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CHAPTER f The Laplace Transform
3 2 IIpeodpa3zoBanue Jlamiaca

The two main techniques in signal processing, convolution and Fourier analysis, teach that a lin-
ear system can be completely understood from its impulse or frequency response. This is a very
generalized approach, since the impulse and frequency responses can be of nearly any shape or
form. In fact, it is oo general for many applications in science and engineering. Many of the pa-
rameters in our universe interact through differential equations. For example, the voltage across
an inductor is proportional to the derivative of the current through the device. Likewise, the force
applied to a mass is proportional to the derivative of its velocity. Physics is filled with these
kinds of relations. The frequency and impulse responses of these systems cannot be arbitrary, but
must be consistent with the solution of these differential equations. This means that their impulse
responses can only consist of exponentials and sinusoids. The Laplace transform is a technique
for analyzing these special systems when the signals are continuous. The z-transform is a similar
technique used in the discrete case.

JIBa OCHOBHBIX MeTO/ia B 00pa0OTKE CUTHAJIOB, cBepTKa M aHanu3 Dypwe, yyaT, 4yTo JHUHEHHAS
cucTeMa MOXKET ObITh MOJIHOCTBIO MTOHATA OT €€ UMITYJIbCa MJIM YaCTOTHON XapaKTepUCTUKU. DTO
- OYeHb OOOOIIEHHBIN MOIXOMA, TaK KAaK MMITYJIbC U YaCTOTHbBIE XapaKTEPHUCTUKUA MOTYT UMETh
HOYTH Jr000€ ouepTanue i Gopmy. DakTUUECKH, ITO cruuikom o0IIee A1 MHOTMX HMPUIIOXKE-
HUI B HayKe W TeXHUKe. MHOrHe M3 MapaMeTpoB B Halle 00JacTH B3aMMOJICHCTBYIOT yepes
ouppepenyuanvhuvle ypasnenus. Hanpumep, HanpsykeHUE Ha KaTyIIKe HHAYKTUBHOCTH IPOIOP-
LIMOHAJILHO K IPOM3BOAHOM TOKA Yepe3 yCTPONCTBO. AHAIOTUYHO, CHUJIa, IPUIIOKEHHAs K Macce
IIPONOPLUOHAIIBHA K MPOU3BOMHOM €€ CKOpOoCTH. DU3MKa 3all0JIHEHA dTUMHU BHJAMH OTHOILE-
HUi. YacToTa U UMITYJIbCHBIE NTEpPEeJaTOUYHbIe (PYHKIUHN 3TUX CUCTEM HE MOTYT OBbITh MPOU3BOJIb-
HBbI, HO JOJKHBI ObITh COBMECTHMBI C peIlIeHHEM 3TUX AU depeHInanbHO-pa3HOCTHBIX YpaBHE-
HUI. DTO O3HAYaeT, YTO MX UMIYJIbCHBIC MepelaTOYHble (PYHKIUU MOTYT COCTOSTH TOJIBKO U3
nokazamenvublx QyHKIUN U cunycouo. npeodpa3opanue Jlamnaca - METOAMKA JUI aHAIN3a 3TUX
CHEUMANBbHBIX CHUCTEM, KOT/Ia CUTHANBI Henpepvlénvl. Z-TpaHCPOpPMaHTa - 1M000HAsT METOAUKA,
UCTIOJIb3yeMasi B OUCKPEmHOM CITydae.

The Nature of the s-Domain

Xapakrep(npupoaa) s-1oMmeHa

The Laplace transform is a well established mathematical technique for solving differential equa-
tions. It is named in honor of the great French mathematician, Pierre Simon De Laplace (1749-
1827). Like all transforms, the Laplace transform changes one signal into another according to
some fixed set of rules or equations. As illustrated in Fig. 32-1, the Laplace transform changes a
signal in the time domain into a signal in the s-domain, also called the s-plane. The time domain
signal is continuous, extends to both positive and negative infinity, and may be either periodic or
aperiodic. The Laplace transform allows the time domain to be complex; however, this is seldom
needed in signal processing. In this discussion, and nearly all practical applications, the time do-
main signal is completely real.

[IpeobpazoBanue Jlamiaca - XOpoIIo yCTaHOBJIEHHAsI MaTeMaTHYeCKass METOMKA JUISl PeILICHHS
mddepeHManbHBIX ypaBHEHHH. JTO HA3BAaHO B YECTh BEIHMKOTO (PaHIy3CKOTO MaTeMaTHKa,
Pierre Simon De Laplace (1749-1827). [Tono6Ho Bcem TpanchopmaHTaMm, npeoOpa3oBanue Jlan-
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Jaca U3MEHSET OJIMH CUTHAJ B JIPYTOM COTJIACHO HEKOTOPOMY YCTaHOBIEHHOMY HaOOpy HpaBMII
nnu ypaBHeHui. Kak mumroctpupoBano B puc. 32-1, npeobpaszoBanue Jlammaca u3MeHSIET a CUT-
Haj B JJOMEHE BPEMEHH B CUTHAJ B S-JIOMEHEe, TAK)KE€ Ha3bIBAEMOM S-INIOCKOCThbI0. CUTHAI J0-
ME€Ha BPEMEHHU HENpEephIBEH, MPOCTUPAETCS U HA MOJOKUTENbHYIO U Ha OTPHUIIATEIbHYIO OecKo-
HEYHOCTb, U MOKET OBITh HJIM NEPUOTUUECKUM WK anepuoandeckuM. [Ipeobpazosanue Jlammna-
ca MO3BOJIIET JOMEHY BPEMEHHU ObITh KOMMIEKCHbIM; OJTHAKO, 3TO PEAKO HEOOXO0AMMO B 00pa-
60TK€ curHajoB. B atom O6CY)KIL€HI/II/I, H IMOYTHU BO BCCX MPAKTUUCCKHUX IMPUIIOKCHUAX, CUTHAJIbBI
JIOMEHA BPEMEHH MOJHOCTHIO BEIIECTBEHHBI.

As shown in Fig. 32-1, the s-domain is a complex plane, i.e., there are real numbers along the
horizontal axis and imaginary numbers along the vertical axis. The distance along the real axis is
expressed by the variable, o, a lower case Greek sigma. Likewise, the imaginary axis uses the
variable, w, the natural frequency. This coordinate system allows the location of any point to be
specified by providing values for ¢ and w. Using complex notation, each location is represented
by the complex variable, s, where: s = g + jow. Just as with the Fourier transform, signals in the s-
domain are represented by capital letters. For example, a time domain signal, x(¢), is transformed
into an s-domain signal, X(s), or alternatively, X(o, w). The s-plane is continuous, and extends to
infinity in all four directions.

Kak nokazano B puc. 32-1, s-I0OM€H - KOMIUJIEKCHas IUIOCKOCTh, TO €CTh, UMEIOTCS BELIECTBEH-
HbIE YUCJA N0 TOPU30HTAIIBHOW OCH M KOMIUIEKCHBIE YMCIIA TI0 BEPTUKAIBHOM OCH. PaccrosiHue
10 BEIIECTBEHHOW OCH BBIPAXKEHO MEPEMEHHOH, o, CTpouHas OyKBa rpedeckas curma. AHajo-
TUYHO, MHUMAsl OCh HCIIOJIb3YeT MEPEMEHHYI0, (», COOCTBEHHAs 4acToTa. JTa CHCTeMa KOOpIH-
HaT MO3BOJISIET PACIIOIOKEHUIO JTI000N TOUKHU OBITH OIpe/esIeHHON, oOecrieunBasi 3HaUeHUs s
o ¥ @. Mcnonp3ys KOMIUIEKCHYIO CUCTEMY 0003HAYEHUH, KaXI0€ PACIOI0KEHUE TIPEICTABICHO
KOMILUIEKCHOM TIEPEMEHHOM, S, T1e: s = o + jow. Takxke, kak ¢ npeodpazoBanremM Dypbe, CUTHATIBI
B S-IOMEHE IPEJICTaBICHBI 3ariaBHBIMU OykBamu. Hampumep, curnan momeHa BpemeHH, X(f),
npeoOpazoBaH B CUTHAJ S-IOMeHa, X(5), WU albTepHATUBHO, X(0, @). S-TUIOCKOCTh HETIPEPHIBHA,
Y TIPOCTHPALTCsl B OECKOHEYHOCTh BO BCEX YETHIPEX HAMPABICHUSIX.

In addition to having a /ocation defined by a complex number, each point in the s-domain has a
value that is a complex number. In other words, each location in the s-plane has a real part and
an imaginary part. As with all complex numbers, the real & imaginary parts can alternatively be
expressed as the magnitude & phase.

B nmomonHeHWe K HATMYUIO PACHONOMNCEHUs, OTPEACICHHOTO KOMIUICKCHBIM YHCIIOM, KaXKaas
TOYKa B S-JOMCHC MUMCCT 3HAUCHUC, KOTOPOC ABJIACTCA KOMIUJICKCHBIM YHCJIOM. I[pyFI/IMI/I CJIOBa-
MU, KQXKI0€ PACIIOIOKEHHE B S-TUIOCKOCTH UMEET BEIIECTBCHHYIO YacTh M MHUMYIO YacTh. Kak
CO BCEMH KOMIUICKCHBIMH YHUCJIaMH, BCHICCTBCHHLIC WU MHHUMBIC YaCTU MOTYT AJIbTCPHATUBHO
OBITH BBIPAKCHBI KaK BeJTMYMHA U (a3a.

Just as the Fourier transform analyzes signals in terms of sinusoids, the Laplace transform ana-
lyzes signals in terms of sinusoids and exponentials. From a mathematical standpoint, this makes
the Fourier transform a subset of the more elaborate Laplace transform. Figure 32-1 shows a
graphical description of how the s-domain is related to the time domain. To find the values along
a vertical line in the s-plane (the values at a particular o), the time domain signal is first multi-
plied by the exponential curve: e”. The left half of the s-plane multiplies the time domain with
exponentials that increase with time (o < 0), while in the right half the exponentials decrease
with time(o > 0). Next, take the complex Fourier transform of the exponentially weighted signal.
The resulting spectrum is placed along a vertical line in the s-plane, with the top half of the s-
plane containing the positive frequencies and the bottom half containing the negative frequen-
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cies. Take special note that the values on the y-axis of the s-plane (¢ = 0) are exactly equal to the
Fourier transform of the time domain signal.

Tax e, kak nmpeodpazoBanrue Oypbe aHATU3UPYET CUTHANBI B TEPMUHAX CUHYCOH, Tpeoldpas3o-
BaHue Jlammaca aHanM3UpyeT CUTHAIBI B TEPMHHAX CHHYCOHW] 1 TOKa3aTeNbHbIX (pyHKuun. C
MaTeMaTHYeCKON TOYKHU 3pEHUs, 3TO JieiaeT npeodpasoanue Oypbe noomHoscecmsom u3 donee
CIOXHOTO MpeoOpazoBanus Jlammaca. Pucynok 32-1 moka3eiBaet rpaduueckoe ONucaHUe TOro,
KaK S-JIOMEH CBsI3aH C JIOMEHOM BpeMeHU. HaxoquTh 3Ha4YeHHs Mo BEPTUKAIBbHOH CTPOKE B S-
TUTOCKOCTH (3HAYEHUS B YAaCTHOCTH ¢), CUTHAJI IOMEHA BPEMEHHM CHAayala YMHOXXEH Ha JKCIIO-
HeHTy: ¢”. Jleas TOJNIOBUHA S-IIIOCKOCTH YMHOKAET JOMEH BPEMEHH ¢ TI0Ka3aTelbHbIMU (yHK-
LIUSIMH, KOTOPBIE YBEIMUUBAIOTCA cO BpeMeHeM (o < (), B TO BpeMs Kak B IPaBOil IIOJOBUHE T0-
Ka3aTeNbHBIX (DYHKIMA YMEHBIIAIOTCS co BpeMeHeM (g > 0). 3aTem, OepuTe KOMIUIEKCHOE TIpe-
oOpa3oBanne @ypbe MO IKCIOHEHTE B3BEIICHHOTO CUTHAJA. 3aKaHYMBAIOIIUICS CIEKTP MOMeE-
IIEH MO BEPTUKAIBHOM JIMHUU B S-TUIOCKOCTH, C BBICIIEH MOJOBUHOM S-INTIOCKOCTH, COACPIKAIICH
MOJIOKUTENIbHBIE YaCTOTHl U HIDKHEH TOJNOBHMHOW COJAEpIKalllel OTpUIaTeNIbHbIE YacTOTHI. 3a-
METhTE 0C000, UTO 3HAYCHHUS HA OCH Y S-TIOCKOCTH (0 = () TOuHO paBHO mpeoOpazoBanuio Dy-
pbe CUTHaja IOMEHA BPEMEHHU.

As discussed in the last chapter, the complex Fourier Transform is given by:
Kaxk o0cyx1eHo B MpoIuioi riaaBe, KOMILIEKCHOE TTpeoOpa3zoBanne Dypwe maercs:

X II xlthe = di

This can be expanded into the Laplace transform by first multiplying the time domain signal by
the exponential term:

3T0 MOKET OBITh PaCIIMPEHO B peoOpazoBaHue Jlamnaca mepBbIM YMHOKESHUEM CHTHAJ JJOMEHA
BPEMEHH Ha TEPMHH MTOKA3aTeJs:

I|.|'::|_-h.|:| II.I"'IIII'-' |Il]"I -..lI|I|I

While this is not the simplest form of the Laplace transform, it is probably the best description of
the strategy and operation of the technique. To place the equation in a shorter form, the two ex-
ponential terms can be combined:

B 10 Bpems kak 310 - He camas npoctas popma nmpeodbpazoBanus Jlamnaca, 3To - BEpOATHO JTyd-
1Iee ONMCaHUe CTPATETUU M ONepaIlii METOTUKH. UTOOBI pa3MeniaTs ypaBHEHHE B Oosiee KOpoT-
KyI0 (hopMy, TEPMUHBI ABYX TOKa3aTeJIel MOTYT OBITh OOBEIMHEHBI:

Illﬂ.':ul] II Xy e i i

Finally, the /ocation in the complex plane can be represented by the complex variable, s, where s
=0+ jow.This allows the equation to be reduced to an even more compact expression:

Hakonern, pacnono)xeHre B KOMIUICKCHOH TJIOCKOCTH MOXET OBITh NMPEICTAaBICHO KOMIUICKCHOM
HIEPEMEHHOM, 5, TIIe § = ¢ + jw. ITO MO3BOJSIET YPaBHEHUIO OBITh COKPAIICHHBIM K Jaxe Ooliee
KOMITAaKTHOMY BBIPA)KEHHIO:

YPABHEHMUE 32-1
Xis) I' eifl ¢ it
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IIpeobOpa3oBanue Jlamaca. 3To ypaBHEHHUE OMPEAEIIeT, KaK CUTHAJ JOMEHAa BPEeMEHH, x(f), CBSI3aH C CHTHAJIOM S-
nomena, X(s). [TepemenHble s-moMeHa, s, 1 X( ), SIBJISAIOTCS KOMILICKCHBIMH. B TO Bpemsi Kak JOMEH BpEMEHH MOXKET

OBITh KOMILIEKCEH, OOBIYHO 3TO BEIIECTBEHHO.
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FIGURE 32-1

The Laplace transform. The Laplace transform converts a signal in the time domain, x(t), into a signal in the s-
domain, X(s) or X(o, ®) . The values along each vertical line in the s-domain can be found by multiplying the time
domain signal by an exponential curve with a decay constant ¢, and taking the complex Fourier transform. When the
time domain is entirely real, the upper half of the s-plane is a mirror image of the lower half.

PUCVYHOK 32-1
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IIpeoOpazosanue Jlamnaca. [IpeodpasoBanue Jlamnaca mpeoOpa3oBhIBACT CUTHAI B IOMCHE BPEMEHH, X(f), B CUTHAI
B s-gomeHe, X(s) mm X(o, ©). 3HaueHHsI 10 Ka)K/I0i BEPTUKAIBHOI CTPOKE B S-IIOMEHE MOTYT OBbITh HalJECHbI, yM-
HOJKasl IOMEH BPEMEHH, SKCIIOHCHIIMAIBHON KPUBOH C MOCTOSIHHOW BPEeMEHHU pacrnana(3aTyXxaHus) 6, U Oeps KoM-
TuIeKCHOe npeodpasosanue @ypre. Koria moMeH BpeMeHH NOJTHOCTBIO BEIIECTBEH, BEPXHSS OJIOBHHA S-TUIOCKOCTH
- 3epKalIbHOE N300pakKeHNE HWKHEH MOJIOBUHBL.

This is the final form of the Laplace transform, one of the most important equations in sig-
nal processing and electronics. Pay special attention to the term: e u st, called a complex expo-
nential. As shown by the above derivation, complex exponentials are a compact way of repre-
senting both sinusoids and exponentials in a single expression.

ITO - KOHeYHasA(3aKJII0UYNTeIbHAsA) (popma npeodpasoBanus Jlaniaaca, oqHo U3 Hanbosee
BAa)KHBIX YpaBHeHHI B 00padoTKe CHTHAJIOB M dJIeKTpPOoHUKe. OOpaTtute 0c000e BHUMaHUE Ha
TEPMHUH: e U Sf, HA3bIBAEMbIN KOMNIEKCHOU nokazamenvHol ¢hynxkyueu. Kak mokasaHo Balie, 00-
paszoBanue(pemieHne?), KOMIJICKCHON MOKa3aTeIbHOW (PYHKIIMU - KOMIIAKTHBINA MyTh MPEACTAB-
JICHUSI K CHHYCOU/IBI ¥ TIOKA3aTeNbHOW (DYHKIIMK B OIMHOYHOM BBIPAKCHUU.

