OTpHL@TENBHOI YaCTOTI — reosidnllling fsin(Imlh.2in )
Pe3ynpTupyromuit curHai 1oMeHa BpeMeHH — cos{2ml 25m)

In this same way, we can synthesize a sine wave in the time domain. In this case, we need a posi-
tive and negative frequency from the imaginary part of the frequency spectrum. This is shown by
the round markers in Fig. 31-1. From Eq. 31-8, these spectral values contribute a sine wave and
an imaginary cosine wave to the time domain. The imaginary cosine waves cancel, while the real
sine waves add:

OTUM K€ crocoOOM, Mbl MOKEM CHHTE3UPOBATh CUHYCOHMIAJIbHYIO BOJHY B JIOMEH BpeMeHU. B
3TOM CJlyyae, Mbl HyX/aeMcCsl B TOJOXKUTEIbHOM U OTPULATEIbHOM YacTOTe OT MHMMOM 4acTH
CHEKTpa 4YacTOT. JTO MOKa3bIBalOT Kpyrible mMapkepbl B puc. 31-1. Ot ypaBHenusa 31-8, atu
CHEKTpaJIbHbIE 3HAYCHMS JKEPTBYIOT CUHYCOUAIbHYIO BOJIHY U MHUMYIO BOJHY KOCHHYycCa K JI0-
MEHY BpeMeHU. MHUMbIE BOJHBI KOCHHYCA aHHYJIHMPYIOTCS, B TO BpeMs KaK BELIECTBEHHbIE CH-
HYCOM/IaJIbHbIE BOJIHBI JOOABIISIOTCS:
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BxJ1az OT MOJIOKHUTENBHOM YacTOTEl —  sini{2m0.23m) fcos(2m0.23n )
BKI1ag oT OTpUIATENBHOM YaCTOTH — - Wsin(2m0.23n) + YWicos(2n023n)
PesynpTupyroniuii cursas JoMeHa BpeMEHH —> st 2n 0, 235)

Notice that a negative sine wave is generated, even though the positive frequency had a value
that was positive. This sign inversion is an inherent part of the mathematics of the complex DFT.
As you recall, this same sign inversion is commonly used in the real DFT. That is, a positive
value in the imaginary part of the frequency spectrum corresponds to a negative sine wave. Most
authors include this sign inversion in the definition of the real Fourier transform to make it con-
sistent with its complex counterpart. The point is, this sign inversion must be used in the com-
plex Fourier transform, but is merely an option in the real Fourier transform.

OOpaTtuTe BHUMaAHUE, UYTO ompuyameivbHds CAHYCOUIaIbHas BOJIHA CTEHEPUPOBAHA, NAXe MPHU
TOM, UTO NOJIONHCUMENbHAS TaCTOTa UMeNa 3HAYCHHE, KOTOPOe OBLIO MOJIOKHUTEIHHO. JTO 00pa-
IICHUE 3HAKa - CBOMCTBCHHAS 4acTh MaTeMaTHku KomiuiekcHoro JII®. Kak Brl momnure, 310,
TO XK€ camoe oOpalleHHe 3Haka OObIYHO HCIonb3yeTcs B BemecTBeHHOM JIIdD. To ectp moo-
JKUTEIbHOE 3HAYEHUE B MHUMOM 4acTH CHEKTpa 4acTOT COOTBETCTBYET OmMpUyameibHOl CUHY-
COMTAJIbHON BOJIHE. BOJBITMHCTBO aBTOPOB BKJIIOYAET ATO OOpallleHHe 3HaKa Ha ONpeeieHUN
BEIIIECTBEHHOTO MpeoOpazoBanust Dyphe, 9TOOBI AeaTh 3TO COBMECTUMBIM C €70 KOMIUIEKCHBIM
nyomukatoM. [TyHKT, 3TO oOpaliieHne curHanza 00aX#CHO UCTIOJIb30BATHCS B KOMITJIEKCHOM MPe00-
pazoBanuu Oypbe, HO - TPOCTO OMIIHSI B BEIIECTBEHHOM MpeoOpazoBannu Dyphe.

The symmetry of the complex Fourier transform is very important. As illustrated in Fig. 31-1, a
real time domain signal corresponds to a frequency spectrum with an even real part, and an odd
imaginary part. In other words, the negative and positive frequencies have the same sign in the
real part (such as points 1 and 2 in Fig. 31-1), but opposite signs in the imaginary part (points 3
and 4).

CumMeTpHsi KOMIUIEKCHOTO npeoOpazoBanus Oypbe odeHb BaxkHa. Kak MITIOCTpUpPOBAHO B pUC.
31-1, curHan nqomMeHa peajbHOTO BPEMEHU COOTBETCTBYET CHEKTPY YACTOT C YemHOl BEIIeCT-
BEHHOM YacCThlO, M HeuemHol MHUMOW YacThio. JIpyruMH CIIOBaMH, OTPULIATEIBLHBIC W TIOJO0XKH-
TEJbHBIC YaCTOTHI HMECIOT, T€ JK€ CaMbIe CUTHAJIBI, B BEIICCTBCHHON YacTH (ThIa To4YeK 1 1 2 B
puc. 31-1), Ho HanPOTUB(IIPOTUBOIOIOKHO) CUTHATIOB MHUMOM 4acTH (TOUKH 3 U 4).

This brings up another topic: the imaginary part of the time domain. Until now we have assumed
that the time domain is completely real, that is, the imaginary part is zero. However, the complex
Fourier transform does not require this.

