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CHAPTER The z-Transform
3 3 Z-npeodpa3oBaHue

Just as analog filters are designed using the Laplace transform, recursive digital filters are devel-
oped with a parallel technique called the z-transform. The overall strategy of these two trans-
forms is the same: probe the impulse response with sinusoids and exponentials to find the sys-
tem's poles and zeros. The Laplace transform deals with differential equations, the s-domain, and
the s-plane. Correspondingly, the z-transform deals with difference equations, the z-domain, and
the z-plane. However, the two techniques are not a mirror image of each other; the s-plane is ar-
ranged in a rectangular coordinate system, while the z-plane uses a polar format. Recursive digi-
tal filters are often designed by starting with one of the classic analog filters, such as the Butter-
worth, Chebyshev, or elliptic. A series of mathematical conversions are then used to obtain the
desired digital filter. The z-transform provides the framework for this mathematics. The Cheby-
shev filter design program presented in Chapter 20 uses this approach, and is discussed in detail
in this chapter.

Taxoke, kak aHajoroBble (GUIBTPHI pa3pabOTaHbl, UCTIONB3Ys MpeoOpa3oBanue Jlamiaca, pexyp-
cuBHble LU(POBbIe (GUIBTPHI pa3paboTaHbl ¢ MapaIeNTbHOW METOAWKON Ha3bIBaeMoOl z-
tpanchopmanToid. [TonHas cTparerus U3 3TUX ABYX TpaHCHOPMAHT - TOT K€ CaMbIi: 30HIUPYUTE
UMITYJIbCHYIO MEepelaTOYHYI0 (DYHKIMIO C CHHYCOHMJIaMH M MTOKa3aTeIbHBIMU (PYHKIUSMU, YTOOBI
HalTH nostoca cuctemsl U Hynu. [IpeobpazoBanue Jlamnaca umeer neno ¢ quddepeHnnaibHbI-
MU YpaBHEHHSIMH, S-JOMEHOM, U S-TTOCKOCThI0. COOTBETCTBEHHO, Z-TpaHC(hOpPMaHTa UMEET Jie-
70 ¢ auddepeHInaTbPHBIMIA YPAaBHEHUSMHE, Z-TTOMCHOM, H Z-TIOCKOCTRI0. OTHAKO, J[BA METO/A -
HE 3epKalTbHOE U300paKeHHe IPYT APYTa; S-INIOCKOCTh pa3MEeNIaeTcs B IPSIMOYTOJIBHOM crcTeMe
KOOPJMHAT, B TO BPEMs KaK Z-TJIOCKOCTh UCIOJIB3YET MOJSIpHBIA Gopmat. PexypcuBHbIie mudpo-
Bble (PUIBTPHI YacTO pa3pabaThIBAIOTCS, HAYMHASCh C OJAHOTO U3 KIACCHYECKHX aHAIOTOBBIX
¢uneTpoB, THna ByTTepBopTa, UeOBIIIEBCKOT0, WM JIUIMIITHYECKOTO. Psj MaTremMaTndecKux
npeoOpa3oBaHUil TOTIAa MCIONB3YeTCs, YTOObI MOMYUUTh KeJIaTeNnbHbI IUppoBoil Gumbtp. Z-
TpaHchopMaHTa 00eCTIeYBaeT CTPYKTYPY Ui 3Toi MareMaTuku. [Iporpamma npoekra GpuiibTpa
YeOrimeBa, npeacraBieHHas B riaaBe 20 UCHONIB3YyeT TOT MOAXOMA, U 00CykJeHa MoApoOHO B
JTOM IJIaBe.

The Nature of the z-Domain

Xapakrep(npupoaa) z-1oMeHa

To reinforce that the Laplace and z-transforms are parallel techniques, we will start with the
Laplace transform and show how it can be changed into the z-transform. From the last chapter,
the Laplace transform is defined by the relationship between the time domain and s-domain sig-
nals:

UYtoOsl yKpenuTh 3T0, TpeodpazoBanus Jlaminaca u z-nmpeodpa3oBaHus - TapaJlIeIbHBIC METO/IBI,
MBI Ha4HEeM C mpeoOpa3oBaHus Jlamuiaca M Mmokaxem, Kak 3TO MOXKET OBITh M3MEHEHO B Z-
TpanchopmaHTy. B mpormuioit rnase, nmpeoOpazoBanue Jlammaca onpeneneHo OTHOMICHUSIMH Me-
KAy CUTHAJIaMU JOMCHA BPECMCHH U S-JOMCHA!