Although we have explained the Laplace transform as a two stage process (multiplication by an
exponential curve followed by the Fourier transform), keep in mind that this is only a teaching
aid, a way of breaking Eq. 32-1 into simpler components. The Laplace transform is a single
equation relating x(7) and X(s), not a step-by-step procedure. Equation 32-1 describes how to cal-
culate each point in the s-plane (identified by its values for ¢ and w) based on the values of g, ®
and the time domain signal, x(¢). Using the Fourier transform to simultaneously calculate all the
points along a vertical line is merely a convenience, not a requirement. However, it is very im-
portant to remember that the values in the s-plane along the y-axis are exactly (6 = 0) equal to the
Fourier transform. As explained later in this chapter, this is a key part of why the Laplace trans-
form is useful.

XoTs1 MBI OOBSICHUIIN TIpeoOpa3oBaHue Jlammaca kak mporecc u3 IByX cTaauil (YMHOXXEHHE JKC-
IIOHEHTOH, CONPOBOXKIaeMoil mpeodpazoBanneM Pypre), ©IMEEeM B BUIY, YTO 3TO - TOJIBKO Ipe-
MoJlaBaTelbCcKasi IOMOIIlb, yTH pa3iokeHHs ypaBHeHHs 32-1 Ha GoJiee MPOCThie KOMIIOHEHTHI.
[IpeoOpazoBanue Jlamnaca - oTaeNbHOE YpaBHEHHE, CBs3bIBaOIIEe X(7) U X(s), HE MOCTENEeHHAs
nporenypa. YpaBHeHue 32-1 OMUCHIBAET, KaK BBIYUCIUTH KOKIYIO MOYKY B S-TFIOCKOCTH (MICH-
TUGUIUPYS €€ 3HAYCHHS ¢ U () OCHOBAaHO HA 3HAYCHUSX 0, (0 U CUTHAJIA JOMEHA BpeMeHH, X(f).
HcnonwszoBanue npeodpazoBanusi Oypbe, 4TOObl 00HOBpEMeHHO BBIUUCIUTH BCE TOUKH IO BEp-
TUKAJIBbHOU CTPOKE - MPOCTO yno0cTBO, HE TpeboBaHue. OHAKO, OYCHb BAYKHO MOMHHUTH, YTO
3HAYCHUS B S-TUIOCKOCTH IO OCH y - mouro (o = () paBHstoTCs mpeodpazoBanuio Oypre. Kak
00BSICHEHO TO3Ke B 3TOH TIaBe, ATO - KIII0UeBas 4acTh Toro, nouemy Jlammacosa Tpanchopman-
Ta SIBJIAETCS MOJIE3HOM.

To explore the nature of Eq. 32-1 further, let's look at several individual points in the s-domain
and examine how the values at these locations are related to the time domain signal. To start, re-
call how individual points in the frequency domain are related to the time domain signal. Each
point in the frequency domain, identified by a specific value of w, corresponds to two sinusoids,
cos(wt) and sin(wt). The real part is found by multiplying the time domain signal by the cosine
wave, and then integrating from -co to co. The imaginary part is found in the same way, except
the sine wave is used. If we are dealing with the complex Fourier transform, the values at the cor-
responding negative frequency, -, will be the complex conjugate (same real part, negative
imaginary part) of the values at w. The Laplace transform is just an extension of these same con-
cepts.

YroObl nccenoBaTh Xapakrep ypaBHeHUs 32-1 nanee, naBaiite cMOTpeTh Ha HECKOJIBKO MH[U-
BUJYaJIbHBIX TOUYEK B S-JOMEHE U UCCIIEI0BaTh, KaK 3HAYEHUS B ATUX PACIIONOKEHUSIX CBA3aHbI C
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CUTHAJIOM JJOMEHA BPEMEHHM. 3aIllyCKaTbh, IIOBTOPHO BBI3bIBATH, KAK MHIUBUAYAJIbHBIE TOYKU B
YacmomHoM OOMeHe CBSI3aHbl C CUTHAJIOM JoMeHa BpeMeHu. Kaxkaas Touka B 4aCTOTHOM J0Me-
HE, WICHTU(PHUIUPOBAHHOM CIEUU(PUIECKON BEIMYMHON v, COOTBETCTBYET JIBYM CHHYCOMIaM,
KoMmaHuu cos(wt) u sin(wf). BemiecTBeHHas yacTh HalifieHa, YMHOXasi CUTHAJ JOMEHA BpeMe-
HU BOJIHOW KOCHHYCA, ¥ 3aT€M MHTETPHUPYs OT -0 K 0. MHHMMas 4acTh HaiijieHa TaKuM ke oOpa-
30M, KpOME TOTO YTO UCIOJb3yeTCsl BOJIHA CUHYca. Eciau Mbl nMeeM JIeI0 C KOMNIeKCHbIM TIpe-
oOpa3zoBanneM Dypbe, 3HAYCHUS B COOTBETCTBYIOIIEH OTPULIATENIBHON 4YacToTe, -, OyJeT Ju
KOMJIEKCHO-COTIPSKEHHBIM (Ta ’K€ caMas BEIlleCTBEHHas 4acTh, OTpUIATeNIbHAs MHUMAs 4acTb)
3HaueHuil B w. [Ipeobpa3zoBanue Jlamnaca - TOJNbKO paciivpeHue(IIPOJICHHE) UX TE KE Camble
KOHIEMIINH.

s-Domain Associated Waveforms
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FIGURE 32-2

Waveforms associated with the s=domain. Each location
i the s-domain iz identified |1'r-. [0 paramelers: o and w,
Ihese parameters also define two wavelorms associated
with each location. 1f we only consider pairs of poinls
{such as: Ak A, B&E'. and C&LC'). the two wavelorms : : :
ns=nciated with each location are sine and cosine waves of Timee
frequency w, with an exponentially changing amplitude

controlled by o.
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FIGURE 32-2

Waveforms associated with the s-domain. Each location in the s-domain is identified by two parameters: ¢ and w.
These parameters also define two waveforms associated with each location. If we only consider pairs of points (such
as: A&A, B&B, and C&(f), the two waveforms associated with each location are sine and cosine waves of fre-
quency w, with an exponentially changing amplitude controlled by o.

PUCYHOK 32-2

@opMbl BOJHEI, CBSI3aHHBIE C S-IOMEHOM. Kakioe pacnonokeHne B s-IOMEHE HASHTU(GHINPOBAHO JBYMsI TapaMeT-
pamu: ¢ ¥ . DTH MapaMeTphl TAK)Ke ONPEIEIISIOT 1Be (GOpMBI BOJIHBI, CBI3aHHBIE C KOKABIM pacrosiokenueM. Ecnu
MBI PacCMaTpUBAEM TONBKO mapbl Touek (Trma: A u A, B u B, u C u C), 1Be GOpMBI BOJIHbI, CBA3aHHBI C KaX/IbIM
pacIoyoKeHHEM — BOJIHA CHHYCa U BOJIHA KOCHHYCa YaCTOTHI (@, C 110 AKCIIOHEHTE U3MEHSIOIIEHCS aMIUTUTYIbl,
yIpaBIIEMOH 0.
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Figure 32-2 shows three pairs of points in the s-plane: A&A, B&B, and C&C. Just as in the
complex frequency spectrum, the points at A, B, & C (the positive frequencies) are the complex
conjugates of the points at A, B, & C (the negative frequencies). The top half of the s-plane is a
mirror image of the lower half, and both halves are needed to correspond with a real time domain
signal. In other words, treating these points in pairs bypasses the complex math, allowing us to
operate in the time domain with only real numbers.

Pucynok 32-2 moka3pIBaeT TpU Mapbl TOYEK B S-IJIOCKOCTH: A U A, Bu B, u C. Taxxke, kak B
KOMIUIEKCHOM CIEKTpe 4acToT, TOUKU B A, B, u C (mosoxureabHble YacTOThI) - KOMIUIEKC CO-
npsokeHHBIX Todek B A, B, n C (OTpHIATeIbHbIC YacTOTHI). BBICIIAs MOTOBHHA S-IUIOCKOCTH -
3epKaIbHOE M300paKeHHE HIDKHEH TOJIOBHHBI, M 00€ TIOJIOBUHBI HEOOXOIUMBI, YTOOBI COOTBET-
CTBOBATh C CUTHAJIOM JIOMEHA peabHOTrO(BEIIECTBEHHOT0) BpeMeHu. J[pyrumu cioBamu, oOpa-
OaTbIBasi 3TU TOYKHU B Mapax OOXOAUT KOMIUIEKCHYIO MaTeMaTHKy, MO3BOJIAS HaM paboTaTh B
JIOMEHE BPEMEHH TOJIBKO C BEIICCTBEHHBIMH YHCITaMH.

Since each of these pairs has specific values for ¢ and + w, there are two waveforms associated
with each pair: cos(wf) ¢ and sin (w?) e For instance, points A&A are at a location of o= 1.5
and o = +40 and, therefore correspond to the waveforms: cos(40z ) ¢ and sin (407 ) ¢! As
shown in Fig. 32-2, these are sinusoids that exponentially decreases in amplitude as time pro-
gresses. In this same way, the sine and cosine waves associated with B&B have a constant am-
plitude, resulting from the value of ¢ being zero. Likewise, the sine and cosine waves that are
associated with locations C&C exponentially increases in amplitude, since o is negative.

Tak kak Kaxaas U3 3TUX Map UMEET y,[ICHLHBIC BEJIMYUHBI ,Z[JISI 0 U *o, UMeIoTCst 1Be (hOpMBI
BOJIHBI, CBA3aHHBIC C Ka)K10i mapoii: cos(wf) e u sin(wt) €. Jlns oOpasua, Toukd A 1 A SIB-
JIAIOTCS JTM B PAacCIONIOKEHHH K opMaM BOMHEL cos(40z ) ¢ s u sin(407) ¢, Kak mokasaso B
puc. 32-2, OHU - CUHYCOUIbI, KOTOPBIM MO YKCIOHEHTE YMEHBIIIAETCS B aMIUIUTY/IE, MOCKOJIbKY
BpeMs MPOrpeccUpyeT. B 3TOM TOT K€ camblil MyTh, BOJHBI CUHYCa U KOCUHYCA, CBA3aHbl C B u
B nocrosiHHYI0 aMIUIUTYAy CIEAYIONIYyI0 M3 3Hau€HUs ¢ OyAy4dd HylieM. AHaJOTUYHO, BOJHBI
CHHYyCA M KOCHHYCA, KOTOpbIE CBsi3aHEI ¢ pac moxoxeHusamu C 1 C 110 9KCIIOHEHTe, YBEIHINBa-
I0TCS B AMIUIMTYJIE, C TEX MOP KakK o SIBJISETCS OTPULIATEIbHOM.

The value at each location in the s-plane consists of a real part and an imaginary part. The real
part is found by multiplying the time domain signal by the exponentially weighted cosine wave
and then integrated from -oo to 0. The imaginary part is found in the same way, except the expo-
nentially weighted sine wave is used instead. It looks like this in equation form, using the real
part of A&A as an example:

3HaueHue B KaXKJI0M PaCIOIOKEHUH B S-TUIOCKOCTH COCTOUT U3 8eLeCmBeHHOU Yacmu U MHUMOU
yacmu. BGH_ICCTBGHHaH qaCTb HaﬁneHa, YMHOKagd CHUTHAJI JOMCHA BPCMCHHU I10 3KCIIOHCHTC
B3BEIIICHHOI BOJIHOM KOCHHYCA U 3aT€M MHTETPUPOBAHA -00 K c0. MHHMMas 4acTh HailileHa TaKUM
ke 00pa3oM, KpoMe TOTO, YTO BMECTO TOTO MUCHOIB3YETCS MO IKCIIOHEHTE B3BEIICHHON BOJHBI
CHHYyCa. DTO HATIOMUHAET 9TO B (hOPME yPABHEHMS, MCIIONB3Ysl BEIIECTBEHHYIO YacTh A U A KaK
npumep:

RE/I(PIU=I.5+DJ=:|:4G} = ] r{_I}CDS{‘:I'ﬂf]f '|.?_1de

O
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Figure 32-3 shows an example of a time domain waveform, its frequency spectrum, and its s-
domain representation. The example time domain signal is a rectangular pulse of width rwo and
height one. As shown, the complex Fourier transform of this signal is a sinc function in the real
part, and an entirely zero signal in the imaginary part. The s-domain is an undulating two-
dimensional signal, displayed here as topographical surfaces of the real and imaginary parts. The
mathematics works like this:

Pucynox 32-3 mokasbiBaeT nmpumMep (opMbl BOJHBI JJOMEHA BPEMEHH, €€ CIIEKTP YacToT, U ee
IIPEICTaBICHNUE S-IoMeHa. [IpuMep curHan noMeHa BpEMEHH - NPSAMOYTOJIbHBIA UMITYJIbC IIUPH-
HBI 08a W 00HOU BBICOTHI. Kak moka3aHo, KOMIIJIEKCHOE npeoOpazoBanre dypre 3TOro curuania -
sinc (yHKIMs B BEILECTBEHHOM YacTH, U IOJHOCTHIO HYJIEBOM CUTHaJe B MHMMOM 4acTu. S-
JIOMEH - XOJIMUCTBIN JIBYMEPHBI CHTHaJ, 0TOOpa)keHHBIN 3/1eCh Kak Tonorpaduieckue moBepx-
HOCTH BELIECTBEHHBIX 1 MHUMBIX YacTel. MaTemaTnka paboTaeT HoJo0HO 3TOMY:

o

]
X = f.r{f]f""cfr = j 1e ™dt
|

L

In words, we start with the definition of the Laplace transform (Eq. 32-1), plug in the unity value
for x(7), and change the limits to match the length of the nonzero portion of the time domain sig-
nal. Evaluating this integral provides the s-domain signal, expressed in terms of the complex lo-
cation, s, and the complex value, : X(s)

B cnoBax, MbI 3amyckaeM ¢ onpezenenus mpeoopa3zoBanus Jlamnaca (ypaBaenue 32-1), BKiroda-
€M 3HAYeHWH €AMHUIBI i X(f), ¥ U3MEHSEM Ipeaelbl, YTOOBI COOTBETCTBOBAThH JIMHE YaCTH
OTJIIMYHOM OT HyJIsl CHTHaJa oMeHa BpeMeHH. OT[eHKa ATOro MHTerpaia o0ecIieYMBaeT CUTHAI S-
JIOMEHA, BBIPAKEHHBIM B TEPMUHAX KOMILIEKCHOTO PACIOJIOKEHUS, S, 1 KOMIUIEKCHOTO 3Hade-
Hus,: X(s)

X —-¥

g’ - e

X(s) =

While this is the most compact form of the answer, the use of complex variables makes it diffi-
cult to understand, and impossible to generate a visual display, such as Fig. 32-3. The solution is
to replace the complex variable, s, with ¢ + jw, and then separate the real and imaginary parts:

B To Bpems kak 310 - Hanbosiee KoMIakTHas Gopma OTBETa, UCIOIB30BAHNUE KOMILUIEKCHBIX TIe-
PEMEHHBIX JIeJIaeT TPYIHBIM IMOHUMAaTh, U HEBO3MOXKHBIM T€HEPHUPOBATh BU3YalIbHbIN JUCILICH,
tuna puc. 32-3. Pemenue cocTOUT B TOM, YTOOBI 3aMEHHUTh KOMILIEKCHYIO NIEPEMEHHYIO, §, C 0 +
Jj@, ¥ 3aTeM OTAETSIOT BEIIECTBEHHBIE 1 MHUMBbIE YacCTH:
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FIGURE 32-3
Time, frequency and s-domains. A time domain signal (the rectangular pulse) is transformed into the frequency do-
main using the Fourier transform, and into the s-domain using the Laplace transform.

PUCVYHOK 32-3
Bpewmsi, yactora n s-gomeHsl. CUTHaN TOMEHA BpeMeHH (IPSMOYTOIBHBIN MMITYJIbC) IpeoOpa3oBaH B YAaCTOTHBIN
JIOMEH, HCTONB3Ysl IpeoOpasoBanne Dypwe, U B s-IOMEH, HCHONB3Ys MpeoOdpa3oBanue Jlamaca.

The topographical surfaces in Fig. 32-3 are graphs of these equations. These equations are quite
long and the mathematics to derive them is very tedious. This brings up a practical issue: with
algebra of this complexity, how do we know that we haven't made an error in the calculations?
One check is to verify that these equations reduce to the Fourier transform along the y-axis. This
is done by setting o to zero in the equations, and simplifying:

Tonorpaduyeckne MOBEPXHOCTH B pHC. 32-3 - nuarpamMMmbl(rpadyKu) 3THX ypaBHEHHHA. DTH
YPaBHEHHS - BECbMa JIOJITO U MaTeMaTHKa, YTOObI MOIY4YUTh UX, OYEHb YTOMUTENIbHA. JTO MOA-
HUMAaeT MPaKTHYECKYI0 MpobeMy: ¢ anredpoil IToN CI0KHOCTH, KaK Mbl 3HAEM YTO MBI HE CHe-
nany omuOKa B BeIYMcaeHUAX? OHa IpoBepKa J0JKHA IPOBEPUTH, YTO 3TH YPAaBHEHUs PUBO-
IAT K ipeoOpazoBanuio @ypee 1o ocu Y. ITO clIeNaHo, YCTaHABINBAS 0, K HYJII0 B YpPaBHEHUSIX,
U yIpoluas:

S
EET(D) mX@w) | = 0
(]

a=1 o=

Re X (0.w)

As illustrated in Fig. 32-3, these are the correct frequency domain signals, the same as found by
directly taking the Fourier transform of the time domain waveform.

Kak nmmroctpupoBano B puc. 32-3, OHU - IpaBUIIbHBIE YaCTOTHBIE CUTHAJIBI JOMEHA, TOT )K€ ca-
MBI KaK HaWJeHO, HeNocpeACcTBEHHO Oepsi mpeoOpasoBanue Dypbe (GOpMbI BOIHBI JOMEHA
BpPEMEHH.