OTO MOAHUMAET IPYTYIO TEMY: MHMMas 4acTb JJOMEHa BpeMeHH. [lo cux mop Mel npeamnosaraii,
YTO JOMEH BPEMEHHM IOJIHOCTHIO BEIIECTBEHEH, TO €CTh MHHMMas 4acTh HyjeBas. OHAaKO, KOM-
IIeKcHOe npeoOpa3oBanue Dypre He TpedyeT ITOro.

What is the physical meaning of an imaginary time domain signal? Usually, there is none. This is
just something allowed by the complex mathematics, without a correspondence to the world we
live in. However, there are applications where it can be used or manipulated for a mathematical

purpose.

KakoBo ¢u3nveckoe 3HaUeHHE MHUMOTO CHUTHaia JIoMeHa BpeMeHH? OOBIYHO, HE MMEETCS HH
OJTHOT0. DTO - TOJBKO KOE-YTO MO3BOJIEHHOE KOMIUIEKCHOM MaTeMaTHuKoil, 0€3 COOTBETCTBUS K
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MHPY, B KOTOPOM MBI )KUBCM. O,Z[HaKO, HUMCIOTCH MPUIIOKCHUA, I'IC 3TO MOKCT HCIIOJIb30BaThHCSA
WIIN YIPaBJIATHCA AT MaTeMaTHUIeCKOM Oeu.

An example of this is presented in Chapter 12. The imaginary part of the time domain produces a
frequency spectrum with an odd real part, and an even imaginary part. This is just the opposite of
the spectrum produced by the real part of the time domain (Fig. 31-1). When the time domain
contains both a real part and an imaginary part, the frequency spectrum is the sum of the two
spectra, had they been calculated individually. Chapter 12 describes how this can be used to
make the FFT algorithm calculate the frequency spectra of two real signals at once. One signal is
placed in the real part of the time domain, while the other is place in the imaginary part. After the
FFT calculation, the spectra of the two signals are separated by an even/odd decomposition.

[Tpumep s3Toro npencrasieH B riaBe 12. MHUMas 4acTh IOMEHA BPEMEHU MPOU3BOIAUT CIIEKTP
4acTOT C HEUYETHOM BEUIECTBEHHOM YacThlO, U YETHOM MHUMOM 4acTbio. DTO - TOJIBKO IIPOTUBO-
MOJIOXKHOCTh CTIEKTpa, MPOU3BEJACHHOTO BEIIECTBEHHOW 4YacThi0 noMeHa BpeMeHu (puc. 31-1).
Korna nomeH BpeMeHU COJEP)KUT, U BEIIECTBEHHYIO 4acThb U MHMMYIO 4acTb, CIIEKTP 4acTOT -
CyMMa U3 3TUX JBYX CIIEKTPOB, UMEJ UX PAaCUETHbIM MHANBUIYaIbHO. [ 1aBa 12 onuchiBaeT, Kak
3TO MOKET HCIIOJIb30BAThCS, YTOOBI 3aCTaBUTh anropuT™M bII® BBIYHCIUTH YACTOTHBIC CHIEKTPHI
JIByX BEIIECTBEHHBIX CUTHAIOB cpazy. OQUH CUTHAJI NMOMEIIEH B BEHIECTBEHHYIO YacTh JOMEHA
BPEMEHHU, B TO BpeMs KaK JPYrou - Mecto B MHUMOM 4acTu. Ilocne Berunciienus bIID, ciekTpsl
W3 IBYX CUTHAJIOB OT/ICJICHBI YeTHON/HEUETHOMN TEKOMIIO3UITHEH.

The Family of Fourier Transforms

CemeiicTo IIpeoOpa3zoBannii @ypbe

Just as the DFT has a real and complex version, so do the other members of the Fourier trans-
form family. This produces the zoo of equations shown in Table 31-1. Rather than studying these
equations individually, try to understand them as a well organized and symmetrical group. The
following comments describe the organization of the Fourier transform family. It is detailed, re-
petitive, and boring. Nevertheless, this is the background needed to understand theoretical DSP.
Study it well.

Takxe, kak [I1D mMeeT BelIeCTBEHHYIO U KOMIUIEKCHYIO BEPCHIO, TaK AENAlOT APYTUE YJIECHBI
cemeiicTBa ipeodpazoBanusi Oypbe. DTO MPOU3BOIUT 3BEPUHEI] YPABHEHUN, TOKA3aHHBIX B Ta0-
mure 31-1. Ckopee 4eM M3ydeHHE 3TUX ypaBHEHUN WHIAWMBUIYAIBHO, TPOOYHTE TIOHITh MX Kak
XOpOIIO OpraHu30BaHa W CUMMeETpuyHa rpymmna. Crieayronme KOMMEHTapUU OMUCHIBAIOT Opra-
HU3AIUIO ceMeicTBa mpeodpa3zoBanus Oypre. ITO ASTAIM3UPOBAHO, TIOBTOPHO, U pa3pakaeT.
OpnHako, 3TO - MOATOTOBKA, HeoOXoauMasi, 4ToObl MOHATH TeopeTnyeckyto LIOC. Usyuure 310
XOpOLIO.

1. Four Fourier Transforms

1. Yernipe IlpeoopazoBanus ®ypbe

A time domain signal can be either continuous or discrete, and it can be either periodic or aperi-
odic. This defines four types of Fourier transforms: the Discrete Fourier Transform (discrete,
periodic), the Discrete Time Fourier Transform (discrete, aperiodic), the Fourier Series (con-
tinuous, periodic), and the Fourier Transform (continuous, aperiodic). Don't try to understand
the reasoning behind these names, there isn't any.
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Cursan AOMCHA BPEMCHU MOKCT 6I:ITI: WK HenpepvleeH NI duCermeH, U 3TO MOXET 6BITI> NI
nepuooudecku Wi anepuoouyeckoe. IDTO omnpenenseT dereipe tumna IIpeobpaszoBanuii Oypee:
Juckpernoe npeodpazoBanue dypoe (auckpeTHbId, nepuoauueckuii), IlpeodpazoBanue Py-
pre Auckpernoro Bpemenn (auckpeTHBIN, anepuoaudeckuii), Psaa ®@ypbe (HenmpepbIBHBIN, 11e-
puoanueckuii), u IlpeoGpazoBanue ®ypbe (HempepbIBHBIN, anepuoaudeckuii). He mpoOyiite
MOHATH PACCYXKICHUE TT03aIU ITHX Ha3BaHUW(MMEH), HE UMEETCS JIF0OOTO.