Xis) = x(tye di
.r=f-»
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where x(¢) and X(s) are the time domain and s-domain representation of the signal, respectively.
As discussed in the last chapter, this equation analyzes the time domain signal in terms of sine
and cosine waves that have an exponentially changing amplitude. This can be understood by re-
placing the complex variable, s, with its equivalent expression, ¢ + jw. Using this alternate nota-
tion, the Laplace transform becomes:

I'ne x(¢) u X(s) - mpencraBiaeHue CUTHANIA JJOMEHAa BPEMEHH U S-IOMEHA, COOTBETCTBEHHO. Kak
00CYXJIEHO B TPOIUION TJaBe, ATO YpaBHEHHE AaHAIW3UPYET CHUTHAJI JIOMEHAa BPEMCHH B
TEPMHHAX CHHyCa BOJH M KOCHHYCa, KOTOpPbIE HMEIOT aMIUIUTYdy, H3MEHSIOUIYIOCS IO
HKCHOHEHTE. JTO MOXET OBITh TOHATO, 3aMEHssI KOMIUIEKCHYIO TI€pEeMEHHYI0, §, ee
SKBUBAJIEHTHBIM BBIpAKEHUEM, ¢ + jo. lVcnonap30BaHHME H3TOM albTEPHATUBHOM CHUCTEMBI
o0o3HaueHui, mpeodpazoBanue Jlamnaca CTaHOBHUTCS:

X(o.w) = j x(tye “e 'Mdt
{=-o0

If we are only concerned with real time domain signals (the usual case), the top and bottom
halves of the s-plane are mirror images of each other, and the term, e’ reduces to simple cosine
and sine waves. This equation identifies each /ocation in the s-plane by the two parameters, o
and . The value at each location is a complex number, consisting of a real part and an imagi-
nary part. To find the real part, the time domain signal is multiplied by a cosine wave with a fre-
quency of w, and an amplitude that changes exponentially according to the decay parameter, o.
The value of the real part of X(o, w) is then equal to the integral of the resulting waveform. The
value of the imaginary part X(o, w) of is found in a similar way, except using a sine wave. If this
doesn't sound very familiar, you need to review the previous chapter before continuing.

Ecnu Mbl 3aHTEpecOBaHbI TOJIBKO CHUTHAJIAMH JOMEHA PEaIbHOTO BpeMeHU (OOBIUHBIN Cityyaii),
BEpPXHHE U HI)KHUE TTOJIOBUHBI S-TUTOCKOCTH - 3epKabHbIC U300paXXeHUs IPYT APYyTra, ¥ TEPMHUHA,
¢’ IPUBOJINT K TIPOCTHIM BOJTHAM KOCHHYCA U CHHYCa. JTO ypaBHEHHE HACHTUDUIMPYET Kaxk-
JI0€ PACIONIOKEHUE B S-TUIOCKOCTH ATHMH JIByMS TTapaMeTpamMu, ¢ U . 3HaYCHHE B KaXKJIOM pac-
MOJIOKEHUH - KOMIIEKCHOE YHCIIO, COCTOSIIEE U3 BEIIECTBEHHOW YacTH U MHUMOM 4yactu. Yro-
OBl HaliTH BEIIECTBEHHYIO YacTh, CUTHAJI JOMEHA BPEMEHH YMHOXKEH Ha BOJHY KOCHHYCa C Jac-
TOTON @, U aMIUTUTYIOU, KOTOpasi U3MEHSETCS IO SKCIIOHEHTE COTJIaCHO MapaMeTpy pacraja, o.
3HayeHHEe BEIIECTBEHHOM 4acTH X(o, w) TOrna paBHO MHTErpaly 3aKaHYMBAroOIEHCs (opMbl
BOJIHBI. 3HAYCHUE MHUMOM YacTh X(o, @) HaliIeHO TIOJIOOHBIM CITOCOOOM, KpOME HCITOJIH30BAHUS
BOJIHBI CUHYca. ECIM 3TO HE 3ByYHUT OYeHb 3HAKOMBIM, BBI TOJDKHBI AeTIaTh 0030p MpeablayIien
TJIaBHI Miepe]] MPOI0JKEHUEM.

The Laplace transform can be changed into the z-transform in three steps. The first step is the
most obvious: change from continuous to discrete signals. This is done by replacing the time
variable, ¢, with the sample number, #, and changing the integral into a summation:

[IpeobpazoBanue Jlammaca MOXeT ObITh U3MEHEHO B z-TpaHC(OPMaHTY B Tpex marax. [lepBoiid
miar HaI/I60J'I€e OYCBUJCH: M3MCHCHUC HCHPCPBIBHBIX CHUIHAJIOB B JUCKPCTHELIC. 310 CAciIaHo,
3aMeHsIsl IEPEMEHHYI0 BPEMEHH, 7, BRLIOOPKOW ¢ HOMEPOM, 71, i 3aMEHSISI HHTETPUPOBAHHE B CyM-
MHPOBAHUEM:

4

X(0,0) = Y x[n]e e i

H = o
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Notice that X(o, @) uses parentheses, indicating it is continuous, not discrete. Even though we
are now dealing with a discrete time domain signal, x[#n], the parameters ¢ and w can still take on
a continuous range of values. The second step is to rewrite the exponential term. An exponential
signal can be mathematically represented in either of two ways:

Obparute BHUMaHUE, X(0, ) UCMOIB3YET KPYTJble CKOOKH, YKa3bIBasi 3TO UYTO CHUTHAJI HEIpe-
pBIBEH, a HE AUCKpeTeH. J[ake MpUTOM, YTO MBI Teepb UMEEM JEN0 C TUCKPETHBIM CUTHAJIOM
JIOMEHA BpEMEHMU, X[7], TapaMeTpsl 0 U (» MOTYT IPUHUMATh HENPEPBIBHBIM 1HMaNa30H 3HAYCHUH.
Btopoii mar go/mkeH mepe3anucatbh SKCIOHEHUIUAIbHBIM TepMHH. [loKa3aTenbHbI CUTHAI MO-
&KeT OBITh MaTEMAaTUYECKH MIPECTABIICH OJHUM M3 JIByX CIIOCOOOB:

p ~on 1

yln] = or yln] = r'
As illustrated in Fig. 33-1, both these equations generate an exponential curve. The first expres-
sion controls the decay of the signal through the parameter, o. If ¢ is positive, the waveform will
decrease in value as the sample number, n, becomes larger. Likewise, the curve will progres-
sively increase if o is negative. If ¢ is exactly zero, the signal will have a constant value of orne.

Kak nmumtoctpupoBano B puc. 33-1, o0a 3Tu ypaBHEHHUsI T€HEPUPYIOT SKCHOHEHIMAIBHYIO KpH-
By10. [lepBoe BbIpakeHUe yInpaBiisieT pacnajoM CUrHaja yepe3 napamerp, o. Eciou o sBusercs
HOJIOKHUTEIBHOM, (popMa BOJHBI yMeHbuiumcs B 3HAUCHUHM KaK BBIOOpKA HOMEp, /1, CTAHOBHUTCS
Oonblueil. AHAIOTUYHO, KpUBas MPOTPECCUBHO VBEIUYUMCSA, €CIA O SABISIETCS OTPULATEIBHOM.
Ecnu o siBisieTcst TOUHO HYJIEM, CUTHAN OYJIeT UMETh ITOCTOSIHHOE 3HAYCHUE eOUHUYbI.
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The second expression uses the parameter, r, to control the decay of the waveform. The wave-
form will decrease if » < 1, and increase if » > 1. The signal will have a constant value when r =
1. These two equations are just different ways of expressing the same thing. One method can be
swapped for the other by using the relation:

Bropoe BbIpakeHHE UCMONB3YET MapaMeTp, 7, YIpaBIsIIoIIMUi pacrnagoM (GopMbl BoiaHbL. Popma
BOJIHBI YMEHBIIUTCS, eciu 7 < 1, u yBenuuuBaercs, eciau » > 1. CurHan OyneT UMeTb MOCTOSH-

HO€ 3HaueHue Korja » = 1. DTH J1Ba ypaBHEHUS - TOJIKO Pa3lIMYHbIE IyTHU BBIPAKEHUS TOM K€
camoi Bem. OIMH METOJ MOXKET MEHATHCA Ul JPYrOro, MCIONb3Ysl OTHOLIEHHE:

p o= [efrz{r}]rr _ enfn(r} = e On

The second step of converting the Laplace transform into the z-transform is completed by using
the other exponential form:

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

Bropoii mar npeoOpa3oBanus Tpancopmantsl Jlamnaca B z-TpaHcOpMaHTy 3aKOHUYEH, WC-
HOJIB3YS IPYTYIO MOKa3aTeNbHYI0 PopMy:

p o= [efrr{r}]rz _ em’n(rl - e N

where: O = —In(r)

While this is a perfectly correct expression of the z-transform, it is not in the most compact form
for complex notation. This problem was overcome in the Laplace transform by introducing a
new complex variable, s, defined to be: s = ¢ + jw. In this same way, we will define a new vari-
able for the z- transform:

B T0 Bpems Kak 3TO - COBEPIICHHO MPAaBUIIBHOE BBIPAXKEHUE Z-TpaHC(HOPMaAHTHI, 3TO HE B HAaUOO-
Jiee KOMMAaKTHOM (popMe IJisi KOMIUIEKCHON cucTeMbl 00o3HaueHui. DTa mpobiema Obuta mpe-
oJloJieHa B npeoOpa3oBanuu Jlammaca, MpeacTaBiss HOBYIO KOMIUIEKCHYIO MEPEMEHHYIO, S, OIl-
peneneHa, 9ToObl OBITh: § = ¢ + jw. DTUM XK€ CIIOCOOOM, MBI ONIPEICITUM HOBYIO MIEPEMEHHYIO
TUTSL Z-TPpaHC(HOPMAHTHI:

- — — i

z =re”

This is defining the complex variable, z, as the polar notation combination of the two real vari-

ables, » and w. The third step in deriving the z-transform is to replace: » and w, with z. This pro-
duces the standard form of the z-transform:

OTo ompenenseT KOMIUICKCHYIO IEePEeMEHHYI0, Zz, KaK KOMOHMHAIIMIO MOJSPHOM CHCTEMBI
0003HaueHHUI M3 JIByX BEIIECTBEHHBIX MEPEMEHHBIX, / U @. TPEThUM IIIaroM B MOJYYCHUE Z-
TpaHC(OPMAHTHI JOJDKHO 3aMEHUTh: ¥ U @, Ha z. DTO MPOM3BOIUT CTaHAAPTHYIO (opmy z-
TpaHC(HOPMAHTHI:

YPABHEHME 33-1. Z-tpancdopmanTa. o
Z-tpancdopMaHTa ONpeseNnsieT OTHOIICHHS MEXIy CHUTHAJOM JIOMEHa Bpe- X -_) _ Z _[ ]_ -1
MEHHU, X[1], U CUTHAJIOM Z-10MeHa, X[n]. {" - X{n)z

n= -«

Why does the z-transform use 7" instead of ¢, and z instead of s? As described in Chapter 19,
recursive filters are implemented by a set of recursion coefficients. To analyze these systems in
the z-domain, we must be able to convert these recursion coefficients into the z-domain transfer
function, and back again. As we will show shortly, defining the z-transform in this manner ("
and z) provides the simplest means of moving between these two important representations. In
fact, defining the z-domain in this way makes it trivial to move from one representation to the
other.

[Touemy z-TpancdopMaHTa UCIOIB3YeET 7' BMeCTO €', u z BMecTo s ? Kak ommcano B riiase 19,
peKypcuBHBIE GUIBTPBI OCYIIECTBICHBI HA00POM K02¢huyuenmos pexypcuu. UtoObl aHATH3H-
pOBaTh 3TH CUCTEMBI B Z-JIOMEHE, MbI JOJIKHBI OBITH CITOCOOHBI MPeoOpa3oBaTh 3TH KOADPuIu-
€HTBI PEKYPCHUH B (YHKYUIO npeobpazosanus(nepedamounyto )yHKyuro) z-n1oMeHa, U OnsTh Ha-
3a1. Kak MbI TOKaKeM BCKOpE, ONpeeeHne Z-TpancOpMaHThl STHM criocodoM (+' u z) obec-
MICUMBAET CAMBIC MPOCTBIC CPEICTBA TIEPEMEIICHHUS MEXTy dTUMHU JBYMS BaXKHBIMH TPEICTaBIIC-
HusIMH. DakTHYeCKH, onpeielieHHe Z-I0MeHa TaKUM 00pa3oM, JeNlaeT TPUBUAIBHBIM JIBUTAThCS
OT OJTHOTO TIPECTABJICHHUS JI0 IPYTOro.
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Figure 33-2 illustrates the difference between the Laplace transform's s-plane, and the z-
transform's z-plane. Locations in the s-plane are identified by two parameters: o, the exponential
decay variable along the horizontal axis, and w, the frequency variable along the vertical axis. In
other words, these two real parameters are arranged in a rectangular coordinate system. This ge-
ometry results from defining s, the complex variable representing position in the s-plane, by the
relation: s =0 + jow.

Pucynok 33-2 wutrocTpupyeT pa3HOCTh MEXKIY S-TUIOCKOCTBIO MpeoOpasoBanus Jlarmaca, u z-
IJIOCKOCTBIO Z-TpaHchopMaHThl. PacmnonoxeHus B S-IUIIOCKOCTH WIACHTU(QUIMPOBAHBI ABYMs Ma-
paMerpamu: g, IepeMeHHasi SKCIMOHEHIIMAIBHOTO pacraja 1Mo TOPU30HTAIBHOW OCH, U @, Yac-
TOTHas MEepeMEeHHasl Mo BEPTUKAIbHOM ocu. [IpyruMu ciioBaMH, 3TH JIBa BEIIECTBEHHBIX Mapa-
MeTpa pa3MelaloTCs B MPSMOYTOIbHOM CUCTEME KOOPAMUHAT. DTa T€OMETPUs CIEACTBUE OIpe-
JIeJICHUs S, KOMIUJIEKCHAsI TIEpEMEHHas1, MPEJICTaBIISIONIasi MO3UIHIO B S-IUIOCKOCTH, OTHOLICHH-
eM: s =0t jw.