Strategy of the Laplace Transform
Crparerus IIpeodpa3oBanus Jlannaca

An analogy will help in explaining how the Laplace transform is used in signal processing.
Imagine you are traveling by train at night between two cities. Your map indicates that the path
is very straight, but the night is so dark you cannot see any of the surrounding countryside. With
nothing better to do, you notice an altimeter on the wall of the passenger car and decide to keep
track of the elevation changes along the route.

AHanorusi TOMOXKeT B OOBSICHEHHUH, Kak mpeoOpa3oBanue Jlammaca ucnonb3yercs B 00padoTke
curHasioB. BooOpasute, uro Bl nepemeraerech moe3joM HOUbIO MEXIY AByMs ropoaamu. Ba-
11a KapTa yKa3bIBaeT, YTO MyTh OYEHb MPSIMOM, HO HOYb HACTOJBKO TeMHa, Bl HE MOXeETe BU-
JIeTh JI00YI0 U3 OKpY Karollel cenbckoit MecTHocTH. C HUYeM Jyuliie, 4ToObl esaTh, Bbl He 00-
pallaere BHUMaHHE Ha BHICOTOMED HA CTEHKE MMACCaKUPCKOrO BaroHa M PellaeTe CIEIUTh 3a U3-
MEHEHUSMU TIOBBIIICHUS 110 MApIIPYTY.
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Being bored after a few hours, you strike up a conversation with the conductor: "Interesting ter-
rain," you say. "It seems we are generally increasing in elevation, but there are a few interesting
irregularities that I have observed." Ignoring the conductor's obvious disinterest, you continue:
"Near the start of our journey, we passed through some sort of abrupt rise, followed by an
equally abrupt descent. Later we encountered a shallow depression." Thinking you might be
dangerous or demented, the conductor decides to respond: "Yes, I guess that is true. Our destina-
tion is located at the base of a large mountain range, accounting for the general increase in eleva-
tion. However, along the way we pass on the outskirts of a large mountain and through the center
of a valley."

ByI[y‘II/I YTOMJICHHBIM, I1IOCJIC HCCKOJIBKUX 4YaCOB, Br1 HauuHaete pasroBop € MPOBOAHUKOM:
"UnrtepecHsrit manamadrt," ropopure Bei. "Kaxkercs, 4To Mbl BOOOIIE yBETMYUBAEMCS B TTOBHI-
IIEHUH, HO UMEIOTCS HECKOJIbKO MHTEPECHBIX HEHCIIPAaBHOCTEW, KOTOphIe 51 HaOmonan. " NUrxo-
pUpysl OYEBUIHYIO HE3aMHTEPECOBAHHOCTh MPOBOJIHKMKA, Bbl poaomxkaere: "Okoyio Havana Ha-
el Moe3/Ku, Mbl MPOILIM Yepe3 HEKOTOPBIM BUJI PE3KOr0 IMOBBLIIMICHUS, COMPOBOXKIAEMOI0
OJMHAKOBO PE3KHUM CITyCKOM. [103k€ MBI CTOJIKHYJIMCH C MTOBEPXHOCTHBIM MOHWXEHUEM. "Pa3-
MbllIeHrne Bac Morio 6b1 OBITH ONACHO WM cyMaclie/liee, IpOBOJHUK penaeT orBevyarsb:" Jla,
s TIpearoararp, 4To uCTUHeH. Ham agpecaT pacrmosioxeH B 1IEHTpe OOJIBIION TOPHOM IEeTH, CO-
CTaBISISI(0OBSICHSS) 001Iee yBeMYeHHE B OBbIIeHHH. OTHAKO, IO Iy TH MBI IIepeiaeM MpeamMe-
CThsI OOJIBIIION TOPHI U Yepe3 IEHTP TOYKH MUHUMyMa. "

Now, think about how you understand the relationship between elevation and distance along the
train route, compared to that of the conductor. Since you have directly measured the elevation
along the way, you can rightly claim that you know everything about the relationship. In com-
parison, the conductor knows this same complete information, but in a simpler and more intui-
tive form: the location of the hills and valleys that cause the dips and humps along the path.
While your description of the signal might consist of thousands of individual measurements, the
conductor's description of the signal will contain only a few parameters.

Tenepp, QymaiiTe OTHOCHTENBHO TOTO, Kak Bbl TOHMMaeTe OTHOIICHUST MEX/Y MOBBIIICHUEM U
paccTosiHEEM TI0 MapHIpyTy MOe37a, CPABHEHHOMY C TaKOBBIM MPOBOAHMKA. Tak kak Bel Hemo-
CPEICTBEHHO U3MEPWIIH TIOBBINIEHHUE TI0 ITyTH, BBl MOXeTe cripaBeinBO TpeOoBaTh, 4TOOBI BhI
3HAJIU 6c€ OTHOCUTCIILHO OTHOIIEHHUH. I[J'ISI CpaBHCHU:, TPOBOAHUK 3HACT 3TO Ta KC CaMas I1OJI-
Has nHpOpMaIHs, HO B 0oJiee POCTON U 0oJiee HHTYUTUBHOU (hOpMeE: PACIIOIOKEHHUE XOIMOB U
TOYCK MUHHUMYMa, KOTOPBIC 6bi3bl6dron CITYCKH U MMOABCMEI 110 ITYTH. B 10 BpCEMs KaK Balll¢ OIU-
CaHMEe CHTHAJIa MOTJIO OBl COCTOSITh M3 THICSY WHAWBUIYAIBHBIX pa3MepoB(M3MEPEHHIT), onmuca-
HUE MPOBOJIHUKA CUTHAJA OYAET COepKaTh TOJBKO HECKOJIBKO MapaMeTPOB.

To show how this is analogous to signal processing, imagine we are trying to understand the
characteristics of some electric circuit. To aid in our investigation, we carefully measure the im-
pulse response and/or the frequency response. As discussed in previous chapters, the impulse and
frequency responses contain complete information about this linear system.

UYtoOsI MOKa3bIBaTh, KaK, TO aHAJOTUYHO 00pabOTKE CUTHAJIOB, BOOOpaXKAaeT, YTO MbI MPOOyeM
NOHUMATh XapaKTEPUCTHUKU HEKOTOPOU 3MEKTpHUECKOi 1enu. UToObl moMoraTh B HallleM HCCIIe-
JIOBaHHMM, MBI TIIATEIBHO U3MEPSeM UMITYJIbCHYIO MEPEAATOUHYIO0 (PYHKIIHIO H-WUJIM YaCTOTHYIO
XapakTepucTuky. Kak 00CykIeHO B MPEIBIIyIIUX TJIaBaX, UMITYJIbC U YACTOTHBIC XapaKTepH-
CTUKH COJEPKAT NnOIHYI0 WHHOPMAITUIO OTHOCUTEIIBHO ATOW JIMHEWHON CUCTEMBI.

However, this does not mean that you know the information in the simplest way. In particular,
you understand the frequency response as a set of values that change with frequency. Just as in
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our train analogy, the frequency response can be more easily understood in terms of the terrain
surrounding the frequency response. That is, by the characteristics of the s-plane.

OnHako, 3TO HE MOApa3yMeBaeT, YTo Brl 3HaeTe MHPpOPMANHMIO CaMbIM MPOCTBHIM criocoooM. B
YacTHOCTH BBl MOHMMaeTe 4YacTOTHYIO XapaKTepUCTUKY Kak HaOop 3HaueHUH TO H3MeHe-
Hue(3amMeHa) ¢ 4acToToi. Tak jke, Kak Ha Hallleld aHaJIOTHH M0e3/a, YaCTOTHAs XapaKTEePUCTHKA
MOJKET OBbITH O0Jiee JIeTKO MOHATa B TepMUHAX JaHAmadTa, OKPY>KaIOIIEro YaCTOTHYIO XapaKTe-
pUCTHUKY. To €cTh B COOTBETCTBUH C XapaKTEPUCTHUKAMU S-TUIOCKOCTH.

With the train analogy in mind, look back at Fig. 32-3, and ask: how does the shape of this s-
domain aid in understanding the frequency response? The answer is, it doesn't! The s-plane in
this example makes a nice graph, but it provides no insight into why the frequency domain be-
haves as it does. This is because the Laplace transform is designed to analyze a specific class of
time domain signals: impulse responses that consist of sinusoids and exponentials. If the Laplace
transform is taken of some other waveform (such as the rectangular pulse in Fig. 32-3), the re-
sulting s-domain is meaningless.

C ananorueil moesna B NMaMsTH, OTJISHUTECh Ha3al B puc. 32-3, W 3aJaiiTeCh BOMPOCOM: Kak
(dhopMa 3TOro S-A0MEHa MOMOTaeT B MOHMMAaHUU YaCTOTHOU XapakTepuctuku? OTBET, 3TO HE Jie-
naeT! S-TI0CKOCTh B 3TOM MPUMEPE JeIaeT XOPOIIyo auarpamMmmy(rpaduk), HO He o0ecreunBaeT
HUKAKOTO MPOHUKHOBEHHUS B TO, TIOYEMY YaCTOTHBIA JOMEH BEJIET ceOs Tak, KaK 3TO JAeNaeT. ITO
MOTOMY, UTO TipeoOpa3oBanue Jlamnaca mpeaHazHadyeHo, YTOOBI aHATTU3UPOBATH CTICTIM(PUICCKUNA
KJIaCC CUTHAJIOB JIOMEHA BPEMEHU: UMNYIbCHbLE Nepedamounbie YHKYUlU, KOMopvle COCMOAM U3
cunycouo u nokazamenvhvix yukyui. Ecnm npeodpazoanue Jlamiaca mpuHATO OT HEKOTOPOH
Ipyroil ¢popMbl BOJIHBI (THUIIA MPSIMOYTOJIBHOTO MMITyJbCa B pHUC. 32-3), 3aKaHUMBAIOIIMKCS S-
IIOMeH OECCMBICIIEH.

As mentioned in the introduction, systems that belong to this class are extremely common in sci-
ence and engineering. This is because sinusoids and exponentials are solutions to differential
equations, the mathematics that controls much of our physical world. For example, all of the fol-
lowing systems are governed by differential equations: electric circuits, wave propagation, linear
and rotational motion, electric and magnetic fields, heat flow, etc.

Kak ynomsiHyTO BO BBEJEHUM, CUCTEMBI, KOTOpPbIE MPHUHAAIEKAT ITOMY KJIACCy, YPE3BBIYANHO
OOBIYHBI B HAyKe M TEXHHUKE. DTO - TO, IOTOMY UYTO CHHYCOMJbI U MOKa3aTelbHbIe (DYHKIHU -
pelieHus ouggepenyuanvHulx ypaBHEHUHN, MaTeMaTHKa, KOTOpasi yIpaBisieT MHOIMM U3 Halllero
¢usnueckoro mupa. Hampumep, Bce cremyroniye cucTeM ymnpaisiiorcs anddepeHnnaibHbIMU
YPABHEHUSIMU: AJIEKTPUYECKUE LIEMH, BOJHOBOE PACIPOCTPAHEHUE, JINHEWHOE U BpallaTeIbHOE
JBUKEHHE, IEKTPUUECKUE U MarHUTHBIE T10J1s1, BHI3BIBAIOINE BOSHUKHOBEHHUE TOKA, U T.1.

Imagine we are trying to understand some linear system that is controlled by differential equa-
tions, such as an electric circuit. Solving the differential equations provides a mathematical way
to find the impulse response. Alternatively, we could measure the impulse response using suit-
able pulse generators, oscilloscopes, data recorders, etc. Before we inspect the newly found im-
pulse response, we ask ourselves what we expect to find. There are several characteristics of the
waveform that we know without even looking. First, the impulse response must be causal. In
other words, the impulse response must have a value of zero until the input becomes nonzero at .
¢t ' 0 This is the cause and effect that our universe is based upon.

Boo6pa3ute, uTo MBI POOyeM MOHATH HEKOTOPYIO JUHEHHYIO CHCTEMY, THIA JICKTPUUYECKOU
Llenu, KoTopas ympasiserca auddepeHinanbHpIMU ypaBHeHUsIME. Perenne nuddepenunans-
HBIX YpaBHEHHMI 00€CleuMBaeT MaTEeMaTHYECKUW CIOCOO HAWTH HMMITYJIbCHYIO MepeaaTOuYHYIO
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(GyHKUIMIO. AJTBTEPHATUBHO, MBI MOTJIM M3MEPSATh UMIYJIbCHYIO MEPENaTOuHy0 (DYHKIHIO, HC-
NOJIB3YsI MOAXOSIINE TeHEPATOPhl MMITYJIbCa, OCHMIUIOTpadbl, perucTpaTopbl NaHHBIX, U T.1.
[Ipexne, yueM ocMaTpUBaTh HEJABHO HAWICHHYIO MMITYJBCHYIO NMEPENAaTOYHYIO (PYHKIUIO, MBI
CrpammBaeM ce0si, YTO MBI odicudaem HaWTH. IMeeTcss HECKOJIBKO XapaKTEPUCTHK (OPMBI BOJI-
HBI, KOTOPYIO MBI 3HaeM 0e3 jaxe npocMoTpa. Bo mepBbix, UMIyIbCHaAs niepeaaTouHas GyHKIUs
JIOJDKHA OBITh NMPHYUHHASA. J[pYTUMH CIIOBaMU, MMITYJIbCHAs TepenaTodHas (pyHKIHs TOJDKHA
HUMCTb 3HAYCHHUC HYJIA, IIOKa BBOJ HC CTAHOBUTCA OTJIMYHBIM OT HYJIA B t=0. 910 - IpuinHa U
s dexT, Ha YeM Haia 00J1acTh OCHOBaHA.

The second thing we know about the impulse response is that it will be composed of sinusoids
and exponentials, because these are the solutions to the differential equations that govern the sys-
tem. Try as we might, we will never find this type of system having an impulse response that is,
for example, a square pulse or triangular waveform. Third, the impulse response will be infinite
in length. That is, it has nonzero values that extend from ¢ = 0 to £ = +oo. This is because sine and
cosine waves have a constant amplitude, and exponentials decay toward zero without ever actu-
ally reaching it. If the system we are investigating is stable, the amplitude of the impulse re-
sponse will become smaller as time increases, reaching a value of zero at ¢ = +oo. There is also
the possibility that the system is unstable, for example, an amplifier that spontaneously oscil-
lates due to an excessive amount of feedback. In this case, the impulse response will increase in
amplitude as time increases, becoming infinitely large. Even the smallest disturbance to this sys-
tem will produce an unbounded output.

Bropas Berib, KOTOPYIO MBI 3Ha€M OTHOCUTEIFHO UMITYJILCHON NepeaaTouyHoN (pyHKIMH, COCTO-
UT B TOM, 4TO 3TO OyJET COCTaBIECHO U3 CUHYCOUO U NOKA3AMENbHbIX (PYHKYUU, TOTOMY YTO OHU
- pemenus aupepeHIUaNbHBIX YpaBHEHHH, KOTOpBIE YHPAaBISAIOT cucteMoil. [lombiTka, mo-
CKOJIBKY MBI MOIJIM ObI, Mbl HUKOTJa HEe OyJeT HaXOAWUTh 3TOT THUIl CHUCTEMbI, UMEIOLIEH HM-
MYJbCHYIO NEPEeIaTOuHyI0 (DYHKIHIO, TO €CTh, HAIPUMEp, KBaAPAaTHBI UMITYJIbC WA TPEYTOJIb-
Hy10 (hopmy BoJsHBEL. TpeThe, UMITyIbCHas TiepeaarodHast GyHKIus OyIeT OeckoHeuna B JJIUHE.
To ecTh 3TO UMEET 3HAUEHUS OTIUYHBIE OT HyJIs, KOTOPbIE MPOCTHpAIOTCs OT ¢ = 0 K £ = + 0. DTO

TO, TOTOMY 4YTO CHHYC M BOJIHBl KOCHHYCa HMMEIOT IIOCTOSHHYIO aMIUIUTYyAy, U pac-
na(3aTyxaHue) SKCIOHEHIMaNa K HyJto 0e3 koraa-nmubo (axkruyecku goctmwxenue sroro. Ecnu
CHCTEMa, KOTOPYIO MBI UCCIIEAYEM, YCTOMYMBA(CTAOMIbHA), aMIUIUTY]a OTBETAa UMITYJIbCA CTa-
HET MEHbILEH KaK yBEJIMYEHHs] BPEMEHHM, JOCTUTasl 3HaUeHUs Hyss B t = + co. MImeercs Takke
BO3MOXHOCTb, YTO CHUCTEMa HeyCcTOHYHMBA(HecTaOW/IbHA), HAIpUMEp, YCUIMTEIb, KOTOPBIH
CIIOHTaHHO KOJeOJeTcs U3-3a Ype3MEepHOH TiyOMHBI 00paTHOH cBsi3u. B aTOM ciydae, uMmybc-
Has nepenatovHas QYHKLUUS ygeruuumcs B aMIUIMTYJle KaK YBEIMUYCHHsS BPEMEHH, CTaHOBSCH
6eckoHeuHo OonbIIoi. Jlaxke camoe MajeHbKOE BO3MYIIIEHHUE K 3TOM CHUCTEME MPOU3BENIET HEOT-
paHUYEHHBIN BBIXOI.

The general mathematics of the Laplace transform is very similar to that of the Fourier trans-
form. In both cases, predetermined waveforms are multiplied by the time domain signal, and the
result integrated. At first glance, it would appear that the strategy of the Laplace transform is the
same as the Fourier transform: correlate the time domain signal with a set of basis functions to
decompose the waveform. Not true! Even though the mathematics is much the same, the ration-
ale behind the two techniques is very different. The Laplace transform probes the time domain
waveform to identify its key features: the frequencies of the sinusoids, and the decay constants
of the exponentials. An example will show how this works.