If a signal is discrete in one domain, it will be periodic in the other. Likewise, if a signal is con-
tinuous in one domain, will be aperiodic in the other. Continuous signals are represented by pa-
renthesis, (), while discrete signals are represented by brackets, [ ]. There is no notation to indi-
cate if a signal is periodic or aperiodic.

Ecmu curnan AUCKPCTCH B OJHOM JJOMCHC, OH 6yI[CT NEpUOoANYCCKUM B JAPYTrOM. AHaJIOFI/I‘IHO,
€CJIM CUTHAJI HEMPEPHIBEH B OJTHOM JIOMEHE, OH OyJIeT aneproIuYecKuM B JApyroM. Hempepsis-
HbIE CUTHAJIBI TPE/ICTaBICHBI KPYTJIO0H CKOOKOM, (), B TO BpeMs KaK TUCKPETHbIC CUTHAIIBI IPe/-
CTaBJIEHbI KBaJpaTHbIMH CKoOkamu, [ |. He mMeercs HMKakoW cCHUCTEMBbI 0003HAYCHHUH, YTOOBI
YKa3aTb, ABJIAACTCA JIM CUTHAJI ICPUOJUICCKUM HWJIN aAlICPUOANYCCKUM.

2. Real versus Complex

2. BemectBeHnHblii npoTuB KommiiexkcHoro

Each of these four transforms has a complex version and a real version. The complex versions
have a complex time domain signal and a complex frequency domain signal. The real versions
have a real time domain signal and two real frequency domain signals. Both positive and nega-
tive frequencies are used in the complex cases, while only positive frequencies are used for the
real transforms. The complex transforms are usually written in an exponential form; however,
Euler's relation can be used to change them into a cosine and sine form if needed.

Kaxxgas u3 3TuX yeThlpex TpaHCHOPMAHT MMEET KOMIUIEKCHYIO BEPCHIO M BEIIECTBEHHYIO BEp-
curo. KoMmniekcHele BEpCUN HMCIOT KOMIIJIEKCHBII CHUTHAJI AOMCHAa BPCMCHU U KOMIIJIEKCHBIN
CUTHAJI YaCTOTHOTO JloMeHa. BeliecTBeHHbIE BEpCUU UMEIOT CUTHAN JOMEHA PEalbHOTO BPEMEHU
W ABa BCHICCTBCHHLBIX CUI'HAJIa 4YaCTOTHOI'O JOMCHA. W nonoxxkurenpHBle 1 OTpULATCIILHBIC YacC-
TOTBI UCTIONB3YIOTCS B KOMIUIEKCHBIX CITy4asiX, B TO BpeMs KaK TOJIbKO MOJIOKUTEIbHBIEC YaCTOTHI
UCTIONIB3YIOTCS JUIsl BEIIECTBEHHBIX TpaHChopMaHT. KomrmiekcHble TpaHc(hOpMaHThl OOBIYHO 3a-
MUCHIBAIOTCSI B TOKa3aTENbHOM (popMe; OJHAKO, OTHOIICHHWE Dijepa MOXET HCIOJIb30BATHCA,
YTOOBI U3MEHUTH(3aMEHUTH) UX B ()OPMY KOCHHYCA U CHHYCa €CJIK HEOOXOIUMO.

3. Analysis and Synthesis

3. Anam3 u Cunre3

Each transform has an analysis equation (also called the forward transform) and a synthesis
equation (also called the inverse transform). The analysis equations describe how to calculate
each value in the frequency domain based on all of the values in the time domain. The synthesis
equations describe how to calculate each value in the time domain based on all of the values in
the frequency domain.

Kaxxnas tpancopmaHnTa nMeeT ypaBHEHHE aHAIM3a (TakKe Ha3bIBaeMasi IpsiMoi TpaHcopMaH-
TOM) W ypaBHCHHMEM CHHTE3a (Tak)Ke Ha3bIBAEMOTO OOpaTHOW TpaHCPOpMaHTOH). YpaBHEHUS
aHaJIn3a OIIMCHIBAIOT, KaK BBIYHUCINUTH KaXJ0€ 3HAUYCHHUEC B YaCTOTHOM JOMCHEC, OCHOBAaHO Ha BCCX
3HAYCHUSIX B JIOMECHE BPEMEHHU. YPaBHEHUSI CHHTE3a ONMCHIBAIOT, KaK BBIYMCIIUTH Ka)I0€ 3Ha-
YCHHUC B JOMCHC BPCMCHHU, OCHOBAHO Ha BCCX 3HAYCHUAX B HaCTOTHOM JOMCHC.

4. Time Domain Notation
4. Cucrema odo3nauenuii Jlomena Bpemenn
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Continuous time domain signals are called x(¢ ), while discrete time domain signals are called x[
n]. For the complex transforms, these signals are complex. For the real transforms, these signals
are real. All of the time domain signals extend from minus infinity to positive infinity. However,
if the time domain is periodic, we are only concerned with a single cycle, because the rest is
redundant. The variables, 7" and N, denote the periods of continuous and discrete signals in the
time domain, respectively.