In comparison, the z-domain uses the variables: » and w, arranged in polar coordinates. The dis-
tance from the origin, 7, is the value of the exponential decay. The angular distance measured
from the positive horizontal axis, w, is the frequency. This geometry results from defining z by: z
= re’”. In other words, the complex variable representing position in the z-plane is formed by
combining the two real parameters in a polar form.

Jlnst cpaBHEHUs, Z-IOMEH UCIOJIb3YET NIEPEMEHHBIC: 7' U (0, PA3MEILAEMBIE B MTOJISIPHBIX KOOPIHU-
HaTtax. PaccTosiHMe OT Hauajga KOOPAUHAT, 7, SIBJISETCS 3HAaUEHUEM SKCIIOHEHIIMAIFHOTO pacnaja.
YrioBoe pacCcTodaHuc, USMCPCHHOC OT MMOJI0KUTEILHOM FOpHBOHTaHBHOﬁ OCH, , SABJLSICTCA 4ac-
TOTOM. DTa TeOMETPHs CIEICTBHS OIMpPENEIeHHUs z: z = re’”. JIpyrHMH CIOBaMH, KOMILICKCHAS
NepeMCHHAad, MpPCACTABIIAOIIAsA MMO3ULIUTIO B Z-IIJIOCKOCTHU C(bOpMI/IpOBaHa, O6’beIII/IHSI}I JIBa BCIIC-
CTBEHHBIX ITapaMeTpa B MOJIApHOU (opme.

These differences result in vertical /ines in the s-plane matching circles in the z-plane. For ex-
ample, the s-plane in Fig. 33-2 shows a pole-zero pattern where all of the poles & zeros lie on
vertical lines. The equivalent poles & zeros in the z-plane lie on circles concentric with the ori-
gin. This can be understood by examining the relation presented earlier: ¢ = -In(7). For instance,
the s-plane's vertical axis (i.e., o = 0) corresponds to the z-plane's unit circle (that is » = 1). Ver-
tical lines in the left half of the s-plane correspond to circles inside the z-plane's unit circle.
Likewise, vertical lines in the right half of the s-plane match with circles on the outside of the z-
plane's unit circle. In other words, the left and right sides of the s-plane correspond to the interior
and the exterior of the unit circle, respectively. For instance, a continuous system is unstable
when poles occupy the right half of the s-plane. In this same way, a discrete system is unstable
when poles are outside the unit circle in the z-plane. When the time domain signal is completely
real (the most common case), the upper and lower halves of the z-plane are mirror images of
each other, just as with the s-domain.

OTH pa3nuuus TPUBOAAT K BEPTUKAIBHBIM CMPOKAM B S-ILIOCKOCTH, COOTBETCTBYIOIUM Kpy2am
B Z-TUIOCKOCTH. {7151 mpuMepa, S-TIOCKOCTh B puc. 33-2 moka3biBaeT o0pasel HyJIb-10JIoca, Te
BCE MOJIFOCHI M HYJIM JIEKAT HA BEPTUKAJIBHBIX CTPOKAX. DKBUBAJIEHTHBIE IOJIIOCA U HYJIHU B Z-
TUTOCKOCTH JIEXkKAT Ha KPyrax, KOHIEHTPHUUYECKUX C HA4aJIOM KOOPAMHAT. DTO MOKET ObITh MOHS-
TO, WCCJIEeIysl OTHOIICHHUE, MPEeACTaBICHHOE paHee: o = -In(r). Hanpumep, BepTHKagbHas OCh S-
IUIOCKOCTH (TO €CTh, 0 = () COOTBETCTBYET MOAY.JII0 KPYra B Z-IUIOCKOCTU (KOTOpast SIBISETCS 7
= 1). BepTukanpHble CTPOKU B JIEBOM MOJIOBHUHE S-IJIOCKOCTH COOTBETCTBYIOT Kpyram BHYTpU
Kpyra MOAyJisl Z-IUIOCKOCTU. AHAJIOTMYHO, BEPTUKAJIBHBIE CTPOKM B MPAaBOW IMOJOBUHE S-
IJIOCKOCTH COOTBETCTBYIOT KpyraM Ha BHEILLIHEH CTOPOHE MOJYJIs Kpyra z-ImjaocKocTu. Jpyrumu
(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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CJIOBaMHU, JIEBBIE U TIPABbIE CTOPOHBI S-TUIOCKOCTH COOTBETCTBYIOT BHYTPEHHEW 0OJIACTH M BHEIII-
Hell o0acTu MOAYIIO Kpyra, COOTBETCTBeHHO. HanpuMep, HenpepbIBHAs CUCTEMa HETIOCTOSIHHA,
KOI'/Ia TI0JIF0Ca 3aHUMAIOT NpAyI0 NOJ0BUHY S-TUTIOCKOCTH. B 3TOM TOT ke caMblil yTh, TUCKPET-
Has CUCTEMa HEIMOCTOSIHHA, KOTJa IOJIFoCAa - gHe MOZIYJIA Kpyra B z-muockoctd. Korna curnan
JIOMEHA BPEMEHU IOJIHOCTHIO BEIIECTBEHHBIN (Hanboee OOBIYHBIN Cyuail), BEpXHUE U HIDKHHE
MOJIOBUHBI Z-TNTIOCKOCTH - 3€pKaJIbHbIE M300paXKeHus APYT APYyTa, TakK e, KaK ¢ S-TOMEHOM.