OO6mas matemaTuka npeodpaszoBanus Jlammaca oueHb OX0Xka K TAKOBOMY TpaHC(hOpMaHThl Dy-
pre. B o0oux ciydasx, nmpenonpeeneHHbie GOopMbl BOJIHBI YMHOXEHbBI HAa CUTHAJl IOMEHa Bpe-
MEHHM, U MHTETPUPOBAHHBIN pe3ynbTar. Ha mepBblil B3I, Ka3anock Obl, YTO CTpaTerus Mmpeood-
pasoBanus Jlamaca - Ta e camast Kak peoOpazoBanue Oypbe: KOppeIupyilTe CUTHAT JOMEHa
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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BpeMeHU ¢ HabOopoM O0a3HMCHBIX (PYHKIMH, 4TOOBI aHATU3UPOBATH(PACWICHUTH) (GOPMY BOJHBIL.
He uctuna! [laxke mpuTOoM, 9TO MaTeMaTHKa aHAJIOTWYHA, OOBSICHEHHE MO3aIH JBYX METOIOB
oueHb paznnyHo. [IpeoOpazoBanue Jlamaca 3onoupyem GhopMy BOJIHBI JOMEHA BPEMEHH, YTOOBI
UACHTH(UIMPOBATh €€ TJIaBHBIE OCOOCHHOCTH: YACMOMbl CUHYCOWI, U HOCMOSAHHBIX 8PEMeHU
pacnada oOKa3aTenbHbIX GyHKuui. [IpruMep nmokaxer, kak 3To paboTaer.

The center column in Fig. 32-5 shows the impulse response of the RLC notch filter discussed in
Chapter 30. It contains an impulse at ¢ = 0, followed by an exponentially decaying sinusoid. As
illustrated in (a) through (e), we will probe this impulse response with various exponentially de-
caying sinusoids. Each of these probing waveforms is characterized by two parameters: w, that
determines the sinusoidal frequency, and o, that determines the decay rate. In other words, each
probing waveform corresponds to a different location in the s-plane, as shown by the s-plane
diagram in Fig. 32-4. The impulse response is probed by multiplying it with these waveforms,
and then integrating the result from ¢ = - o to + co. This action is shown in the right column. Our
goal is to find combinations of ¢ and w that exactly cancel the impulse response being investi-
gated. This cancellation can occur in two forms: the area under the curve can be either zero, or
just barely infinite. All other results are uninteresting and can be ignored. Locations in the s-
plane that produce a zero cancellation are called zeros of the system. Likewise, locations that
produce the "just barely infinite" type of cancellation are called poles. Poles and zeros are analo-
gous to the mountains and valleys in our train story, representing the terrain "around" the fre-
quency response.

Cpenumuii cronben B puc. 32-5 mokasbIBaeT UMIYJIbCHYIO NepeaaTounyo yHkuuio RLC Guibt-
pa-tipoOku, oocyxaeHHor B miiaBe 30. IT0 COAEPKUT UMIYJbC B ¢ = 0, COMPOBOXAAEMBIA IO
IKCIIOHEHTE pacrajaronieiics cunycouaoi. Kak ummoctpupoBano ot (a) a0 (€), Mbl OyaeM 30H-
ouposams 3Ty HUMITYJIbCHYIO NEpeIaTOYHy0 (PYHKLHIO ¢ Pa3IUYHBIMU IO HKCIIOHEHTE pacria-
JnaromuMucs cuHycouaamu. Kaxmas u3 3TuX ¢GopM BOJIHBI 30HAMPOBAHHS XapaKTepU30BaHA
JIBYMsI TTapaMeTpaMu: @, KOTOPBIA OMpeeNseT CHHYCOMIaIbHYI0 YacTOTy, U g, KOTOPBIN OIpe-
JeNsieT CKOpocTh(4acToTy) pacmana. Jpyrumu cioBamu, Kaxkaas (opma BOJHBI 30HIUPOBAHUS
COOTBETCTBYET PA3IMYHOMY DPACIONIOKEHHUIO B S-TUIOCKOCTH, KaK MOKa3aHO B COOTBETCTBUU C
JMarpaMMoi S-TUTIOCKOCTH B pHc. 32-4. mnynbcHas nepeaarounas (yHKIMS UCCIe0BaHA, M-
HO#cas 3TO € 3TUMU (POpMaMU BOJIHBL, U 3aTE€M MHTETPUPYS CIEACTBUE f = - o0 to + 00. DTO Aeil-
CTBHUE MOKA3bIBACTCS B MPaBOM cTojoIe. Hama 1ienb cocTout B ToM, 4TOOBI HATH KOMOMHAIIUN
0 ¥ (@ 3TO TOYHO OTMEHSET HCCIeAyEeMYI0 UMITYJIbCHYIO NepeaToOuHy0 (pyHKIHI0. JTa OTMEHa
MOJKET MPOUCXOUTH B ABYX popmax: OOIacTh MO KPUBOKH MOXKET OBITh WU H)/lb, WU TOJIBKO
monvko beckoneunas. Bee npyrue pesyibTaTbl HOUHTEPECHBI U MOTYT UTHOpHpoOBaThes. Pacmo-
JIOKEHUS B S-IJIOCKOCTH, KOTOPbIE IIPOU3BOJAT HYJIEBYI0 OTMEHY, Ha3bIBAEMYIO HYJISAIMH CHC-
TeMbI. AHAJIOTUYIHO, PACIIOJIOKEHUS, KOTOPHIE TTPOU3BOIAT ""TOJIBKO OCCKOHEYHBIN "THUIT OTMEHHBI,
Ha3bIBalOTCs moJirocamu. [lonroca M HylaM aHaNOTUYHBI FOpaM UM TOYKaM MUHHMMyMa B Hallleu
WCTOPHH T0€3/1a, IPEACTaBIIss JaHAmadT "BOKpYT" 4aCTOTHON XapaKTEPUCTUKH.

To start, consider what happens when the probing waveform decreases in amplitude as time ad-
vances, as shown in (a). This will occur whenever (the right half of the s-plane). Since both the
impulse response and the probe becomes smaller with increasing time, the product of the two
will also have this same characteristic. When the product of the two waveforms is integrated
from negative to positive infinity, the result will be some number that is not especially interest-
ing. In particular, a decreasing probe cannot cancel a decreasing impulse response. This means
that a stable system will not have any poles with @ > 0. In other words, all of the poles in a stable
system are confined to the left half of the s-plane. In fact, poles in the right half of the s-place
show that the system is unstable (i.e., an impulse response that increases with time).

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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3amyckarb, pacCMaTpUBaTh, YTO CIIydaeTcs, KOTa 30HIUpoBaHue (hopMa BOJTHBI YMEHBIIIAETCS B
aMIUTUTYZe KaK yCOBEPLICHCTBOBaHMS BPEMEHHM, KaK IOKa3aHO B (a). DTO MPOMU30MAET BCAKUN
pa3, xorna o > 0 (mpaBas nosioBuHa s-mockoctr). C TeX MOp M UMIYJbCHas MepeAaToqHast
(YHKLHMS U 30H] CTAHOBUTCA MEHBUIMM C YBEIMUYUBAIOIIMMCS BPEMEHEM, MPOAYKT ITHX IBYX
OyZer Takke UMEThb 3TO TOH ke caMoil xapakTepucTukod. Korma npoaykrt u3 3tux AByx (opm
BOJIHBl UHTETPUPOBAHO OT OTPULATENILHON 10 MOJOXKUTEIbHONH OECKOHEUHOCTH, pe3yJsbTaT Oy-
JIeT HEKOTOPBIN YUCII0, KOTOpOEe HE 0COOEHHO MHTEPECHO. B YaCTHOCTH yMEHBIIAIOMIUNACS 30HA
He MoJicem OTMEHATh YMEHBIIAIOUIYI0CS UMITYJIbCHYIO IEPEAAaTOUHYIO (PyHKIUI0. DTO O3HAYAET,
YTO yCTOIuUMBas cuctema He OyAeT UMeTh Jto0bIe momoca ¢ @ > 0. Jlpyrumu ciioBamu, Bce T10-
JI0Ca B yCTOMYMBOW CHUCTEME OTPAHMYEHBI J0 JIEBOU IOJIOBUHBI S-INIOCKOCTH. PaKTUYECKH, MO-
JI0Ca B IIPABOM IOJIOBUHE S-IUIOCKOCTH IOKAa3bIBAIOT, YTO CUCTEMA HEMOCTOSHHA (TO €CTh, UM-
IyJbCHAsA NepeAaTouHast PyHKIUs, KOTOpasl yeenuuueaemcs co BpEMEHEM).

FIGURE 32-4

Pole-zero example. The notch filter has two poles (represented S-}]lﬂllE (liﬂgl'f-llll
by Y) and two zeros (represented by II). This s-plane diagram

shows the five locations we will "probe" in this example to ana-

lyze this system. (Figure 30-5 is a continuation of this example). e d c |b a

PUCYHOK 32-4

IIpumep Hynelt u nomocoB. PunbTp-Mpodka UMEET J1Ba MOJIOCA
(npencraBieHHBIH X) M JBYMSI HYJSIMH (IIPEACTaBICHHBINA O). a
Ora auarpamMma S-IJIOCKOCTU MOKAa3bIBA€T 3TU MATh PACIOO-
JKEHUH, KOTOpble MBI OyJaeM "30HIMpOBaTh" B 3TOM HPHMEDE,
YTOOBI aHANM3UPOBATh ATy cucreMy. (Pucynok 30-5 - mpomoin- fog v ¢
JKEHHE 3TOTO IIPAMEPa).

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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FIGURE 32-5

Probing the impulse response. The Laplace transform can be viewed as probing the system's impulse response with
various exponentially decaying sinusoids. Probing waveforms that produce a cancellation are called poles and zeros.
This illustration shows five probing waveforms (left column) being applied to the impulse response of a notch filter
(center column). The locations in the s-plane that correspond to these five waveforms are shown in Fig. 32-4.

PUCYHOK 32-5. 3onaupoBaHie UMITYJIbCHON IIepeaaTOYHON (QYHKIHH.

[IpeobpazoBanue Jlammaca MoxkeT OBITH MPOCMOTPEHO KaK 30HAMPOBAHHME MMITYJIbCHON INEpeAaTOYHON (QYHKINH
CHCTEMBI C PA3JIMYHbIM I10 SKCIIOHSHTE PACIIAIAIONINECs CHHYCOMIbL. 30HIUPOBaHHE (OPM BOJIHBI, KOTOPBIE IPOU3-
(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

BOJIAT OTMEHY, HAa3bIBACTCS NOIIOCAMU U HYAAMY. DTa WUTIOCTPALUS I0Ka3bIBaeT NATh (JOPM BOJIHBI 30HIUPOBAHUS
(neBblit cros0el) NpUMeHsieMble K UMITYJIbCHOW IepefaTodyHol (yHKIMK (UIbTpa-npoOKH (CcpeaHuid cronberr).
PacrionoxeHus B s-IJIOCKOCTH, KOTOPhIE COOTBETCTBYIOT ATUM IISATH ()OPMaM BOJIHBI, TTOKa3bIBAIOTCS B pHC. 32-4.

Figure (b) shows one of the special cases we have been looking for. When this waveform is mul-
tiplied by the impulse response, the resulting integral has a value of zero. This occurs because
the area above the x-axis (from the delta function) is exactly equal to the area below (from the
rectified sinusoid). The values for ¢ and w that produce this type of cancellation are called a zero
of the system. As shown in the s-plane diagram of Fig. 32-4, zeros are indicated by small circles

(0).

Pucynok (b) moka3plBaeT OJMH M3 YACTHBIX Cly4aeB, KoTopble Mbl Mckanu. Korga sta ¢gopma
BOJIHBI YMHO)KE€Ha HAa WMIYJBCHYIO TEpelaTOuHy0 (DYHKIHIO, 3aKaHYMBAIOIIUICS HHTETrpall
UMeeT 3Ha4YeHue HyJs. DTO MPOUCXOIUT, TOTOMY YTO 00JIaCTh BbIlIe ocu X (OT JenbTa (yHK-
IIUM) TOYHO paBHA 00JIACTH HIKE (OT UCIIPABJIEHHON CUHYCOUIbI). 3HAUEHUS AJISl 0 U  ITO IPO-
U3BOJIUT 3TOT TUIl OTMEHbI, Ha3bIBaeMblil wynem cuctembl. Kak moka3aHo B Auarpamme s-
MJI0CKOCTH puc. 32-4, HyIM 0003HAYEHBI MAJICHBKUMU KpyTramH (O).

Figure (c) shows the next probe we can try. Here we are using a sinusoid that exponentially in-
creases with time, but at a rate slower than the impulse response is decreasing with time. This
results in the product of the two waveforms also decreasing as time advances. As in (a), this
makes the integral of the product some uninteresting real number. The important point being that
no type of exact cancellation occurs.

PucyHoOK (¢) mOKa3bIBaeT CISAYIOMUH 30H1, KOTOPBIA MBI MOKEM MPOOOBATh. 3/16Ch MBI HCIIOb-
3yeM CHHYCOH]Y, KOTOpas MO KCIIOHEHTE YBEIMYMBAET CO BPEMEHEM, HO B CKOPOCTH(YACTOTE)
MelieHHee YeM UMITYJIbCHAs TiepeaTodHasi (GYHKIMS YMEHBIIACTCS CO BPEMEHEM. DTO MPHBO-
TUT K IPOJTYKTY M3 3TUX JBYX (POPM BOJHBI, TAKKE YMEHbUIAIOWUXCS KAK YCOBEPIIICHCTBOBAHUS
Bpems. Kak B (a), 3T0 femaet MHTErpai u3 mpoayKTa HEKOTOPHIM HEUHTEPECHBIM BEIIECTBEHHBIM
YUCIIOM. BaXKHBIN NyHKT, ABISIOIIMICS, YTO HUKAKOW TUII TOYHOM OTMEHBI HE IPOUCXOIUT.

Jumping out of order, look at (e), a probing waveform that increases at a faster rate than the im-
pulse response decays. When multiplied, the resulting signal increases in amplitude as time ad-
vances. This means that the area under the curve becomes larger with increasing time, and the
total area from ¢ = - o to + oo is not defined. In mathematical jargon, the integral does not con-
verge. In other words, not all areas of the s-plane have a defined value. The portion of the s-plane
where the integral is defined is called the region-of-convergence. In some mathematical tech-
niques it is important to know what portions of the s-plane are within the region-of-convergence.
However, this information is not needed for the applications in this book. Only the exact cancel-
lations are of interest for this discussion.

Ckauyuuii He B mopske, CMOTpHUTE Ha (€), (hopMa BOJIHBI 30HIUPOBAHMS, KOTOpasi yBEJINYUBA-
eTcs B 0osiee ObICTPOM CKOPOCTH(YACTOTE) YeM pacraibl UMIYJIbCHON NepeaaTouHON (pyHKITUH.
Korzma yMHOXEHO, 3aKaHUMBAIOLUICS CUTHAJ YBEIUYHUBACTCA B aMIUIUTYJE KaK yCOBEPLICHCT-
BOBaHUS BpeMs. JTO O3HAYaeT, 4YTO 00JIaCTh MOJ KPUBOW CTAHOBUTCS OOJNbIIEH C yBEIUYUBAIO-
IIMMCSI BPEMEHEM, U MOJIHask 00J1acTh OT ¢ = - 0 to + o0 He ompeeneHa. B MaTemaTuueckoMm xap-
TOHE, UHTErpal He CXOAMUTCS. JIpyrumMu cloBaMH, HE BCE 00JIacTU S-IJIOCKOCTU MMEIOT OIpese-
JIEHHOE 3HaueHue. YacTp S-IIJIOCKOCTH, Ile MHTErpaj ONpereiieH, Ha3blBaeTcs "00J1acTh CXO-
AUMOCTH". B HEKOTOpBIX MaTeMaTHUYECKUX METOJIaX BaXKHO 3HATh TO, KAKUM YacCTH S-IUIOCKOCTH
ABJISIOTCS B npenenax "oOnactu cxonumoctu". OnHako, 3Ta HH(pOpMalMs HEe HeoOXoauma JUls
NPUIOKEHUH B 3TOM KHHUre. TONBKO TOUHBIE OTMEHBI MPEACTABIAIOT HHTEPEC I 3TOTO 00CY K-
JCHUSL.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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In (d), the probing waveform increases at exactly the same rate that the impulse response de-
creases. This makes the product of the two waveforms have a constant amplitude. In other
words, this is the dividing line between (c¢) and (e), resulting in a total area that is just barely un-
defined (if the mathematicians will forgive this loose description). In more exact terms, this point
is on the borderline of the region of convergence. As mentioned, values for ¢ and w that produce
this type of exact cancellation are called poles of the system. Poles are indicated in the s-plane by
crosses (X).

B (d), dbopma BOIHBI 30HIUPOBAHUS YBEIUYHMBAET B TOYHO TOT XK€ CaMBI CKOPOCTH(YaCTOTY)
YTO yMEHBIICHUS UMITYyJIbCHOW TMepeaaToyHoN (YHKIUU. DTO JeiaeT MPOAYKT M3 ITHX ABYX
(hopM BOJHBI, UMEIOT MOCTOSHHYIO aMIUIUTYAy. JpyruMu cioBaMu, 3TO - pa3JeiuTelbHas JIH-
HUS MKy (¢) U (€), IpUBOAS K TOJTHOU 00JIaCTH, KOTOpasi SBISIETCS TOJILKO MOAbKO Heonpeode-
JleHHou (eclii MaTeMaTHUKH MPOCTAT 3TO CBOOOJHOE onucaHue). B 6ojee TOYHBIX TepMUHAX, Ta
TOYKA HAXOJUTCS Ha TPaHUIIE 00JACTH CXOAUMOCTH. Kak ymoMsiHyTO, OIlEHUBAET MJIs 0 U @, KO-
TOpbIE MIPOU3BOJAT STOT THUI TOYHOM OTMEHBI, HAa3bIBAIOTCS nostocamu cucteMsbl. [lomoca 00o-
3HAYEHBI B S-TJIOCKOCTH MEPECEUCHUAMH (X).