HenpepriBHbIE cUTHANIBI JOMEHA BpEMEHH Ha3bIBatOTCs X (), B TO BpeMs KakK JTUCKPETHbIE CUTHA-
7B TOMEHa BpeMEHHU HazbiBaeTcs x[n]. s KOMIUIEKCHBIX TPaHC(OPMAHT, 3TH CUTHAJIBI KOM-
TIeKCHBI. /{7151 BeniecTBeHHbIX TpaHC(OPMaHT, STH CUTHAJbI BellleCTBEHHBI. Bce curnamsl nome-
Ha BPEMEHH MPOCTUPAIOTCSA OT OTPUIATEIbHON OECKOHEYHOCTH JI0 TMOJOXKHUTEIbHOM OecKoHed-
HocTH. OpHako, eciau JOMEH BPEMEHU [EPUOJUYECKHI, MBI TOJBKO 3aMHTEPECOBA-
HBI(00ECIIOKOCHBI) €IMHCTBEHHBIM(OTCIBHBIM) MIEPUOIOM, IOTOMY YTO OCTaJbHOE M30BITOUHO.
[lepemennsie, T u N, 0003HaYaIOT NMEPUObI HEMPEPHIBHBIX U TUCKPETHBIX CUTHAJIOB B JOMEHE
BpPEMEHH, COOTBETCTBEHHO.

5. Frequency Domain Notation

5. Cucrema o6o3nauyennii Yacrornoro /lomena

Continuous frequency domain signals are called X(w) if they are complex, and ReX(w) &
ImX(w) if they are real. Discrete frequency domain signals are called X[4] if they are complex,
and ReX [k ] & ImX [k ] if they are real. The complex transforms have negative frequencies that
extend from minus infinity to zero, and positive frequencies that extend from zero to positive
infinity. The real transforms only use positive frequencies. If the frequency domain is periodic,
we are only concerned with a single cycle, because the rest is redundant. For continuous fre-
quency domains, the independent variable, @, makes one complete period from -m to . In the
discrete case, we use the period where k& runs from 0 to N-1

HemnpepsiBHBIE CHUTHAIBI YaCTOTHOTO JOMEHA Ha3bIBaloTCs X(®), €CIM OHM KOMIUICKCHBI, W
ReX(®) n ImX(®), ecy OHU BEIIECTBEHHBI. [IUCKpETHBIE YaCTOTHBIE CUTHAIIBI JOMeHa(001acTH)
Ha3bIBarOTCA X[k]|, ecinm oHM KOMIUTEKCHBI, U ReX [k | u ImX [k ], ecau oHn BemecTBeHHBL. Kom-
IJICKCHBIC TPaHC(HOPMAHTHI UMEIOT OTPHUIIATEIHHBIE YACTOTHI, KOTOPBIC IPOCTHPAIOTCS OT OTPH-
[aTeIbHON OCCKOHEYHOCTH, O HYJIS, U TMOJIOKHUTEIBHBIX YacTOT, KOTOPHIE MPOCTHPAIOTCS OT
HYJIS JIO TTOJIOKUTETbHOU OeCKOHEUHOCTU. BelecTBeHHbIe TpaHC(HOPMAHTBI UCIIONIB3YIOT TOJIBKO
MOJIOXKUTEBHBIE YaCTOThI. ECIIM 4aCTOTHBIN TOMEH MEPUOANYECCKUIN, MBI 3aMHTEPECOBAHbI TOJIb-
KO €IMHCTBEHHBIM(OTACIHHBIM) MHUKJIOM(TIEPUOIOM), TTIOTOMY YTO OCTaIbHOE H30BITOYHO. Jliist
HETIPEPHIBHBIX YACTOTHBIX JJOMEHOB, HE3aBUCUMOM MTEPEMEHHOM, M, JAeNIaeT OJUH MOTHBIA TIEPH-
OJl OT -Tt J10 -T. B IMCKpeTHOM ciydae, Mbl HCIIONIb3yeM MepUo, Tae k BeimnosHseTcs ot 0 1o N-1

6. The Analysis Equations

6. YpaBHeHust AHa/IU3a

The analysis equations operate by correlation, i.e., multiplying the time domain signal by a sinu-
soid and integrating (continuous time domain) or summing (discrete time domain) over the ap-
propriate time domain section. If the time domain signal is aperiodic, the appropriate section is
from minus infinity to positive infinity. If the time domain signal is periodic, the appropriate sec-
tion is over any one complete period. The equations shown here are written with the integration
(or summation) over the period: 0 to 7 (or 0 to N-1). However, any other complete period would
give identical results, i.e., -7'to 0, -7/2 to 7/2, etc.

YpaBHeHHs aHAIM3a PA0OTAIOT Koppensayuell, TO €CTh, YMHOXasi CUTHAJ JJOMEHA BPEMEHHU CHUHY-
COMION W HMHTETPHUPYs (HETPEPHIBHBIA JIOMEH BPEMEHH) WIHW CYMMHUPYS (IMCKPETHBIA TOMEH
BPEMEHH) 0 COOTBETCTBYIOIIEMY pa3ieny JoMeHa BpeMmeHu. Eciu curHanm nomMeHa BpeMeHU
anepuoINYECKHii, COOTBETCTBYIOIIUNA pa3/ie] - OT OTPULIATETLHON OECKOHEYHOCTU IO TIOJI0XKH-
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TeJIbHOW OeckoHeuHocTH. Ecin curHanm nomMeHa BpeMEHHM MEepHOAWYECKHH, COOTBETCTBYIOLIHMA
pas3zen - B TeYEHHE JH000ro MOIHOr0 Neproa. Y paBHEHUs, IOKAa3aHHbIE 3/1€Ch, HAIIMCAHBI C UH-
TerpupoBanueM (uiau cymmupoBanueM) Hax nepuonom: 0 k 7 (mmm 0 k N-1). OxnHako, m1000i
JPYTO¥ TOJTHBIN Mepro 1a Obl UACHTUYHBIC PE3yIbTaThl, TO €CTh, -1 k 0, -7/2 x T/2, u T.7.