s - Plane 7 - Plane
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FIGURE 33-2

Relationship between the s-plane and the z-plane. The s-plane is a rectangular coordinate system with ¢ expressing
the distance along the real (horizontal) axis, and w the distance along the imaginary (vertical) axis. In comparison,
the z-plane is in polar form, with » being the distance to the origin, and w the angle measured to the positive hori-
zontal axis. Vertical lines in the s-plane, such as illustrated by the example poles and zeros in this figure, correspond
to circles in the z-plane.

PHUCYHOK 33-2

OTHOMIEHUS MEXIY S-INIOCKOCTBIO U Z-TUIOCKOCTBIO. S-IIIOCKOCTH - MPAMOYTOJbHAS CHCTeMa KOOPAWHAT C ¢ BbIpa-
JKEHUE PACCTOSHHS IO BEIIECTBEHHOH (TOPHM30HTANIBHON) OCH, U @ PACCTOSTHUE MO0 MHUMOM (BEPTHKAIBHOMN) OCH.
Jliist cpaBHEHUSI, Z-TTOCKOCTh HAXOAMUTCS B HOJISIPHOU (hopMeE, C 7, SBJISFOIUMCS PACCTOSIHUEM K Hayaly KOOP/IMHAT,
U @ YroJl, U3MEPEHHBIN K MOJOKUTEIBHOW FOPU30HTAIBHONW OCU. BepTukanbHble CTPOKH B S-IJIOCKOCTH, THIA WJI-
JOCTPUPOBAHHOTO TMOJIFOCAMHU MTPUMEPa U HYJISIMU B 3TOM PUCYHKE, COOTBETCTBYIOT KPyraM B Z-IIJIOCKOCTH.

Pay particular attention to how the frequency variable, w, is used in the two transforms. A con-
tinuous sinusoid can have any frequency between DC and infinity. This means that the s-plane
must allow @ to run from negative to positive infinity. In comparison, a discrete sinusoid can
only have a frequency between DC and one-half the sampling rate. That is, the frequency must
between 0 and 0.5 when expressed as a fraction of the sampling rate, or between 0 and 7 when
expressed as a natural frequency (i.e., @ = 2zfw). This matches the geometry of the z-plane when
we interpret to be an angle expressed in radians. That is, the positive frequencies correspond to
angles of 0 to z radians, while the negative frequencies correspond to 0 to -z radians. Since the z-
plane express frequency in a different way than the s-plane, some authors use different symbols
to distinguish the two. A common notation is to use € (an upper case omega) to represent fre-
quency in the z-domain, and o (a lower case omega) for frequency in the s-domain. In this book
we will use w to represent both types of frequency, but look for this in other DSP material.

OO6patute ocoboe BHUMaHUE Ha TO, KaK YaCTOTHAs IEPEMEHHAs, @, UCIIOJIb3YETCS B IBYX TPaHC-
¢dopmanTax. HempepbiBHas cuHycomaa MOXET MMETh JIIOOYI0 YacTOTy MEXIYy IOCTOSHHBIM
TOKOM U OECKOHEYHOCTHI0. DTO 03HAYAET, YTO S-IUIOCKOCTH JOJDKHA IO3BOJHUTH (@ PabOTaTh OT
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OTPHLIATENILHON /10 IMOJIOKUTEIBHONH OECKOHEYHOCTH. [ cpaBHEHMsI, AUCKPETHAsE CHUHYCOHUa
MOJXKET TOJBKO UMETh YAaCTOTY MEXAY IMOCTOSIHHBIM TOKOM U IOJIOBUHOI 4acTOThl BbIOOpKH. To
ecTb yacToTa AospkHa Mexy 0 u 0.5 xora BeIpakeHO Kak IpoOb 4acTOThI BHIOOPKH, WIIN MEKIY
0 1 @, Kora BEIpaKEHO KaK COOCTBEHHAs 4acToTa (TO €CTh, @ = 27f®). DTO COOTBETCTBYET I'€0-
METPHH Z-TUIOCKOCTH, KOTJIa Mbl HHTEPIIPETUPYEM, YTOOBI OBITh YTTIOM, BHIPAKCHHBIM B pajua-
Hax. To ecTh MOJOKUTENbHBIE YaCTOTHl COOTBETCTBYIOT yIJlaM @ K 7 pajguaH, B TO BpeMs Kak
OTpHILIATENIbHBIE YaCTOTHI COOTBETCTBYIOT 0 K - 7 Pagunansl. Tak Kak z-TIIOCKOCTh BBIPaXKaeT Jyac-
TOTY Pa3IWYHBIM CHOCOOOM, YeM S-TUIOCKOCTh, HEKOTOPBIE aBTOPBI MCIOJIB3YIOT pPa3IUYHbIC
CHUMBOJIBI, YTOOBI OTIMuYaTh nX. OOmIas cucrema 0003HaUYECHUH JODKHA UCTIONB30BaTh () (oMera
BEPXHETO PETUCTPa) YTOOBI MPEACTABUThH YACTOTY B Z-IOMEHE, U @ (OMera CTPOYHBIX OYKB) IS
9acTOThI B s-J0MEHE. B 3Toi KHHre MbI OyZieM HCIOJIb30BaTh @ JUIS MPEICTABICHUs 000UX TH-
MIOB YaCTOThI, HO UCKaTh(OTHICKMBATh; 0OpaliaTh Ha 3TO BHUMaHue?) 3TO B IPYroM Marepualie
HocC.