Analysis of Electric Circuits

AHaH3 DJIEKTPUYECKUX Lenei

We have introduced the Laplace transform in graphical terms, describing what the waveforms
look like and how they are manipulated. This is the most intuitive way of understanding the ap-
proach, but is very different from how it is actually used. The Laplace transform is inherently a
mathematical technique; it is used by writing and manipulating equations. The problem is, it is
easy to become lost in the abstract nature of the complex algebra and loose all connection to the
real world. Your task is to merge the two views together. The Laplace transform is the primary
method for analyzing electric circuits. Keep in mind that any system governed by differential
equations can be handled the same way; electric circuits are just an example we are using.

Mp! npeacraBuin npeodpazoBanue Jlamnaca B rpaduueckux TEpMUHAX, OMHUCHIBAsi, YTO (DOPMBI
BOJIHBI HAIIOMHMHAIOT ¥ KaK OHH YIIPABJIAIOTCS. DTO - HauOoJee MHTYUTHBHBIN ITyTh MOHUMAaHUS
M0JIX0/1a, HO OYEHb OTJIMYAETCs, Kak 3TO (hakTuuecku ucnoib3yercs. [Ipeodpasosanue Jlamnaca
- HEOTHEMJIEMO MaTeMaTH4ecKasi METOIMKA; 3TO UCIIOIB3YETCsl, 3alKChIBas U YIPABIISAsA ypaBHE-
Husmu. [Ipobrema, mpocTo cTaTh NOTEPSHO B aOCTPAKTHOM XapakTepe(pupoie) KOMIUIEKCHOM
anreOpsl U CBOOOHO BCE MOAKIIOUEHUE(CBSA3B) C pealbHBIM(BEIIECTBEHHBIM) MUpOM. Barra 3a-
Jlaya COCTOMUT B TOM, 4TOOBI OOBEIMHUTH JBa MpeacTaBieHUsA(BUAa) BMecTe. [IpeoOpasoBanue
Jlanmaca - mepBUYHBIN METOJ JUIsl aHAJIW3a JICKTpUUYECKHUX liernei. meite B Buay, 4TO Jro0as
cucrema, yrpasisemas auddepeHnnanbHbIME YPaBHEHUSIMH MOXET ObITh 00paboTaHa TOT ke
CaMBIil Iy Th; HJIEKTPUYECKHE LETIN - TOIBKO TPUMEP, KOTOPBIA MBI HCIIOIb3YEM.

The brute force approach is to solve the differential equations controlling the system, providing
the system's impulse response. The impulse response can then be converted into the s-domain via
Eq. 32-1. Fortunately, there is a better way: transform each of the individual components into the
s-domain, and then account for how they interact. This is very similar to the phasor transform
presented in Chapter 30, where resistors, inductors and capacitors are represented by R, jowL, and
1/joC, respectively. In the Laplace transform, resistors, inductors and capacitors become the
complex variables: R, sL, and 1/sC. Notice that the phasor transform is a subset of the Laplace
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transform. That is, when o is set to zero in s = ¢ + jw, R becomes R, sL becomes jwL, and 1/sC
becomes 1/jTC.

[Tonxon pemenust "B 100" COCTOMT B TOM, YTOOBI pemuTh Iu(epeHIInaIbHBIC ypPaBHEHUS
YIpaBIIAIONINE CUCTEMOM, 0OecreunBas UMIYJIbCHYIO NepeaaTouHy0 (pyHKIUIO cructeMbl. M-
MyJIbCHAs MepeaaToyHas (GyHKIMS MOXKET Torna ObITh MpeoOpazoBaHa B S-IOMEH Yepe3 ypaBHe-
Hue 32-1. K cuacTtpio, umeercs Jy4lIWd MyTh: MpeoOpasyiTe KaXKAbli M3 WHAWBUIYaTbHBIX
KOMIIOHEHTOB B S-JIOMEH, U 3amem 0OBICHUTE, KAaK OHU B3aUMOJICHCTBYIOT. DTO OYEHb IMMOX0XKE K
phasor transform, npenctaBieHHoi B raaBe 30, rie pe3uCTOpHl, KaTYIIKH MHIYKTUBHOCTH U
KOHJIEHCATOPHI TIpencTaBiieHbl R, jowL, n 1/joC, cooTBeTcTBeHHO. B mpeobpa3oBanuu Jlamnaca,
PE3UCTOPBI, KaTYIIKH UHAYKTUBHOCTH U KOHJCHCATOPBI CTAHYT KOMILJICKCHBIMH NEPEMEHHBIMHU:
R, sL, u 1/sC. Obparure BHUMaHue, yTo phasor transform - noodmrooicecmso npeoOpazoBaHMs
Jlannaca. To ecTp KOraa ¢ yCTaHOBUTE Ha HYJIb B s = 0 + jw, R ctaHOBUTCS R, sL cTaHOBUTCSA
joL,n 1/sC cranoButcs 1/jTC.

Just as in Chapter 30, we will treat each of the three components as an individual system, with
the current waveform being the input signal, and the voltage waveform being the output signal.
When we say that resistors, inductors and capacitors become R, sL, and 1/sC in the s-domain,
this refers to the output divided by the input. In other words, the Laplace transform of the voltage
waveform divided by the Laplace transform of the current waveform is equal to these expres-
sions.

Taxxe, kak B rinaBe 30, Mbl 00paboTaeM Kaxablii U3 ITUX TPEX KOMIIOHEHTOB KaK MHIUBHYallb-
HYIO CHUCTEMY, C TeKyIelH (OpMOI BOJIHBI, SBIISIOMICHCS BXOAHBIM CUTHAJIOM, B (HOPMOM BOJTHBI
HaIpsKEHUs, SIBISIOIENHCS CUTHAJIOM BbIXoAa. Korga Mbl rOBOpUM, UTO PE3UCTOPHI, KAaTyIIKU
WHIYKTUBHOCTH W KOHJAEHCATOphl cTaHyT R, sL, u 1/sC B s-IOMeHe, 3’TO OTHOCHUTCS K BBIXOIY,
pasaeneHHoil BBojgoM. Jlpyrumu cioBamu, npeodpazoBanue Jlammaca GpopMbl BOJTHBI Harpsbke-
HUs, pa3esieHHol npeobpazoBanuem Jlamnaca Tekymiei GopMbl BOITHBI paBHO 3THM BBIPAKCHH-
SIM.

As an example of this, imagine we force the current through an inductor to be a unity amplitude
cosine wave with a frequency given by wy. The resulting voltage waveform across the inductor
can be found by solving the differential equation that governs its operation:

Kak npumep 3Toro, BooOpasute, 4TO MbI BBIHYKJa€M TOK Yepe3 KaTyIIKy WHAYKTUBHOCTH OBITH
BOJTHOM KOCHWHYCa aMIUTUTY/Abl €IWHUIIBI C YacTOTOM, JaHHOW . 3aKkaHuuBaromiascs Qopma
BOJIHBI HANPAJCeHUs Ha KAaTyIIKe MHIYKTUBHOCTH MOXET OBbITh HailiaeHa, pemas qudQepeHim-
ajbHE YpaBHEHHE, KOTOPOE YIIPABJISET €r0 OTePaIHeH:

v(f) = iimr = Li—'lln;u::[mlrll =t L osinfa 1)
elr it : )

If we start the current waveform at ¢ = 0 the voltage waveform will also start, at this same time
(i.e., i(f) = 0 and v(f) = 0 for # < 0). These voltage and current waveforms are converted into the
s-domain by Eq. 32-1:
Ecnu MbI 3amyckaem Tekytnyio Gpopmy BoiHbI B £ = 0, (Gopma BOTHBI HAPSIKSHHSI TAKXKE 3aITyC-
THUT, B 3TOM TO XK€ camoe BpeMs (To ecTh, i(f) = 0 u v(¢f) = 0 mua ¢ < 0). DTo HaNpsHKEHUE U Te-
KyIue GOopMbI BOJIHBI IPE0OpPa30BaHbIB S-IOMEH ypaBHeHHEM 32-1:
- il
I(s) [ cos(w,t)e " di -
o iy, + &

(c) ABTOKC, Canx ).Iu

Fis) I|I w, L sin(w, i) e “di _
! Wy + §°
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To complete this example, we will divide the s-domain voltage by the s-domain current, just as if
we were using Ohm's law (R = V/I):

UTo0bl 3aKOHYUTH 3TOT MPHUMEP, MbI ACIUIN Obl HANPSHKEHHUE S-IOMEHA TOKOM S-IOMEHa, Tak
)Ke, KaK €ClId Mbl MCToJib3oBayH 3akoH Oma (R = V/I):

w,Ls
2 )
Vs Wy, * 8-
(5) = ! = sL
1(5) w,
2 2
Wy + 5

We find that the s-domain representation of the voltage across the inductor, divided by the s-
domain representation of the current through the inductor, is equal to sL. This is always the case,
regardless of the current waveform we start with. In a similar way, the ratio of s-domain voltage
to s-domain current is always equal to R for resistors, and 1/sC for capacitors.

Mpb1 HaxoAuM, YTO TPECTABJICHUE S-JIOMEHA HANpsHKEHUS MOMNepeK KaTyIIKU HWHIYKTUBHOCTH,
pa3lieNneHHo MpeACTaBICHUEM S-JIOMEHA TOKa 4Yepe3 KaTYIIKy MHAYKTUBHOCTH, SIBJIIETCS paB-
HBIM sL. DTO Bcerja UMEeT MECTO, HE3aBUCUMO OT TEKyIel (OpMbl BOHBI, C KOTOPO MBI 3a-
nyckaeM. [lonoOHBIM criocob6oM, oTHomEeHHE(K03(pPULIMEHT) HANPSHKEHHUS S-I0MEHA K TOKY S-
JIOMEHa BCer/ia paBHO R i pe3uctopoB, u 1/sC 1Jis KOHIEHCATOPOB.

Figure 32-6 shows an example circuit we will analyze with the Laplace transform, the RLC notch
filter discussed in Chapter 30. Since this analysis is the same for all electric circuits, we will out-
line it in steps.

Pucynok 32-6 mokaspIBaeT mpuUMeEpP CXEMbI, KOTOPYIO MBI aHAJIM3UpPyEM ¢ TipeoOpa3zoBanuem Jla-
wiaca, RLC ¢unbTp-nipoOka, o0cyxkaenHas B rnaBe 30. Tak Kak 3TOT aHANU3 - TOT KE CaMBbIi
JUISL BCEX DJIEKTPUUECKUX IIeTei, MbI BBIZIEIUM 3TO B IIarax.

Step 1. Transform each of the components into the s-domain. In other words, replace the value of
each resistor with R, each inductor with s, and each capacitor with 1/sC . This is shown in Fig.
32-6.

Hlaz 1. IIpeobpasytime Kax)cowvli u3 KOMHOHEHMO8 6 S-0oMeH. JIpyrUMU CJIOBaMH, 3aMCHHTE
3HAUEHUE KaXKIOr0 pe3ucTopa ¢ R, Kaxkmas KaTylika HHIYKTUBHOCTH C SL, WM KaKIbIM
koHzeHcaropoM with 1/sC. DTomy mokas3siBaroT B puc. 32-6.

Step 2: Find H(s), the output divided by the input. As described in Chapter 30, this is done by
treating each of the components as if they obey Ohm's law, with the "resistances" given by: R,
sL, and 1/sC. This allows us to use the standard equations for resistors in series, resistors in par-
(c) ABTOKC, Cankr-IlerepOypr, http:/www.autex.spb.ru, e-mail: info@autex.spb.ru
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allel, voltage dividers, etc. Treating the RLC circuit in this example as a voltage divider (just as
in Chapter 30), is found: H(s)

Hlae 2: Hatioume H(s), 6vbix00, pazoenennwviti 6600om. Kak ornmcano B rimaBe 30, 3TO caenaHo,
o0pabaTbIBasi K&K/l 13 KOMIIOHEHTOB, KaKk OyJITO OHU YJOBJIETBOPSIOT yCIOBHSIM 3akoHa Oma,
¢ "compotuBneHusMu", naHHbIMU: R, sL, u 1/sC. 3T0 1M0O3BOJSET HAM HCIOJB30BaTh HOPMAaJIb-
HBIC YPAaBHEHUS NIl PE3UCTOPOB MOCIIECIOBATEILHO, PE3UCTOPHI B MAPAIICIHHOM, NEIUTEIN Ha-
npsokeHus, u T.1. [Ipu 06padotke RLC cXeMbl B 3TOM MPUMEPE, TOCKOJIBKY JIEIUTENb HaIpshKe-
HUs (Tak ke, kak B rnase 30), H(s) HaiiieH:

His) = . = = —
F.(5) R+ sl + 1/sC R+ sL + 1/sC

I

Vo (5) sl + 1/sC sL + 1/sC Ik\ - Ls®+ 1/C
Ly

5

As you recall from Fourier analysis, the frequency spectrum of the output signal divided by the
frequency spectrum of the input signal is equal to the system's frequency response, given the
symbol, H(w). The above equation is an extension of this into the s-domain. The signal H(s), is
called the system's transfer function, and is equal to the s-domain representation of the output
signal divided by the s-domain representation of the input signal. Further, H(s) is equal to the
Laplace transform of the impulse response, just the same as H(w) is equal to the Fourier trans-
form of the impulse response.

Kak Bwl momuauTe 13 aHanm3a @ypwve, CHEKTP 4aCTOT CHTHAJIA BBIXOJIA, Pa3/ICJICHHOTO CIIEKTPOM
YaCTOT BXOJHOI'0 CHUI'HaJIa pPaBCH JaCTOTHOHU XapaKTCPUCTUKE CHUCTCMBI, YYHUTHIBAd CHUMBOIJI,
H(w). BeimeynoMmsiHyTOe ypaBHEHHUE - paclIupeHue(IpoaJieHne) 3Toro B s-aoMeH. Curnan H(s),
Ha3bpIBaeTCsl (PyHKIMEH mpeoOpa3oBaHUsl THUIIA CHCTEMBl, U PAaBEH NPEACTABICHUIO S-JI0MEHA
CUTHAJIa BBIXOJIa, PA3/ICIICHHOTO MPEICTaBICHUEM S-IIOMEHa BXoqHoro curHana. [lanee, H(s) pa-
BEH npeobpazosanuio Jlaniaca AMITyIIbCHOU MepeIaTouHol QyHKIMH, BCE paBHO Kak H(w) sB-
JSIeTCsl paBHBIM TpaHC(hOpPMaHTe npeobpazosanuto Pypve UMIYIBCHOH MepeIaTOYHON (PyHKITHH.

Vin

-

FIGURE 32-6

Notch filter analysis in the s-domain. The first step in this procedure is
to replace the resistor, inductor & capacitor values with their s-domain
equivalents. R

PUCYHOK 32-6 :
Anann3 OunsTpa-npodku B s-goMeHe. IlepBrliil mar B 3Ty mporenypy Vout
JIOJDKEH 3aMEHHMTh PE3UCTOP, KATYyHIKy MHAYKTUBHOCTH M KOHJEHCa- >

TOpHBIE 3HAUEHMS C MX SKBUBAJICHTAMU S-JIOMEHA. 1/sC =

) %
So far, this is identical to the techniques of the last chapter, )

except for using s instead of jw. The difference between the two methods is what happens from
this point on. This is as far as we can go with jo. We might graph the frequency response, or ex-
amining it in some other way; however, this is a mathematical dead end. In comparison, the in-
teresting aspects of the Laplace transform have just begun. Finding H(s) is the key to Laplace
(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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analysis; however, it must be expressed in a particular form to be useful. This requires the alge-
braic manipulation of the next two steps.

[Toka, 3TO UIEHTUYHO METO/IaM MPOIION IJIaBbl, €CIM Obl HE MCIIOJIb30BAHHUE S BMECTO jo. Pa3-
HOCTb MEXIY dTUMHM JIByMSI METOJAMH - TO, YTO CIIy4aeTCsl OT 3TOr0 MyHKTa(TOYKHM) HA. JTO - TO,
HACKOJIBKO MbI MOKEM HATH C jw. Mbl MOriu Obl 4epTUTh TpaUK YaCTOTHAS XapaKTepUCTHUKA,
WIM UCCIIEJIOBAHHE 3TOTO B JIPYTHUM CIOCOOOM; OIHAKO, 3TO - MaTeMaTU4YeCKWud Tymwk. Jlis
CpaBHEHHs, MHTEPECHBIC acmeKThl JlammacoBoil TpaHChOpMaHTHI TOJBKO YTO Hadaimuch. OOHa-
pyxenue H(s) - ximou k JlanmacoBy aHanu3y; OJHAKO, 3TO JOJDKHO OBITh BBIPAXKEHO B crienupu-
yeckoi (popme, 4TOOBI OBITh TOJIE3HBIM. JDTO TPeOyeT anreOpandecKol MaHUITYJISIUU CIISIYI0-
X IBYX MIAaroB.