7. The Synthesis Equations

7. YpaBHenusi CuHTe32

The synthesis equations describe how an individual value in the time domain is calculated from
all the points in the frequency domain. This is done by multiplying the frequency domain by a
sinusoid, and integrating (continuous frequency domain) or summing (discrete frequency do-
main) over the appropriate frequency domain section. If the frequency domain is complex and
aperiodic, the appropriate section is negative infinity to positive infinity. If the frequency domain
is complex and periodic, the appropriate section is over one complete cycle, i.e., -m to @ (con-
tinuous frequency domain), or 0 to N-1 (discrete frequency domain). If the frequency domain is
real and aperiodic, the appropriate section is zero to positive infinity, that is, only the positive
frequencies. Lastly, if the frequency domain is real and periodic, the appropriate section is over
the one-half cycle containing the positive frequencies, either 0 to B (continuous frequency do-
main) or 0 to N/2 (discrete frequency domain).

VYpaBHEHHsI CUHTE3a ONMCHIBAIOT, KAK MHAWBUAYAJIbHOE 3HAYEHHUE B JIOMEHE BPEMEHHU PacCUMTa-
HO OT BCEX TOYEK B YaCTOTHOM JOMEHE. DTO CIENaHO, YMHOXas YaCTOTHBIA JOMEH CHUHYCOH-
JIO¥, 1 MHTETPUPYSI (HEMPEPHIBHBIN YaCTOTHBIN JOMEH) WJIM CYMMHUPYS (AUCKPETHBIA YaCTOTHBINA
JIOMEH) IO COOTBETCTBYIOLIEMY pa3/iely YacTOTHOIO JOMeHa. EciiM 4acTOTHBIA JOMEH KOM-
IUIEKCHBIA M anepuoJUYecKHii, COOTBETCTBYIOIIUNA pa3en - oTpUllaTeNbHasi OECKOHEYHOCTh K
MOJIOKUTETHHON OeCKOHEYHOCTH. ECIIM 9acTOTHBIN MOMEH KOMIUICKCHBIH M TEPHOAMYECKU,
COOTBETCTBYIOIIUN pa3fiell - MO0 OJHOMY MOJHOMY MEPUOAY, TO €CTh, -7 K 7. (HEMpPEephIBHBIM Yac-
TOTHBIA JOoMeH), Wi 0 k N-1 (AUCKpeTHBIN YacCTOTHBIN TOMEH). Eciu 4acTOTHBIN JOMEH Belie-
CTBEHEH M alnepuoInYecKuii, COOTBETCTBYIOLIUI pa3/ied OT HyJIs K MOJOXKHUTEIbHOU OecKoHed-
HOCTH, TO €CTh TOJBKO MOJIOXKUTEJbHbIE YacTOThl. HakoHel, eciii 4acTOTHBIM JOMEH BEIeCTBE-
HEH U NEPUOJUYEH, COOTBETCTBYIOIIMM Pa3Ael - 1O MOJOBUHE MEPUO/IA, COAEPIKAIIETO MOJI0XKH-
TebHBIE YaCTOTHI, WK O K T (HETIPEPBIBHBIN YaCTOTHBIN goMeH) i 0 kK N/2 (IUCKpETHBIN Yac-
TOTHBIA TOMEH ).

9. Scaling

9. MacmrtabupoBanue

To make the analysis and synthesis equations undo each other, a scaling factor must be placed on
one or the other equation. In Table 31-1, we have placed the scaling factors with the analysis
equations. In the complex case, these scaling factors are: 1/N, 1/T, or 1/2x. Since the real trans-
forms do not use negative frequencies, the scaling factors are twice as large: 2/N, 2/T, or 1/B.
The real transforms also include a negative sign in the calculation of the imaginary part of the
frequency spectrum (an option used to make the real transforms more consistent with the com-
plex transforms). Lastly, the synthesis equations for the real DFT and the real Fourier Series
have special scaling instructions involving Re X(0) and Re X [N/2].

Jlenate aHanmu3 M ypaBHEHUS CUHTE3a OTMEHSIOT JIPYT JIpyra, Ko3QGUIMEeHT MacIITaOupOBaHus
JIOJKEH OBITh MOMEIEH B OJJHO WM Jpyroe ypaBHeHue. B tabmune 31-1, Mbl momecTnim Koag-
(GUIMEeHTH MacIITAOUPOBAHUS C YpPaBHCHUSMHU aHaIM3a. B KOMIUIEKCHOM ciydae, 3TH K03 du-
1eHTsl Macurabuposanus: 1/N, 1/T, unn 1/2 m. Tak Kak BelIeCTBEHHbIE TpPaHC(POPMAHTHI HE
UCTIONIB3YIOT OTpUIATEIbHBIE YacTOTHI, K03 PuumeHTs MacmTabupoBaHus - BIBOE KaK OOJIb-
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woit: 2/N, 2/T, unn 1/n. BemecTBeHHbIe TpaHC(HOPMAHTHI TAKXKE BKIIOYAIOT OTPHIIATEIbHBIN
CUTHAJI B BBIYMCJIICHUE MHUMOW YaCTH CIEKTpa 4acTOT (OMIUsS OOBIYHO HCIOJb3yeMas, JesaTh
BEIIIECTBEHHBIE TPAHCPOPMAHTHI 0OJIEE COBMECTHUMBIMHU C KOMIUICKCHBIMU TpaHC(HOPMaHTAMH).
Haxownen, ypaBuenust cuntesa aiist BemectBeHHoro 11D u BemectBenHoro Psga @yprse umMeroT
crienraibHbIe KOMaH bl MacIITabupoBanus, BkIovaromme Re X(0) u Re X [N/2].