In the s-plane, the values that lie along the vertical axis are equal to the frequency response of the
system. That is, the Laplace transform, evaluated at ¢ = 0, is equal to the Fourier transform. In an
analogous manner, the frequency response in the z-domain is found along the unit circle. This
can be seen by evaluating the z-transform (Eq. 33-1) at » = 1, resulting in the equation reducing
to the Discrete Time Fourier Transform (DTFT). This places zero frequency (DC) at a value of
one on the horizontal axis in the s-plane. The spectrum's positive frequencies are positioned in a
counter-clockwise pattern from this DC position, occupying the upper semicircle. Likewise the
negative frequencies are arranged from the DC position along the clockwise path, forming the
lower semicircle. The positive and negative frequencies in the spectrum meet at the common
point w = of and w = -x. This circular geometry also corresponds to the frequency spectrum of
a discrete signal being periodic. That is, when the frequency angle is increased beyond z, the
same values are encountered as between 0 and 7. When you run around in a circle, you see the
same scenery over and over.

B s-mutockocTty, 3HaY€HUs, KOTOPBIE JIEKAT 110 BEPTUKAIBHOW OCH, PaBHBI YACTOTHOM XapakTe-
puctuke cucteMbl. To ecTb mpeoOpa3oBanue Jlammaca, onieHeHHoe B ¢ = (), sSBIAETCS PaBHBIM
npeodpazoBannio dypbe. AHAIOTMYHBIM CHOCOOOM, YAaCTOTHAs XapaKTEPUCTUKA B Z-JIOMEHE
HalieHa 1Mo Kpyry MoJyJisd. OTO MOXET OBbITh 3aMEuUeHO, OlIeHUBas Z-TpaHchopmaHTy (ypaBHe-
nHue 33-1) B » = 1, npuBozs K cokpamieHuio ypaBHeHus IIpeoOpazoBanus @yprse JucKpeTHBIM
Bpemenem (DTFT). D10 pa3Memaer HyJIeByIO 4acToTy (ITOCTOSSHHBIA TOK) B 3HaUYE€HHUE 0OUH HA
TOPU30HTAIBHOM OCH B S-IUIOCKOCTH. [0J0XKUTENBHBIE YacTOTHI CHEKTPa MO3ULMOHUPOBAHbI B
MIPOTUBOIOJI0KHOM YaCOBOW CTPEJIKE HANPABIECHUU OT 3TOW MO3UIMH ITOCTOSIHHOTO TOKA, 3aHH-
Masi BEpXHUU MONYKPYT. AHAJIOTMYHO OTPULIATEIbHBIE YaCTOThl PAa3MEIIAIOTCS OT MO3UIUHU T0-
CTOSTHHOTO TOKa TI0 YaCOBOW CTpesKe MmyTH, popMupys 6osiee HU3KHN MOayKpyr. [lomoxuTennsb-
HBIE U OTPULIATENIbHBIC YAaCTOThI B CHEKTPE BCTPEUAIOTCS B OOIIECH TOUKE @ = T U @ = -7. JTa
KpyTroBasi(KOJIblIeBasi) TEOMETPHsI TAK)KE€ COOTBETCTBYET CIIEKTPY YacTOT AMCKPETHOTO CHTHaja,
SABIISIOIIETOCS nepuooudeckum. To eCTh KOTJa YaCTOTHBIN yroJl yBeJITUYEH BHE 7, C TEMH XK€ ca-
MBIMHU 3HAYEHUSMH CTalIKHUBaroTCcs Kak Mexay 0 u 7. Korma Ber pabortaete Bokpyr B kpyre, Bo
BUIUTE TOT 7K€ CaMbIi NEK3aX MHOIO pas.