Step 3: Arrange H(s) to be one polynomial over another. This makes the transfer function writ-
ten as:

Hlaz 3: Ynopsoouenue H(s), umobvi 6bimb 00UH NOAUHOMUANBHBIUL NO OpPY2OMY. DTO JEIaeT
¢byHKIMIO TpeoOpa3oBaHus THUIIA, TMCBMEHHYIO KaK:

EQUATION 32-2

Transfer function in polynomial form. H { S} _
YPABHEHUE 32-2

®yHKIHMsS TPe0OPa30BaHKs B MOJMHOMHAAIBHYIO (GOpMYy. dsf- Dy + C

g
as- + bs + ¢

It is always possible to express the transfer function in this form if the system is controlled by
differential equations. For example, the rectangular pulse shown in Fig. 32-3 is not the solution
to a differential equation and its Laplace transform cannot be written in this way. In comparison,
any electric circuit composed of resistors, capacitors, and inductors can be written in this form.
For the RLC notch filter used in this example, the algebra shown in step 2 has already placed the
transfer function in the correct form, that is:

Bcernma Bo3M0XHO BBIpa3uTh Mpeodpa3oBaHue PYHKIIMU B 3TOUM (hopme, eciu cucTeMa yripaBiis-
erca auddepeHnnanbHBIME ypaBHeHUAMU. Hampumep, npsMOyTroNbHBIH UMITYJIbC, TTOKa3aHHBINA
B puc. 32-3 - He, pemeHue nuddepeHInaIbHOT0 YpaBHEHH U €ro npeodpazoBanue Jlammaca He
MOJKET OBITh HAaNKMCaHO TakuM oOpas3oM. Jlist cpaBHeHHs, J1r00asi AJIEKTpUYecKas 1erb, COCTaB-
JICHHAs! U3 PE3UCTOPOB, KOHJCHCATOPOB, W KATYIIKA WHAYKTUBHOCTH MOTYT OBITh HAIMCAHBI B
stoit popme. st RLC dpunbTpa-npoOKH, UCTIONB3YEMO B 3TOM MpUMepe, anredpa, mokasaHHas
B wiaze 2 yxe oMectriia (QyHKIHIO TpeoOpa3oBaHus B IPABWIBHYIO (OpMY, KOTOpas:

) T 1
as-+ bs + ¢ Ls=+ 1/C
H(s) = -

as’ + bs + ¢ Ls?+ Rs + 1/C

where: a=L.b=0¢c=1/C:anda=L.b= R c=1/C

Step 4: Factor the numerator and denominator polynomials. That is, break the numerator and
denominator polynomials into components that each contain a single s. When the components
are multiplied together, they must equal the original numerator and denominator. In other words,
the equation is placed into the form:

Llae 4: Paznosicume Ha MHOMCUMENU MHO2OUIEHbL 3HAMeHameNs U yuciumens. To ecTh pa3oei-
T€ YUCJIUTETh U MHOTOUJICHBI 3HAMEHATENsI B KOMIIOHEHTBI, YTO KaXKIBIH COJACPKUT €TUHCTBEH-

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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HBI(OTIENbHBIN) 5. KOr/ia KOMIIOHEHTHI MePEMOKEHBI, OHU JODKHBI PaBHATHCS MEPBOHAYAIIb-
HOMY YHCTIUTENIO U 3HaMEHATel0. [[pyruMu cjioBamMu, ypaBHEHHE IIOMEIIEHO B (hOPMY:

YPABHEHUE 32-3
Pa3nokeHHbIH Ha MHOXHTENH S-IOMEH. DTa (popMa TO3BOJIs- {.‘.‘ T4 ) {“" -z j) {S -z ,)
€T $-JIOMEHY ObITh BHIPAKEHHOMY KaK TIOJIFOCA  HYJIH. H(s) = -

(s-p |}(S _pg){s _p3)”'

The roots of the numerator, zi, z», z3, ..., are the zeros of the equation, while the roots of the de-
nominator, pi, p2, p3 ... are the poles. These are the same zeros and poles we encountered earlier
in this chapter, and we will discuss how they are used in the next section.

Kopnau uucnurens, zi, z2, z3, ..., SIBJISIFOTCS. HYJIIMU YpaBHEHHMSI, B TO BpeMsI KaKk KOpHU 3HaMeHa-
TeNs, p1, P2, P3 --. - HoJioca. OHU - T€ K€ CaMble HYJIH U MOJII0CA, C KOTOPBIMH MBI CTOJIKHYJIUCH
paHee B 3TOil I1aBe, U Mbl 00CYAMM, KaK OHU MCHOJIb3YIOTCS B CIEAYIOIIEM pa3jele.

Factoring an s-domain expression is straightforward if the numerator and denominator are sec-
ond-order polynomials, or less. In other words, we can easily handle the terms s and s%, but not:

s°,s*,s°, ... . This is because the roots of a second order polynomial, ax® + bx + ¢, can be found
by using the quadratic equation: * = & #¢F - 4ac 2o With this method, the transfer function of

the example notch filter is factored into:

PaznoxxeHne Ha MHOKHTEIIH BBIPpAXKXCHUA S-IOMCHA IPAMOC, €CJIN YHUCIUTCIIb U 3HAMCHATCIIb —
MHO2COUYIEHbL 6MOPOCO nopﬂdka, NI MCHBIIC. I[pyFI/IMI/I CJIOBAaMH, MBI MOXKEM JICTKO 06pa6aT1>1-

BaTh TEPMHHBL: § U s2 HO HeT: 57, s, §°, ... . DTO - TO, TIOTOMY YTO KOPHH IOTHHOMHAIHHOTO
BTOPOTO 3aKasa, ax + bx + ¢, Moryr GLITL HalileHbl, UCIOJIb3Ysl KBAJpPaTHOE ypaBHEHHE:
ro oBayB - dee f2e0 C atuM MetonoM, (GyHKIMS mpeoOpazoBaHus(IiepesaTouHas (GyHKIusA?)

THTIA @Hanpa-npo6KH puMepa pasyiokKeHa Ha MHOKUTEIH B:

—zl}(s -z,

H(s) =
(s -p s -py)
where:
p— o _ —R+yR*-4LIC
z, = jHLC 7 27
_ -R-{R?-4L/C
z, = —j/ LC Py = 27

As in this example, a second-order system has a maximum of two zeros and two poles. The
number of poles in a system is equal to the number of independent energy storing components.
For instance, inductors and capacitors store energy, while resistors do not. The number of zeros
will be equal to, or less than, the number of poles.

Kak B 3TOM mpumepe, cuctema ¢ BTOPBHIM MOPSAIKOM UMEET MAKCUMYM JABYX HYyJIeH U JBYX IO-
at0coB. UMCIIO MOMIOCOB B CUCTEME PAaBHO HOMEPY HE3aBUCHUMOM SHEPIUH, COXPAHSIOLIEN KOM-
noHeHThl. Hampumep, KaTymKyd MHIYKTUBHOCTH U KOHJEHCATOPHI COXPAHSIOT 3HEPIUI0, B TO
BpeMs KaK Pe3UCTOPHI JeiaioT HeT. Yuciio Hysei OyneT paBHO, MM MEHbBIIE YeM, YHCIIO TOJI0-
COB.
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Polynomials greater than second order cannot generally be factored using algebra, requiring
more complicated numerical methods. As an alternative, circuits can be constructed as a cascade
of second-order stages. A good example is the family of analog filters presented in Chapter 3.
For instance, an eight pole filter is designed by cascading four stages of two poles each. The im-
portant point is that this multistage approach is used to overcome limitations in the mathematics,
not limitations in the electronics.

MHuorouneHsl 0olblliee YeM BTOPOTO MOPSIKAa HE MOTYT BOOOIIE pas3iararbcsi HA MHOXKUTEIH,
HCIIONB3YS anredpy, Tpedys 6osee CIoKHBIX YHCIEHHBIX MeTo10B. Kak anbrepHaTuBa, 1emnu Mo-
TyT OBITH CO3/IaHBbI KaK KacKaJl CTaauil C BTOPBIM MOPSIAKOM. XOPOIIMA MPUMEp - CEMEHCTBO
AQHAJIOTOBBIX (PUIBTPOB, MpeJCTaBICHHBIX B TiaBe 3. Hampumep, BOCbMHU MOJIOCHBIN GUIBTP
paspaboTaH, pacroiarasi KackaJioM 4eThIpe CTaIuU JIBYX IOJIOCOB Ka)Iblii. Ba)XHBIA MyHKT -
TO, YTO 3TOT MHOTOCTYTIE€HUYAThIA MOAXO0/ UCTIONb3YETCs, YTOOBI MPEOI0JIETh OTPAaHUYEHUS B Ma-
TEMaTUKE, HE OTPAHUYCHUS B DJIEKTPOHUKE.

pole-zero plot

~ Beededededenfedendeadund frequency response
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FIGURE 32-7

Poles and zeros in the s-domain. These illustrations show the relationship between the pole-zero plot, the s-domain,
and the frequency response. The notch filter component values used in these graphs are: R=220Q, C=470 pF, and L
= 54 pH. These values place the center of the notch at ® = 6.277 million, i.e., a frequency of approximately 1 MHz.

PUCYHOK 32-7
INomtoca ¥ HynaM B s-IOMeHe. DTH WUIIOCTPALMU IOKA3bIBAlOT OTHOLICHHA MEXIy IpadHMKoOM HyJS MOJIOca, S-
JOMEHOM, U 4aCTOTHOM XapaKkTepUCTUKOW. 3Ha4eHMS KOMIOHEHTa (GUIbTPf-IpoOKHU, MCHONIb3yeMble B ITUX JHa-
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rpammax(rpadukax): R=220Q, C=470 pF, u L = 54 pH. Ot 3HayeHus pa3MemaroT HEeHTp BbIeMKH(JIOKOWUHBI) B ©
= 6.277 MUUTHOHOB, TO €CTh, YaCTOTA MpuOIM3uTebHO 1 MI 1.

The Importance of Poles and Zeros

Ba:xunocts Ilosrocos u Hyeit

To make this less abstract, we will use actual component values for the notch filter we just ana-
lyzed: Plugging these R = 220Q, L = 54 uH, C = 470pF. values into the above equations, places
the poles and zeros at:

UroOBbI 1e7aTh 3TO MEHBIIUM KOJHMYECTBOM pE3loMe, MbI OyZeM HMCIIONIb30BaTh (PAKTHUYECKHE CO-
CTaBIIAIOLINE 3HAYEHUA JUI1 (PUIBTpaA-NMPOOKH, KOTOPYIO Mbl TOJIBKO aHanu3uposanu: Ilogximro-
yeHue 3tux R = 220Q, L = 54 pH, C = 470pF 3HaueHuil B BHIICYNIOMSIHYThIE YpPaBHEHUS, pa3-
MEILAIOT MOJII0ca U HYJIU B!

z, = 0 + j6277x10°  p, = -2.037x10° + j5.937x10°

z,= 0 - j6277%x10°  p, = -2.037x10° - j 5.937x10°

These pole and zero locations are shown in Fig. 32-7. Each zero is represented by a circle, while
each pole is represented by a cross. This is called a pole-zero diagram, and is the most common
way that s-domain data are displayed. Figure 32-7 also shows a topographical display of the s-
plane. For simplicity, only the magnitude is shown, but don't forget that there is a corresponding
phase. Just as mountains and valleys determine the shape of the surface of the earth, the poles
and zeros determine the shape of the s-plane. Unlike mountains and valleys, every pole and zero
is exactly the same shape and size as every other pole and zero. The only unique characteristic a
pole or zero has is its location. Poles and zeros are important because they provide a concise rep-
resentation of the value at any point in the s-plane. That is, we can completely describe the char-
acteristics of the system using only a few parameters. In the case of the RLC notch filter, we only
need to specify four complex parameters to represent the system: (each consisting zi, z», p1, p2 of
a real and an imaginary part).

OTH pacmoiokKEHHUs MOJTOCOB M HyJIeH MOKa3bIBatOTCA B puc. 32-7. Kaxaplil HyJib IpeCTaBICH
KpyroMm, B TO BpeMs KaK Ka)KIblii IOJIOC IPEACTABJIEH NEPECEYEHHEM. JTO Ha3bIBAETCS JHMA-
rpamMMoii HyJISI-0JII0CA, U - Hanbosiee OOBIYHBIN MyTh, KOTOPHIM JaHHBIE S-JOMEHA O0TOOpake-
HBL. Pucynok 32-7 Taxke 1moka3bIBaeT TONMOTpapUUECKUil AUCIUIEH S-TUIOCKOCTH. /{1 mpoCcTOTHI,
TOJIbKO BEJIMYMHA MOKAa3bIBACTCs, HO HE 3a0bIBaliTe, YTO MMEETCs COOTBETCTBYIOmas (asza. Tak
e, KaK BO3BBIIICHHOCTH ¥ HU3UHBI ONPENENsIOT (JOpMy MOBEPXHOCTH 3€MIIH, MOJIIOCA, U HYIH
omnpenenstoT GopMy S-IUIOCKOCTH. B oTiaudme OT BO3BBIIEHHOCTEH W MOHMKEHUH, KaXIbIH T10-
JFOC ¥ HYJIb - TOYHO Ta K€ camast opMa U pa3mep Kak KaKIbli APYro MoJtoc U Hyjab. EquncT-
BEHHAsl YHUKAJbHAs XapaKTEPUCTUKA, KOTOPYIO MOJIOC WIH HYJb UMEET - €r0 PACHON0JICEHUE.
[Tomoca ¥ HyJNIM BaXKHBI, IOTOMY YTO OHU OOECIIEYMBAIOT KPATKOE MPEACTABICHHE 3HAYCHUS B
n0bou mouke 6 s-niockocmu. To €CTb Mbl MOXKEM TOJTHOCTBHIO OMUCHIBATh XaPaKTEPUCTUKU CHC-
TEMBI, UCHOJB3YsI TOJIBKO HecKoabko napamempos. B ciydae ¢ RLC GuiabTpoM-ipoOKOH, MBI
JOJIKHBI OTPEENIUTh TOJBKO YEeThIPe KOMIUIEKCHBIX Mapamerpa, 4ToObl MPeICTaBUTh CUCTEMY:
(KaXKIIbI COCTOSIINH 21, 22, P1, P2 U3 BEIIECTBEHHON M MHUMOM YacTH).

To better understand poles and zeros, imagine an ant crawling around the s-plane. At any par-
ticular location the ant happens to be (i.e., some value of s), there is a corresponding value of the
transfer function, H(s). This value is a complex number that can be expressed as the magnitude
& phase, or as the real & imaginary parts. Now, let the ant carry us to one of the zeros in the s-
plane. The value we measure for the real and imaginary parts will be zero at this location. This
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can be understood by examining the mathematical equation for H(s) in Eq. 32-3. If the location,
s, 1s equal to any of the zeros, one of the terms in the numerator will be zero. This makes the en-
tire expression equal to zero, regardless of the other values.

UroObl Jdydile MOHMMATh IOJNIOCA M HYJH, BOOOpa3HTE MypaBbs, MOJI3AIOIIETO BOKPYT S-
MI0CKOCTH. B mo0om crierupuueckoM pacrtofioKeHUH MypaBei, cirydaeTcsi, (TO eCTh, HEKOTO-
poe 3HavYeHHue §), UMEETCS COOTBETCTBYIOIIEE 3HAUeHHE (PYHKUUHU MpeoOpa3oBaHus Tuma, H(s).
DT0 3HAaYEHHE - KOMILJIEKCHOE YHCJI0, KOTOPOE MOXKET ObITh BBIPAXKEHO KakK BeNMYHMHA U (a3a,
WM KaK BEIIECTBEHHAs U MHHUMas 4acTh. Terneps, MO3BOJIbTe MypPaBbi0 HECTH HAC K OJTHOMY U3
HyJIel B S-TJIOCKOCTU. 3HaY€HUE, KOTOPOE MBI U3MEPSIEM JIJIsl BEIIECTBEHHBIX U MHUMBIX YacTel,
OyAyT HyJEBBIMH B 3TOM PACHOJI0KEHUU. DTO MOXKET OBbITh MOHSITO, HCCIENys] MaTEMaTHYECKOe
ypaBHeHue aisa H(s) B ypaBHenuu 32-3. Eciau pacnonokeHue, s, SIBISETCS PaBHBIM JIIOOOMY U3
HyJIeH, OJIMH U3 TEPMHUHOB B YUCIHTENE OyJEeT HyIeBbIM. JTO 3aCTAaBUT MOJTHOE BBHIPAKEHUE PAB-
HAThCA, 0, HE3aBUCUMO OT JPYTUX 3HAYEHUU.

Next, our ant journey takes us to one of the poles, where we again measure the value of the real
and imaginary parts of H(s). The measured value becomes larger and larger as we come close to
the exact location of the pole (hence the name). This can also be understood from Eq. 32-3. If the
location, s, is equal to any of the p's, the denominator will be equal to zero, and the division by
zero makes the entire expression infinity large.

3areMm, Hallla IOe3/1Ka MypaBbsl OEpeT HacC K OJHOMY U3 IOJIIOCOB, IJI€ Mbl CHOBA U3MEPSAEM 3Ha-
YEeHHE BEILECTBEHHBIX U MHUMBIX 4acTeil H(s). Vi3MepeHHoe 3HaueHne CTAaHOBUTCS OOJBIINM H
OOJIBIITUM, TIOCKOJIBKY MBI TIPHOBIBAEM OJM3KO K TOUHOMY PaCIOJIOKEHHUIO ToJItoca (0TCIo1a Ha-
3BaHHE). DTO MOXKET TaKKe OBITh MOHATO OT ypaBHeHHs 32-3. Eciu pacnosoxeHue, s, SBiIseTcs
paBHBIM JH000OMY U3 p' s, 3HaMeHaTelb OyJeT paBeH, 0, U JeeHre Ha HyJIb JIeJ1aeT MOJHOE Bbl-
paskeHHe OECKOHEYHO OOJIBIINM.

Having explored the unique locations, our ant journey now moves randomly throughout the s-
plane. The value H(s) of at each location depends entirely on the positioning of the poles and the
zeros, because there are no other types of features allowed in this strange terrain. If we are near a
pole, the value will be large; if we are near a zero, the value will be small.