10. Variations

10. Bapunanun

These equations may look different in other publications. Here are a few variations to watch out
for:

OTU ypaBHEHHUS MOTYT BBIIVISIIETh OTJIMYHBIMHU B JIpYyrux myOnukaiusax. MmeroTcs HecKoJIbKo
BapHaluii, 4TOObI HE YITyCTUTh:

O Using f'instead of o by the relation: ® = 2xnf

(1 Integrating over other periods, such as: -7to 0, -7/2 to 7/2, or O to T

[0 Moving all or part of the scaling factor to the synthesis equation

O Replacing the period with the fundamental frequency, /o= 1/T

[0 Using other variable names, for example, ® can become Q in the DTFT, and Re X [k] & Im X
[£] can become ayx & by in the Fourier Series.

00 Ucnonp3oBanue f BMecTo @ OTHOMEHUEM: ® = 27f

O UaTerpupoBaHue B TEUCHHUE APYTUx nepuoaoB, Tuna: -7k 0, -7/2 k 72, umu O x T

O Iepemerienue Beelt MM 4acTH (pakTopa MACHITAOMPOBAHUS K YPAaBHEHUIO CUHTE32

(1 3ameHna neproaa GpyHIaMeHTaIbHOM YacToToi, f o = 1/T

[0 Mcnonp30BaHue Opyrux UMEH NepeMeHHoM, Hanpumep, ® Moxer crath QO B DTFT, u Re X
[k] u Im X, MmoxeT ctath ax u by B Psige dypre

Why the Complex Fourier Transform is Used

IHouemy Kommiiekcnoe IlpeodpazoBanne @ypbe UCHOJIb3yeTCH

It is painfully obvious from this chapter that the complex DFT is much more complicated than
the real DFT. Are the benefits of the complex DFT really worth the effort to learn the intricate
mathematics? The answer to this question depends on who you are, and what you plan on using
DSP for. A basic premise of this book is that most practical DSP techniques can be understood
and used without resorting to complex transforms. If you are learning DSP to assist in your non-
DSP research or engineering, the complex DFT is probably overkill.

D10 r1y0O0KO OYEBUIHO OT 3TOM TiIaBbl, 4YTO KoMIUIeKcHOE [{[1® HamMHOro GOMBIIE CI0KHO, YEM
BemtectBeHHoe IID. SBagtoTcs au BeIToAbl OT KOMILIEKCHOro AIIM, nelCTBUTENBRHO CTOSIIETO
YCHUJIME, UTOOBI U3YUYUTh 3allyTaHHYIO MaTeMaTUuKy? OTBET Ha 3TOT BOIIPOC 3aBUCUT OT TOTO, KEM
Bnl siBnsierecs, u ang yero Bel muianupyete ucnonb3oBath LIOC. OcHOBHAs NMpeAnochuiKa 3Tou
KHHUTH - TO, 4TO HamOosee nmpaktudeckue Metoabl [{OC MoryT ObITh MOHSATHI U UCIIOJIB30BATHCS
6e3 Toro, uToObl MPUOETHYTh K KOMIUIEKCHBIM TpaHchopmanTam. Eciu Bl y3naete, uro 11OC,
9T00BI TOMOYH B BameM He - [|OC uccnenoBannu uim pa3padborke, komruiekcHoe 1D - Bepo-
SITHO MaccoBO€ YOUIICTBO.

Nevertheless, complex mathematics is the primary language of those that specialize in DSP. If
you do not understand this language, you cannot communicate with professionals in the field.
This includes the ability to understand the DSP literature: books, papers, technical articles, etc.
Why are complex techniques so popular with the professional DSP crowd?
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OnHako, KOMIUIEKCHAsi MaTeMaTHKa - MEPBUYHBIA A3bIK T€X, KTO cneruanusupyrorcs B [LOC.
Ecnu Bel He moHMMaeTe 3Toro s3bika, Bel He MOXKeTe CBSI3BIBATHCS C MPOGECCHOHATaMH B TOJIE.
DTO BKIIIOYAET CIOCOOHOCTH MOHATH juTeparypy LIOC: kHUTH, KypHAIbl, TCXHHUYECKHE CTAThH,
u 1.1. [ToueMy KOMIIJIEKCHBIE METOJIbI TaK HpaBsATCs rpymnne npodeccronanos B [IOC?

JAnckperHoe npeodpaszoBanne @ypobe (AI1D)

KommnekcHoe npeoOpa3oBanne

BeluectBeHHoe IpeoOpa3zoBaHue

5% i o

cunmes v|n|

N

II 1£.1|.-||-:' ikl
LI

a”amus

Y[kl

JomeH BpeMeHu:
x[n] - KOMIUTEKCHBIN, TUCKPETHBIN U IIEPHOANICCKUAN
7 BBINOJIHSIETCSA B TEYEHUH OJIHOTO nepuona, ot 0 k N-1

YacToTHBIN AOMEH:

X[k] - KOMIUTEKCHBIHN, TUCKPETHBIN W MTEPUOTUICCKUIMA
k BBITIOJIHACTCS B TEUSHUU OJTHOTO Tieproa, ot 0 k N-1
k=0 x N/2 IBISIOTCSI MOJIOKUTEIBHBIMHI YaCTOTAMHU
k= N/2 k N-1 sSBIISIIOTCS OTPULATENLHBIMUA YaCTOTAMH

e 1] | 1En'-:'.''.|.l.'||.'-.|'~..|.'!.‘:ﬂ:.'| v )
Fal

CcuHmes
fm X&) sind 2k )
ananu3 n =4
Re Xk] ¥ xlm] cos{2rkniN )
5 4l
im X&) —' E wler] sinl2mkniN )
1}