HccnenoBaB yHuKagbHbIE pAcHONIOKEHUS, Hallla TOE3/IKa MypaBbs TENeph NepeMerniaeTcs: oec-
MOPSIZIOYHO TOBCIO/Y S-TUIOCKOCTU. 3HaueHue H(s) B KaXIOM pPACIOJIOKEHUHU 3aBUCUT IOJHO-
CTBIO OT MO3ULIMOHUPOBAHUS TIOJIOCOB U HYJICH, TOTOMY UYTO HE UMEETCS HUKAKUX IPYTUX THUIIOB
0COOCHHOCTEH, TTO3BOJICHHBIX B 3TOM CTpaHHOM JaHamadre. Ecau MBI - OKOJIO ToJTfoca, 3Hade-
HUe OyneT OOJIBIIOE; €CJIM MBI - OKOJIO HyJIs, 3HaUeHHEe OyIeT MaJeHbKOE.

Equation 32-3 also describes how multiple poles and zeros interact to form the s-domain signal.
Remember, subtracting two complex numbers provides the distance between them in the com-
plex plane. For example, is the (s - z,) distance between the arbitrary location, s, and the zero
located at z, Therefore, Eq. 32-3 specifies that the value at each location, s, is equal to the dis-
tance to all of the zeros multiplied, divided by the distance to all of the poles multiplied.

VYpaBHenue 32-3 Takke ONMHUCHIBAET, KAK MHOTOUYHCIICHHBIE TOJIFOCA U HYJIU B3aMMOJCHCTBYIOT,
9T00BI (HOPMUPOBATH CUTHAJ S-IOMeHa. [loMHuTe, BRIYMTAHUE JBYX KOMIUIEKCHBIX YHcen o0ec-
MIEYUBACT pacCcmosHue MEXITy HUIMHU B KOMIUIEKCHOH 1iockoctu. Hampumep, (s — zg) paccTosiHue
ME¥Ky IPOU3BOJIBHBIM PACIIOIOKEHUEM, S, U HYJIEM, PACIOJIOKEHHBIM B zo IloaTOoMy, ypaBHe-
Hue 32-3 ompenensieT, YTo 3HAUCHHUE B KaXKJIOM PACIIONIOKEHHH, S, SIBISIETCS PAaBHBIM PacCTOs-
HUIO K BCEM HYJISIM, YMHOMCUIL, PA3JICTICHHBIM PACCTOSHUEM K BCEM TOII0CAM YMHOMCULC.
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This brings us to the heart of this chapter: how the location of the poles & zeros provides a
deeper understanding of the system's frequency response. The frequency response is equal to the
values of H(s) along the imaginary axis, signified by the dark line in the topographical plot of
Fig. 32-7. Imagine our ant starting at the origin and crawling along this path. Near the origin, the
distance to the zeros is approximately equal to the distance to the poles. This makes the numera-
tor and denominator in Eq. 32-3 cancel, providing a unity frequency response at low frequencies.
The situation doesn't change significantly until the ant moves near the pole and zero location.
When approaching the zero, the value H(s) of drops suddenly, becoming zero when the ant is
upon the zero. As the ant moves past the pole and zero pair, the value H(s) of again returns to
unity. Using this type of visualization, it can be seen that the width of the notch depends on the
distance between the pole and zero.

DTO MPUBOJIUT HAC K OCHOBE(CEP/IILy) ITOH TIaBhI: KaK PacIoJIOKEeHUE TIOJIIOCOB U HyJel obec-
Ne4YnBaeT riy0ke MOHUMAHUE YacmOmMHOU Xapakmepucmuky cucmemsl. YacToTHasT XapaKTepu-
CTHKa paBHA 3HaueHUSM H(s) MO MHUMOW OCH, TOKa3aHHOW TEMHOW CTPOKOW B Tomorpaduye-
ckoM rpaduke puc. 32-7. BooOpa3uTe Hamero Mypasbsi, HAUMHAIOMIETOCS B Ha4ajie KOOPJIUHAT U
MOJ3aIMKK o 3ToMy IyTH. OKOJIO Havyalla KOOPAWHAT, PACCTOSHUE K HYJISIM MPUOIU3UTEIBHO
paBHO PAcCTOSTHUIO K MOJIFOCAM. DTO JIeJIaeT YUCIUTENIb U 3HAMEHATENb B YpaBHEHUH 32-3 OTMe-
HO, oOecreuynBasi YAacTOTHYIO XapaKTepUCTUKY €AMHUIBI B HU3KHX dYacTtoTax. Ilomoxe-
Hue(cuTyalys) He U3MEHSETCs] 3HaMEHATENIbHO 0 1IaroB MypaBbsl OKOJIO MOJIOCa U OOHYJISET
pacnonoxkenue. [lpum mpubmkeHun K HyIO, 3HaueHWe H(s) CHIDKEHWM BHe3ar-
HO(CKaukooOpa3HO), CTAHOBJICHHE HYyJIEM, KOI/la MypaBeld HaXOoAuTcs Ha HyJb. [lockoabKy My-
paBell mepeMenaeTcs MUMO IOJII0Ca U HYJIEBOW Iapbl, 3HaueHue [H(s) cHOBa BO3BpALIECHUM K
eaunuie. Mcnonp3ys 3TOT THUI BU3yalu3allid, MOXET ObITh 3aMEY€HO, YTO LIMpHUHA OOPO3.]-
K1(3yOI11a; MOHWKEHHUS) 3aBUCUT OT PACCTOSHUS MEXKTy MOJFOCOM U HYJIEM.

Pole-Zero Diagram
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FIGURE 32-8

Strategy for using the Laplace transform. The phasor transform presented in Chapter 30 (the method using R, jwL, &
-j/wC) allows the frequency response to be directly calculated from the parameters of the physical system. In com-
parison, the Laplace transform calculates an s-domain representation from the physical system, usually displayed in
the form of a pole-zero diagram. In turn, the frequency response can be obtained from the s-domain by evaluating
the transfer function along the imaginary axis. While both methods provide the same end result, the intermediate
step of the s-domain provides insight into why the frequency response behaves as it does.
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PUCVYHOK 32-8

Crpaterust Ui McHoNb30BaHus npeoOpasoBanus Jlamtaca. Tpancdopmanra phasor, npencrasieHHas B riase 30
(Meron, ucnone3ytommii R, jol, & -j/wC) MO3BOJSET YACTOTHOM XapaKTEPUCTHKE OBITh HEMOCPEICTBEHHO PACCUu-
TaHHOW OT MapaMeTpoB (PU3NUECKOW CHUCTEMBI. /s CpaBHEHMS, ITpeodpa3zoBanue Jlamiaca BEMHUCIIET NpeiCTaBiIe-
HUE S-JJOMEHa OT (PU3NYECKON CHCTEeMBbI, 0OBIYHO 0TOOpakaeMoil B (hopMe AuarpaMmsl HyIIs mostoca. B cBoro oue-
pelb, YacTOTHAsI XapaKTEPUCTUKA MOXKET OBITh TOJIydeHa OT S-J0MEHa, OLEHMBas (PYHKIMIO ITPeoOpa30oBaHMs TUIIA
Mo MHUMOH ocH. B To Bpems kak 00a MeToa 00eCIeunBalOT TOT )K€ CaMbIid KOHEUHBIH pe3yNbTaT, IPOMEKYTOUHBII
mIar s-0MeHa o0ecIrieunBacT MPOHUKHOBEHHUE B TO, IOYEMY YAaCTOTHAsI XapaKTEPUCTHKA BEZET ceds, KaK 3TO J1eJIaeT.

Figure 32-8 summarizes how the Laplace transform is used. We start with a physical system,
such as an electric circuit. If we desire, the phasor transform can directly provide the frequency
response of the system, as described in Chapter 30. An alternative is to take the Laplace trans-
form using the four step method previously outlined. This results in a mathematical expression
for the transfer function, H(s), which can be represented in a pole-zero diagram. The frequency
response can then be found by evaluating the transfer function along the imaginary axis, that is,
by replacing each s with jo. While both methods provide the same result, the intermediate pole-
zero diagram provides an understanding of why the system behaves as it does, and how it can be
changed.

Pucynok 32-8 cymmupyet, kak npeoOpa3oBanue Jlamnaca ucnons3yercs. Mbl 3amyckaem ¢ ¢u-
3MYECKON CHCTEMBI, THUTIA JICKTPUUECKOl 1ern. Eciin MbI xemaeM, TpancdopManTa phasor Mo-
KET HEMOCPEJICTBEHHO 00ecneunBaTh YaCTOTHYIO XapaKTEPUCTUKY CHUCTEMbI, KaK OIHCAHO B
rnase 30. AnpTepHaTnBa oibkHA Opath JlammacoBy TpaHc(hOpMaHTY, UCTIONB3YSI METOJ YETHIPE
11aroB, NPEJBAPUTEIBHO BBIJEIECHHBIX. JTO NPUBOJUT K MaT€MaTHUYECKOMY BBIPAXKCHHIO AJIS
¢byHKmMu npeoOpa3oBaHus ThMa, H(s), KOTOPBIA MOXET OBITh MPEACTABICH B AWAarpamMme HyJIs
nojiroca. YacToTHasi XapakTepUCTUKA MOXKET TOTr/la ObITh HalZieHa, OLEHMBAas (YHKLUIO MPeod-
pa3oBaHus TUIA IO MHUMOM OCH, TO €CTh, 3aMEHssI KaX/blil s ¢ joo. B To Bpemst kak 0b6a metona
o0ecreuynBaroT TOT XKe CaMblil pe3ysbTaT, MPOMEXYTOUHas AUarpaMmma HyJIsl oJroca ooecredn-
BaeT MOHUMAaHHE TOTO, [IOYEMY CUCTEMA BEAET ce0s, KaK ITO JIeNaeT, U KaK 3TO MOXKET ObITh U3-
MEHEHO.

Filter Design in the s-Domain

IIpoexkT ®UIbTPA B S-10MEHE

The most powerful application of the Laplace transform is the design of systems directly in the s-
domain. This involves two steps: First, the s-domain is designed by specifying the number and
location of the poles and zeros. This is a pure mathematical problem, with the goal of obtaining
the best frequency response. In the second step, an electronic circuit is derived that provides this
s-domain representation. This is something of an art, since there are many circuit configurations
that have a given pole-zero diagram.

Haubonee MomrHoe npuiiokeHue npeodpaszoBanus Jlamaca - MpOeKT CUCTEM HenocpeoCcmeeHHo
B S-JJOMEHE. DTO BKIIIOYAeT B ce0s ABa mara: Bo nmepBbIX, s-I0MeH pa3paboTaH, onpenesnss Yuc-
JI0 ¥ pacroyIoKeHUe MOII0COB U HyJIel. DTO - UUCTO MaTeMaTHyeckasi mpo0iemMa, ¢ Lelbio MoJTy-
YEeHUs JIy4llIed 4aCTOTHOM XapaKTEpUCTUKU. Bo BTOpPOM 1iare, dJIE€KTpOHHAs CXEMa II0Jy4eHa,
4TO0 00€CIeUnBAET 3TO MPEACTABICHUE S-AOMEHA. DTO - KOE-4TO UCKYCCTBA, C TEX MOP UMEIOTC
MHOTO KOH(QUTypaIuii CXeMbl, KOTOPbIe UMEIOT JaHHYIO AUarpamMMmy HyJIsS-IIOJIOCA.

As previously mentioned, step 4 of the Laplace transform method is very difficult if the system
contains more than two poles or two zeros. A common solution is to implement multiple poles
and zeros in successive stages. For example, a 6 pole filter is implemented as three successive
stages, with each stage containing up to two poles and two zeros. Since each of these stages can
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be represented in the s-domain by a quadratic numerator divided by a quadratic denominator, this
approach is called designing with biquads.

Kak npeaBapuTenbHO yIIOMSIHYTO, wiae 4 MeTofa mpeoOpa3zoBanus Jlamaca oueHb TpyJIeH, ecliu
CUCTCMA COZ[Gp)KI/IT 60JIBIJ.I€ YCeM JIBa I1OJIKOCA UJIN ABaA HYJIA. O6I>I‘-IHOC peI_HCHI/IG COCTOHUT B TOM,
4TOOBI OCYIIECTBUTH MHOTOUYUCIICHHBIC TIOJIIOCA U HYJIU B nociedosamenvhblx cmaousx. Hampu-
Mep, 6 TOM0COB (DUITBTPa OCYIIECTBICHBI KaK TPU MOCIEAOBATEIbHBIX CTaINH, C KaXIO0H CTaIH-
eH, coiepKaliei 10 IByX MOJIOCOB M IBYX HYyJIeH. Tak Kak KaKJaas U3 dTHX CTaIuid MOXKET ObITh
HpeILCTaBJIeHa B S-IOMCHC KBaIIpaTHBIM YUCJIHNUTCIIEM, pa3IIeHeHHI>IM KBa,Z[paTHBIM 3HaMCHAaTCJICM,
3TOT MOJXO]] HA3bIBACTCS, PAa3padOTKON ¢ OMKBAApPaTAMM.

Figure 32-9 shows a common biquad circuit, the one used in the filter design method of Chapter
3. This is called the Sallen-Key circuit, after R.P. Sallen and E.L. Key, authors of a paper that
described this technique in the mid 1950s. While there are several variations, the most common
circuit uses two resistors of equal value, two capacitors of equal value, and an amplifier with an
amplification of between 1 and 3. Although not available to Sallen and Key, the amplifiers can
now be made with low-cost op amps with appropriate feedback resistors. Going through the four
step circuit analysis procedure, the location of this circuit's two poles can be related to the com-
ponent values:

Pucynok 32-9 noxkasbiBaeT o0biuHyi0 biquad(6MkBaapaTHyio?) cxemy, TOT, MCIOJIb3YEMBIH B
buabTpe MPOoeKTUPYET MeToA TaBbl 3. IT0 Ha3wiBaeTcs Sallen-Key cxemoii, mocie R.P. Sallen
and E.L. Key, aBTopsl Oymaru, KoTopasi onucana 3Ty MeToauKy B cepeaune 1950-p1x. B T0 Bpe-
Ms KaK UMEIOTCSI HECKOJIBKO Bapualuil, Haubosee o011as cxeMa UCIONb3yeT /IBa PE3UCTOpa PaB-
HOT'O 3HAYCHMS, 1B KOHJIEHCATOPa PAaBHOTO 3HAYCHUS, U YCUIIUTENS C yCUIeHueM Mexay 1 u 3.
Xota He ngoctynHele Sallen u Key ycunurenu, MOoryT Tenepb ObITh CIENIAHbI C JEIIEBBIMU OIlE-
PaLMOHHBIMH YCWIMTEISIMU C COOTBETCTBYIOLIMMHU PE3UCTOpaMu obpaTHOil cBsizu. [Ipoxoxas de-
ThIpE MPOLEAYPHl CXEMHOI'0 aHajM3a Ilara, pacHojOXKeHHUe ABYX IOJIFOCOB 3TOM CXEMbI MOXKET
OBITH CBA3aHO C COCTABIIAIOIIUMH 3HAYCHUSAMU:

EQUATION 32-4 A
Sallen-Key pole locations. These equations relate the pole position, w and o, to g = J
the amplifier gain, 4, the resistor, R, and capacitor, C. 2RC

e

YPABHEHUE 32-4
Pacnionoxenune nomocos Sallen-Key. OTi ypaBHEHHsI CBSI3BIBAIOT IO3ULIMIO
TOITOCA, (0 U 0, K YCUIICHHIO YCHIIUTENs, A, pe3ucTopy, R, u kouaeucaropy, C. 4

_ £y-A4%+64-5
2RC

These equations show that the two poles always lie somewhere on a circle of radius: 1/RC. The
exact position along the circle depends on the gain of the amplifier. As shown in (a), an amplifi-
cation of 1 places both of the poles on the real axis. The frequency response of this configuration
is a low-pass filter with a relatively smooth transition between the passband and stopband. The -
3dB (0.707) cutoff frequency of this circuit, denoted by wy, is where the circle intersects the
imaginary axis, i.e., wo= 1/RC.

OTH ypaBHEHUS MOKa3bIBAIOT, YTO ATHU J[Ba MOJIIOCA BCETa JIeXKaT Iie-HuOyab Ha Kpyre pajauyca:
I/RC. To4Has MO3UIMs TIO KPYTy 3aBUCHUT OT ycuiieHHus ycwutens. Kak nokasano B (a), ycuie-
HUe 1 pa3meniaer o0a M3 MOJIOCOB Ha AEUCTBUTENbHON ocu. YacToTHas XapakTepUCTHUKA TOU
KOH(HUTYpauu - GUIABTP HUKHUX YaCTOT C OTHOCUTEIHHO TJIAJAKUM TEepEMEIICHHEM MEXIy I0-
JI0CO# TpomycKaHus U mosiocoi 3aaepxuBanus. - 3dB (0.707) 4acTOThl OTCEUKU ITOU CXEMBI,
0003HAYCHHOH ), - TO, TJIe KPYT MIepeceKacT MHUMYIO OCh, TO €CTh, wo- 1/RC.
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Sallen-Key characteristics. This circuit produces two poles on a circle of radius 1/RC. As the gain of the amplifier is
increased, the poles move from the real axis, as in (a), toward the imaginary axis, as in (d).

PUCYHOK 32-9

Xapaxkrepuctuku Sallen-Key. Ota cxema npou3BoAMT [1Ba nojroca Ha kpyre paauyca 1/RC. I[lockonbKy ycuineHue
YCUIIATEISI yBEMYUBAETCS, MTOJIFOCA JIBUTAIOTCS OT JISHCTBUTENILHOI OCH, KaK B (&), K MHUMOI1 ocH, Kak B (d).

As the amplification is increased, the poles move along the circle, with a corresponding change
in the frequency response. As shown in (b), an amplification of 1.586 places the poles at 45 de-
gree angles, resulting in the frequency response having a sharper transition. Increasing the ampli-
fication further moves the poles even closer to the imaginary axis, resulting in the frequency re-
sponse showing a peaked curve. This condition is illustrated in (c), where the amplification is set
at 2.5. The amplitude of the peak continues to grow as the amplification is increased, until a gain
of 3 is reached. As shown in (d), this is a special case that places the poles directly on the imagi-
nary axis. The corresponding frequency response now has an infinity large value at the peak. In
practical terms, this means the circuit has turned into an oscillator. Increasing the gain further
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pushes the poles deeper into the right half of the s-plane. As mentioned before, this correspond to
the system being unstable (spontaneous oscillation).

[TockonbKy yCHIIEHHE YBEJIIMYEHO, MEPEMEILECHHUE MOIIOCOB M0 KPYTy, ¢ COOTBETCTBYIOLIUM H3-
MEHEHHEM B YacTOTHOW xapakrepuctuke. Kak mokazano B (b), ycunenue 1.586 mect momoca
noja yriamu 45 rpaaycoB, IPUBOAS K YaCTOTHOM XapaKTEPUCTUKE, UMEIOIIEH 0ojiee oCTpoe me-
peMernieHre. YBEIUYCHHE YCUIICHUS NANTbHEHUINE MIard MoJioca Jaxe OMmKe K MHUMOHU OCH,
MPUBOJAS K YaCTOTHOMY OTBETY, MOKa3bIBas JOCTUTHYTYI0 MaKCUMyMOM KpPHUBYIO. JTO COCTOSI-
HUE WUIIOCTPUPOBAHO B (C), TJI€ YCUJIEHUE YCTAHOBJIEHO B 2.5. AMIUINTY/a NMHUKa MPOJOIIKAET
pacTH, MOCKOJIbKY yCHJIEHHE YBEJIUYEHO, MOKa ycuieHue 3 He nocturuyto. Kak mokasano B (d),
3TO - YACTHBIN CiTydail, KOTOpPBIM pa3MeLIaeT MoJI0ca HEMOCPEACTBEHHO B MHUMYIO 0Cb. CoOT-
BETCTBYIOIIAsl YaCTOTHAsl XapaKTepUCTUKA Terepb UMeeT OECKOHEYHOCTh OOJbIIOE 3HAYEHUE B
nukKe. B mpakTHuecKux TEpMUHAX, 3TO O3HAYAET, YTO CXEMa MpEeBpaTHIach B T€HEpaTop. YBe-
JUYEHUE YCWJICHHS Jaliee MOMEIIaeT Mojroca IIy0ke B MpaBylo MOJOBHHY s-utockocTu. Kak
YIOMSIHYTO TIPEXKJIE, 3TO COOTBETCTBYET CHUCTEME, SIBJISIFOIICHCS HETOCTOSHHON(HECTAOMILHOM)
(HemocpeaCTBEHHOE KoyieOaHue).

Using the Sallen-Key circuit as a building block, a wide variety of filter types can be con-
structed. For example, a low-pass Butterworth filter is designed by placing a selected number
of poles evenly around the left-half of the circle, as shown in Fig. 32-10. Each two poles in this
configuration requires one Sallen-Key stage. As described in Chapter 3, the Butterworth filter is
maximally flat, that is, it has the sharpest transition between the passband and stopband without
peaking in the frequency response. The more poles used, the faster the transition. Since all the
poles in the Butterworth filter lie on the same circle, all the cascaded stages use the same values
for R and C. The only thing different between the stages is the amplification. Why does this cir-
cular pattern of poles provide the optimally flat response? Don't look for an obvious or intuitive
answer to this question; it just falls out of the mathematics.

Ucnons3ys Sallen-Key cxemy kak ctaHIapTHBINA OJO0K, IIMPOKOE pasHOOOpaszne TUNOB (HIBTPa
MOXXeT ObITh co3aaHo. Hampumep, ¢puabTp ByTTepBOpTa ¢ HU3KHMM IMPOXOAOM pa3padOTaH,
NOMeIIas 0TOOPaHHOE YHUCIIO MOJIF0COB PABHOMEPHO BOKPYT JIEBOM - TIOJIOBUHBI KPyra, KaK MoKa-
3aHo B puc. 32-10. Kaxnapie n1Ba momtoca B 3Toi kKoHpuryparuu tpedyror ogHoi Sallen-Key cra-
mun. Kak onucano B rnase 3, ¢unstp ByTTepBopTa MakcuManbHO IUIOCKHM, TO €CTh 3TO UMEET
camoe OCTpO€ MepEeMEIIEHNE MEKAY T0JI0CON MPOIYCKaHUs U M0JIOCOH 3aiepKUBaHUs 6e3 nosi6-
JIeHUs NUKOG B YaCTOTHOM XapaKTepucTHuke. Yem Ooibliee KOJINYECTBO UCIOIb3YEMbIX TOIIOCOB,
TeM OblcTpee nepemenieHre. Haunnas ¢ Bcex nonrocoB B GpuiibTpe byTrrepBopra jiexar Ha ToM
K€ CaMOM Kpyre, BCE KacKaJIHble CTaUU UCIOJB3YIOT T€ ke camble 3HaueHus i R u C. Equn-
CTBEHHAs Belllb, OTIIMYHASI MEXKIY CTaAUAMU - ycuieHue. [loueMy 3TOT KosbLeBoi oOpa3er] mo-
JFOCOB, 00€CIeUnBAIOT ONTUMAIBHO TUIOCKUH 0TBeT? He miure 04eBUIHBINA UM UHTYUTHBHBIN
OTBET Ha 3TOT BOIIPOC; 3TO TOJIBKO BBINANAE€T MATEMATHUKH.

Figure 32-11 shows how the pole positions of the Butterworth filter can be modified to produce
the Chebysheyv filter. As discussed in Chapter 3, the Chebyshev filter achieves a sharper transi-
tion than the Butterworth at the expense of ripple being allowed into the passband. In the s-
domain, this corresponds to the circle of poles being flattened into an ellipse. The more flattened
the ellipse, the more ripple in the passband, and the sharper the transition. When formed from a
cascade of Sallen-Key stages, this requires different values of resistors and capacitors in each
stage.

Pucynoxk 32-11 moka3oB, Kak MO3MIMH MMOd0ca GuiabTpa byTTrepBopTa MOTyT H3MEHATHCS, YTO-
0b1 mpou3Bectu YedblmeBckuii puabTp. Kak obcyxneno B rmase 3, YeObimieBCkuil GuiIbTp
JocTUraeT 0oJiee OCTPOTro MepeMenieHust 4eM byTTepBopT 3a cuet psiou, MO3BOISIEMOM B IOJIOCE
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IpoIycKaHus. B s-1oMeHe, 5T0 COOTBETCTBYET KPYry IIOJIOCOB, CIVIAKUBACMBIX B dJUIMIIC. UeM
OoJiee CriaXKeHHBIA DJITUIIC, TeM OOJbIIee KOJIMYECTBO psiOM B IMOJIOCE MPOIyCKaHUs, U Ooiee
octpoe nepemernienue. Koraga chopmupoBano u3 kackanos Sallen-Key cranuit, 3o Tpedyer pasz-
JMYHBIX 3HAYCHUN PE3UCTOPOB U KOHJCHCATOPOB B KAXKIIOW CTaINH.

Figure 32-11 also shows the next level of sophistication in filter design strategy: the elliptic fil-
ter. The elliptic filter achieves the sharpest possible transition by allowing ripple in both the
passband and the stopband. In the s-domain, this corresponds to placing zeros directly on the real
axis, with the first one near the cutoff frequency. Elliptic filters come in several varieties and are
significantly more difficult to design than Butterworth and Chebyshev configurations. This is
because the poles and zeros of the elliptic filter do not lie in a simple geometric pattern, but in a
mathematical arrangement involving elliptic functions and integrals (hence the name).

Pucynoxk 32-11 takke moka3bpIBaeT CIEAyIOMUN YPOBEHb CI0KHOCTH(M3OLIPEHHOCTH) B (PHIIBT-
pe MPOEKTUPYET CTPATETHIO: IUTUNTHYCCKUN (QUIBTP. DITUNTHYCCKUN (QUIBTP JOCTHTaeT ca-
MOTO OCTPOTO BO3MOXKHOTO TIEPEMEIICHHUS, MO3BOJISAS PsiOb, U B MOJIOCE MPOITyCKAHUS U TIOJI0Ce
3a7ep>KUBaHusl. B s-qomMeHe, 3TO COOTBETCTBYET pa3MENIEHUIO HyJIe HEMOCPEACTBEHHO HA JEH-
CTBUTEIILHOM OCH, C MEPBBIM OKOJIO YaCTOTHI OTCEYKHU. DIUTUNTHYECKHE (DUIBTPHI BXOAST B HE-
CKOJIbKO MHOXXECTB M 3HAMEHATeJIbHO Oosiee TPYAHBI IPOSKTHPOBaTh yeM byTTepBopT n UeOnI-
IEeBCKUE KOH(PUTYpalui. JTO - TO, IOTOMY YTO TMOJIFOCA U HYJIH SJUIUNITHYECKOro (puibTpa He
JeKaT B IPOCTOM T€OMETPUIECKOM 00pasiie, HO B MATEMaTHUYECKOM PAaCITOJIOKEHUH, BKITIOUYAIO-
IIeM JJUTUNITHYECKUE (PYHKIIMHA U UHTETPAIIbl (OTCIO/Ia HA3BaHHUE).

FIGURE 32-10
The Butterworth s-plane. The low-pass Butterworth | | pyle i | 2 pole i
filter is created by placing poles equally around the ——
left-half of a circle. The more poles used in the fil-

ter, the faster the roll-off. *

PUCYHOK 32-10 [
S-mmnockocte ByTrrepBopra. @mnsTp ByTTepBopra ¢ ) R
HU3KHM TIPOXOJOM CO37aH, IOMeIas IMoJItoca Ou-
HaKOBO BOKpPYI JIEBOM - IOJIOBHHBEI Kpyra. Yewm
OoJiblliee KOJIMUECTBO MOJIOCOB, HCIOJIB3YEMBIX B
¢ubTpe, TeM ObICTpee 3aBasi(cran).

3 pole Jn | fr pole ju
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FIGURE 32-11

Classic pole-zero patterns. These are the three classic pole-zero patterns in filter design. Butterworth filters have
poles equally spaced around a circle, resulting in a maximally flat response. Chebyshev filters have poles placed on
an ellipse, providing a sharper transition, but at the cost of ripple in the passband. Elliptic filters add zeros to the
stopband. This results in a faster transition, but with ripple in the passband and stopband.

PUCYHOK 32-11
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Knaccuueckne o6pasubl Hyms-nontoca. OHM - TpH KJIacCHMYECKMX 00paslia HyJs-IIOJIIoca B MPOEKTe (HIIbTPA.
OunpTpel ByTTepBOpTa pacnonararoT Moyioca OANHAKOBO BOKPYT KpyTa, IPUBOJS K MAKCHUMANbHO INIOCKOMY OTBE-
Ty. UeObIleBcKkue GUIBTPHI OMELIAIOT NOJI0Ca Ha AiuuIice, obecrieunBas 0ojiee 0CTpoe IepeMeleHne, HO LIEHOH
psi0u B moJIOCE MPOIYCKaHUs. DJUIUNTHYECKHE (GHIbTPEl NPUOABIISAIOT HYJIM K TI0JIOCE 33JE€PKUBAHUS. DTO MPHBO-
JUT K OoJiee OBICTPOMY HEpEMEILCHHUIO, HO C PSIOBIO B MOJIOCE IPOITYCKAHMS M MOJI0CE 33/1ePKUBAHMS.

Since each biquad produces two poles, even order filters (2 pole, 4 pole, 6 pole, etc.) can be
constructed by cascading biquad stages. However, odd order filters (1 pole, 3 pole, 5 pole, etc.)
require something that the biquad cannot provide: a single pole on the imaginary axis. This turns
out to be nothing more than a simple RC circuit added to the cascade. For example, a 9 pole filter
can be constructed from 5 stages: 4 Sallen-Key biquads, plus one stage consisting of a single ca-
pacitor and resistor.

Tak kak kaxaplii biquad MPOU3BOAUT JBa MOJOCA, AAXkKe MOPSA0K GUILTPOB (2 moioc, 4 mo-
Jroc, 6 TmoJroca, W T.JA.) MOXKET OBITh CO3MaH, pacroiiaras kackaaom biquad cramuu. OmHako,
HeuyeTHbIe QUILTPHI Mopsiaka (1 momoc, 3 moioc, 5 moitoca, U T.7.) TPEOYIOT KOe-4ero, 4To
biquad He MOXeT 00ecTIeunBaTh: OJHOTIOMIOCHBIM HA MHUMOM OCH. DTO, OKa3bIBACTCs, HE HUYTO,
Oompie yem mpoctast RC cxeMa 1o0aBsuHCh K Kackany. Hampumep, 9 ¢unbTpa momroca MokeT
ObITH co3fad u3 5 craauid: 4 Sallen-Key biquads, muttoc ogHa cTaausi, COCTOAIIAS U3 €AUHCTBEH-
HOTO KOHJICHCATOpa U PE3UCTOPA.

These classic pole-zero patterns are for low-pass filters; however, they can be modified for other
frequency responses. This is done by designing a low-pass filter, and then performing a mathe-
matical transformation in the s-domain. We start by calculating the low-pass filter pole locations,
and then writing the transfer function, , in the form of Eq. 32-3. The transfer function H(s) of the
corresponding high-pass filter is found by replacing each "s" with "//s", and then rearranging the
expression to again be in the pole-zero form of Eq. 32-3. This defines new pole and zero loca-
tions that implement the high-pass filter. More complicated s-domain transforms can create
band-pass and band-reject filters from an initial low-pass design. This type of mathematical ma-
nipulation in the s-domain is the central theme of filter design, and entire books are devoted to
the subject. Analog filter design is 90% mathematics, and only 10% electronics.

OTH K1accudeckrue o0pasiipl HyJIs-10J0ca - A7 (GUIBTPOB HIDKHUX YacTOT; OJJHAKO, OHU MOTYT
W3MEHSTHCS JUISl APYTUX YaCTOTHBIX XapaKTEPUCTUK. DTO cAeNlaHo, pa3palarhiBas GUIBTP HUXK-
HUX YacTOT, ¥ 3aTe€M BBITIOJHSS MaTeMaTHUECKoe IpeoOpa3oBaHue B s-ToMeHe. MBI 3ammyckaem,
BBIUMCIISISL PACTIONOXKEHHS TTOI0ca (GUIbTpa HUKHUX YacTOT, M 3aTEM 3aluchiBasi GyHKIUIO MIpe-
oOpa3oBaHus THIIA,, B (hopme ypaBHeHus 32-3. OyHKuus npeodpazoBanusi(nepenaToyHas GyHk-
uust) H(s) COOTBETCTBYIOMNNA (PHIIBTP BEPXHUX YACTOT HalIeHa, 3amMeHss Kaxapiid "s" ¢ "1/s", u
3aTeM IepecTpanBasi BhIpaXeHHE, YTOObI CHOBa OBITh B (popMe HyJsl Mojdroca ypaBHEHHs 32-3.
DTO0 ompeneseT HOBBIM MOMIOC M HyJEBBIE PACIIONOKEHHS, KOTOPbIE OCYIIECTBISIOT (QUIBTP
BEPXHHUX YacToT. bonee crnoxkHble TpaHCPOPMAHTHI S-IOMEHAa MOTYT CO3/1aBaTh IOJOCOBHIE M
oJIocoBbIe(3arpaxjaroniue) GuiIbTpel OT HAYaJIbHOTO MPOEKTa HU3KHUM MPOXoJA. DTOT THUIl Ma-
TEMAaTUYECKOH MaHMITYJISIUU B S-IOMEHE - LIEHTpalbHas TeMa MpOeKTa (puiabTpa, M TOJHbIE
KHHUTY TIOCBSIILIEHBI MpeAMeTy. AHAJIOTOBBIM MpoekT ¢uibTpa - mareMatuka 90 %, U TOJIBKO
anexkTponuka 10 %.

Fortunately, the design of high-pass filters using Sallen-Key stages doesn't require this mathe-
matical manipulation. The "//s" for "s" replacement in the s-domain corresponds to swapping the
resistors and capacitors in the circuit. In the s-plane, this swap places the poles at a new position,
and adds two zeros directly at the origin. This results in the frequency response having a value of
zero at DC (zero frequency), just as you would expect for a high-pass filter. This brings the
Sallen-Key circuit to its full potential: the implementation of two poles and two zeros.
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K cuacTbpio, IpoeKT GUIBTPOB BEPXHUX YACTOT, Ucnonb3ytommx Sallen-Key craguu ne tpedyer
ATOTO MaTeMaTHYEeCKOTO mpeoOpazoBanus. "I/s" mnsa "s" 3aMeHBI B S-JOMEHE COOTBETCTBYET
MOJIKA4YKe PE3UCTOPOB U KOH/IEHCATOPOB B cXeMe. B s-TIocKocTH, 3Ta epecTaHOBKa pa3MelaeT
MOJI0Ca B HOBYIO MO3MIIMIO, M MPHUOABISET /1Ba HyJS HEMOCPEJICTBEHHO B Hayaue KOOPAMHAT.
OTO NMPUBOAUT K YACTOTHOM XapaKTEPHCTUKE, UMEIOIICH 3HAUYEHUE HYJIS B TMOCTOSHHOM TOKE
(uacrota 0), Takxke, kKak Bor ockxumanu Obl 711 GUIBTpa BEPXHUX YacTOT. DTO mpuHOCHT Sallen-
Key cxeMy k ee MOTHOMY NOTEHIMATY: BBIITOJHEHHUE ABYX ITOJIOCOB U ABYX HYJIEH.
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