JomeH BpeMeHu:
x[n] - BemeCTBEHHBIH, TUCKPETHBIN U IEPUOTUICCKUI
N BBINOJHSETCA B TEYEHUH OAHOTO nepuona, ot 0 k N-1

YacToTHBIN AOMEH:

Re X[k] - peanbHBIN, TUCKPETHBINA U TIEPUOTNICCKUI

Im X[k] - peanibHbIi, TUCKPETHBIN U IEPUOTUUCCKUI

k BBITIOJIHACTCA B TCUCHHUU IIOJIOBUHBI II€pUoaa, OT O K

N2

IIpumeuanue: [lepen ucnonb3oBaHUEM YPaBHEHMSI CHH-
Te3a, 3HaueHus s Re X[0] u Re X[N/2] momxHEI OBITh
pa3zesncHbl Ha JIBa.

IIpeoOpa3oBanue @ypobe Auckpernoro Bpemenu (DTFT)

KomrutekcHoe ipeoOpa3oBaHue

BemrectBeHHOE MpeoOpa3oBaHue

CuHmes

4 [ [ Xiw) e gho

anaius .
Ko

%_ Yalnle

JlomeH BpeMeHu:

x[n] - KOMIUIEKCHBIN, IUCKPETHBIN U allepUOINIECKUI

N BBINOJIHAETCA OT OTPULATENBHON 10 MOJOKUTEIbHON
0eCKOHEYHOCTH

CuHmes

anaius

JloMeH BpeMeHHU:

x[n] - BeIECTBEHHBIN, TUCKPETHBINA U allepuOIUYECKUI
N BHIMOJTHACTCA OT OTPHLATEIHFHON IO MOIOKUTEITHHON
OECKOHEYHOCTH
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YacToTHbIN NOMEH:

X(®) — KOMIUIEKCHBIN, HENPEPBIBHBII U MEPUOMYECKUI
 BBIIIOJHSIETCS B TEUEHUH €JUHCTBEHHOI'O IEPUOAA, OT
Ok2n

® = 0 K 7 SIBJIAIOTCS MOJ0KUTEIBHBIMU YaCTOTAMU

0 = 7 t0 27 ABJIAIOTCS OTPULATEIbHBIMHE YaCTOTAMU

Psan @ypbe

YacToTHbBIN NOMEH:

Re X(w) - BeuiecTBEHHBIH, HENMPEPHIBHBIIN U IEpHOIIUe-
CKuit

Im X(w) - BeneCTBEHHBIH, HETIPEPHIBHBINA 1 IEpHOANYC-
CKuit

@ BBINIOJIHSETCSA B TEUEHUH TIOJIOBHHBI TTeproja, ot 0 K 1

TABJIMIIA 31-1 IIpeobpasoBanust dypee

KommiekcHoe peobpa3oBaHue

BeniectBenHoe nmpeobpa3oBanue

v} E Vik]e' -

cuHmes

[ [ bk
ananus Xk] » — |I-.'||rll. )
T

JlomeH BpeMeHu:
X(#) - KOMILJICKCHBIH, HEMPEPBIBHBIN U EPUOIMUECKHUIHI
¢ BBIIIOJIHSETCS B TEYEHUU OJJHOTO nepuoaa, ot 0 x 7

Frequency domain:

X[k] - KOMITIEKCHBIH, AUCKPETHBIN, U allepUOTUICCKUI
k BBITIONMHSETCS OT OTPULATENHFHOHN K TOJIOKUTEEHON
OECKOHEYHOCTH

k > 0 SBIISIIOTCS TTOJOKUTEILHBIMM YaCTOTAMK

k < 0 SIBAsroTCS OTPUIATENLHBIMHA YaCTOTAMH

IIpeoOpa3zoBanue Dypne

cunmes X Y ReXTh]cos(2mke/T)

T XY= | =i 2heii )

T
4
[

ananuz ReX[k] = = |" vl cosi 2wk T )l

2z ¥ - N
ImXN[k] © [ x(rysin(2mid/T 2t
{

4
i

JomeH Bpeme-

HU:

X(%) - KOMIUIEKCHBIN, HEMPEPHIBHBINA U TIEPUOTNIESCKUI
¢ BBITIOJHSIETCS B TEUEHUH OJHOTO Tiepuoza, oT 0 k 7

Frequency domain:

Re X[k] - KOMITIEKCHBIH, JUCKPETHBIN, U allepUOInIeC-
CKUi

Im X[k] - KOMITJIEKCHBIH, AUCKPETHBIN, U allepUOInIe-
CKUH

k BBITIONHSETCS OT HYJIS K MTOJIOKUTETHHON OECKOHETHO-
CTH

IIpumeuanue: [lepen ucronb30BaHUEM YPABHEHUS CHH-
Te3a, 3HaueHue it Re X[0] 10/mKHO OBITH pa3aesieHO Ha
JBa.

KommiekcHoe peobpa3oBaHue

BeniectBeHHOE MpeobpasoBaHue

cunmes

Tl ifa

_II Llop @™

anaius

Vit |' vl be

|
-
2T

JloMeH BpeMeHuU:

x(f) I- BemecTBEHHBIN, HEIPEPHIBHBIN U anieproaAnye-
CKUI

¢ BBITIOJTHSIETCS] OT OTPULIATENIFHOM K MOJI0KUTETBHON

x{ih |" fe Xl ) coswr)

cunmes

Hrrd N e & [ et sy

1
ananus H L) — | ®ir) O 0 el

&

1 -
T X |' T TEAT T

JomeH BpemeHu:
x(?) I- BemecTBEHHBIN, HEMPEPHIBHBIN U allepHOIYIC-
CKUH
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6EeCKOHEUHOCTH ¢ BBITIOJIHSAETCS OT OTPULIATEIBHOM K ITOJIOKUTEIIbHON
06ECKOHEUHOCTH

YacTOTHBIN 1OMEH:

X(w) - BelecTBEHHBIN, HENPEPBIBHBII 1 arepuouye- YacToTHBIN TOMEH:

CKUM Re X[w] - BelieCTBEHHBIH, HENMPEPHIBHBIN U allEpUOIH-

@ BBINOJHSIETCS OT HYJIS K MTOJI0XKUTEIIHHOW OeCKOHed- YECKHUH

HOCTHU Im X[w] - BeImIeCTBEHHBIN, HETIPEPHIBHBIN U allepUO.IH-

@ > 0 SBIIIOTCS MOJIOKUTEIBHBIMU YaCTOTAMU YECKHH

o < 0 SBIISIOTCS OTPULATENBHBIMH 4YaCTOTaMH @ BBITOJHSIETCS OT HYJIS K MTOJIOXKUTEIIHHOW OeCKOHEed-

HOCTH

TABJINLA 31-1 [IpeoOpazoBanust Dypre

There are several reasons we have already mentioned: compact equations, symmetry between the
analysis and synthesis equations, symmetry between the time and frequency domains, inclusion
of negative frequencies, a stepping stone to the Laplace and z-transforms, etc.

MMeroTcst HeCKOIBKO MPUYHH, KOTOPBIE MBI YK€ YIOMSHYJIN: KOMITAKTHBIE YPAaBHEHHUS, CHMMET-
pHsl MEXly aHAJIM30M U YPaBHEHUSIMU CHHTE3a, CHMMETPHS MEXy JOMEHAMHU BPEMEHH U dYac-
TOTHBIMH JIOMEHaMH, BKJIIOUCHHE OTPHUIATEIBHBIX YaCTOT, IIararomuidi kamenp Jlamiacy u z-
TpaHchopMaHTam, U T.1I.

There is also a more philosophical reason we have not discussed, something called truth. We
started this chapter by listing several ways that the real Fourier transform is awkward. When the
complex Fourier transform was introduced, the problems vanished. Wonderful, we said, the
complex Fourier transform has solved the difficulties.

Nmeetcs Takxe 6omnee ¢pumocodckas nmpuauHa, KOTOPYIO MBI HE 00CYTUIIN, KOE-U4TO Ha3bIBaeMOe
paBoW. MbI 3aIlyCTWIIM 3Ty IJIaBy, I€4aras HECKOJIBKO IIyTEH, KOTOPBIMU BEILIECTBEHHOE IIpe-
obpazoBanune Dypbe sABIsACTCS HEYKITIOKUM. Korma kommuiekcHoe npeoOpaszoBanrne Oypbe ObLIO
MpEJICTaBICHO, MpobaemMbl oOpamaiich B HyJlb. MBI CKa3ald, 3aMedarelbHOe KOMIUIEKCHOE
npeoOpazoBanue Oypre pemmiIo TPy IHOCTH.

While this is true, it does not give the complex Fourier transform its proper due. Look at this
situation this way. In spite of its abstract nature, the complex Fourier transform properly de-
scribes how physical systems behave. When we restrict the mathematics to be real numbers,
problems arise. In other words, these problems are not so/ved by the complex Fourier transform,
they are introduced by the real Fourier transform. In the world of mathematics, the complex Fou-
rier transform is a greater truth than the real Fourier transform. This holds great appeal to
mathematicians and academicians, a group that strives to expand human knowledge, rather than
simply solving a particular problem at hand.

B TO BpeMmst kak 3TO HCTUHHO, 3TO HE JIaeT KOMILIEKCHOE TIpeoOpazoBanne Dypbe ero Haamexa-
it oopazoM. CMOTpUTE Ha 3TO TMOJIOKEHUE(CUTYaIMIo) ATOT MmyTh. HecMoTpst Ha ero abCT-
paKTHBIN XapakTep(MpUpoay), KOMIUIEKCHOE npeoOpasoBanne Dypbe AOKHBIM 00pa3oM OIH-
CBIBaeT, KaK ()M3NYECKHE CUCTEMBI BemyT ceOs. Korma Mbel orpaHMYMBacM MaTeMaTHKY, YTOOBI
OBITH BEIIECTBEHHBIMH YHCIIAMH, MPOOJIEMBbI BO3HUKAIOT. J[pyruMu coBamu, 3TH POOJIEMEI HEe
peuieHbl KOMITIEKCHBIM TIpeoOpa3zoBanueM Dypbe, OHU npedcmasieHvl(0Onyujetsl, 8HeCeHbl)
BEIIECTBEHHBIM MpeoOpazoBanueM Dypbe. B Mupe marematruku, KOMILIEKCHOE TTpeoOpa3oBaHue
®dypbe - OobIlas MpaBa YeM BEIIECTBEHHOE TpeoOdpa3zoBanrue Dypbe. ITO MPOBOAUT(ICPIKHT)
Oonpuryio oOpareHue(TIpUBIEKATEIPHOCTh) MaTeMaTUKaM W aKaJeMHKaMm, Cpymmna, KoTopas
CTPEMHTCS Pa3BOPAUYMBATh YEIOBEUYECKOE 3HAHUE, CKOPEE YEM IPOCTO PEIICHHE CIeI(pHIeCcKon
npoOJIEMBI IO/ PYKOIA.
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