Analysis of Recursive Systems

Anaym3 PexkypcuBabix Cucrem
As outlined in Chapter 19, a recursive filter is described by a difference equation:
Kak Boizeneno B riase 19, pekypcuBHbIi GuibTp onrcan ¢ @epeHuaibHbIM YPABHEHUEM:
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YPABHEHUE 33-2
Juddepennnansroe ypasaenue. Cm. rinay 19 uis moxpoOHOCTEH.

vln] = ax[n] + axln-1] + a,x[n-2] + -+ b y[n-1] + b,y[n-2] + b,y[n-3] +

where x[ ] and y[ ] are the input and output signals, respectively, and the "a" and "b" terms are
the recursion coefficients. An obvious use of this equation is to describe how a programmer
would implement the filter. An equally important aspect is that it represents a mathematical rela-
tionship between the input and output that must be continually satisfied. Just as continuous sys-
tems are controlled by differential equations, recursive discrete systems operate in accordance
with this difference equation. From this relationship we can derive the key characteristics of the
system: the impulse response, step response, frequency response, pole-zero plot, etc.

I'me x[ ] m y[ ] - curnansl BBOJia ¥ BBIBOJIa, COOTBETCTBEHHO, U TepMUHHI "a", u "b" - ko3 duim-
CHTHBI peKprI/II/I. O‘-IGBI/I,Z[HOC HUCIIOJIB30BAHUEC 3TOI'O ypaBHeHI/ISI JOJDKHO OIIMCAaThb, KakK nporpaM-
MHUCT OCymecTBII Obl GUabTp. OMHAKOBO BaXXHBIM aCMEKT - TO, YTO ATO MPECTABISAECT MaTeMa-
TUYCCKUC OTHOIICHUA MC)K,IIy BBOJOM MU BBIBOAOM, KOTOpBIfI JOJIDKCH HCHpprIBHO YI[OBJIGTBO-
patbest. Tak ke, Kak HEMPEPHIBHBIE CUCTEMBI YIPABISIIOTCS Jughghepenyuanvuvimy ypaBHEHUS-
MU, peKYPCHBHBIE JUCKPETHBIC CUCTEMBI PaOOTAIOT B COOTBETCTBHH C ITUM OuppepeHyuanibHuvim
ypaBHeHHEM. OT 3TUX OTHOIICHUH MBI MOXXEM IOJTy4YaTh KIFOUEBBIE XapAKTEPUCTUKH CHCTEMBI:
UMIYJbCHAS MepeaaTouHas (QyHKIUS, peakius Ha CKayoK(MepexoaHasl XapaKTepUCTHKA), dac-
TOTHAsl XapaKTePUCTHUKA, TpaduK HyJIS MOJIFOca, U T. .

We start the analysis by taking the z-transform (Eq. 33-1) of both sides of Eq. 33-2. In other
words, we want to see what this controlling relationship looks like in the z-domain. With a fair
amount of algebra, we can separate the relation into: Y[z]/X[z], that is, the z-domain representa-
tion of the output signal divided by the z-domain representation of the input signal. Just as with
the Laplace transform, this is called the system's transfer function, and designate it by H|[z].
Here is what we find:

Mpsl HaunHaeM aHanu3, Oeps z-Tpanchopmanty (ypaBHeHHe 33-1) o0enx cTOpoH ypaBHeHuUs 33-
2. Ipyrumu ciioBaMu, Mbl XOTUM BHUJIETh TO, YTO 3T OTHOUICHHSI YIIPABICHUS HATIOMUHAIOT B Z-
nomene. Co CHpaBeIIMBBIM KOJUYECTBOM aireOpbl, MBI MOKEM OTACIUTh OTHOIICHUE B:
Y[z]/X[z], To ecTh IpeACTaBIICHHE Z-TOMEHA CUTHAJIA BBIXO/1a, PA3/ICJICHHOTO MIPEICTABICHUEM Z-
JIOMEHa BXOJHOTO curHana. Tak ke, Kak ¢ mpeodpazoBanuem Jlamnaca, 3To Ha3bIBaeTCs PyHK-
nueil npeodpa3oBaHUsA CUCTEMbI, U ONIpeAessaTh 3T0 H[z]. UMeeTcs TO, 4TO Mbl HAXOUM:

EQUATION 33-3 iy T ay s "+ gzt 4 iy 2 ' 4 .
Transfer function in polynomial form. The recursion co- ff|z]| = : -
efficients are directly identifiable in this relation. | ho="1 h.="" h. =

YPABHEHME 33-3
Oynkuus npeoOdpa3zoBaHus B MOJUHOMUAIBHON (Gopme. KoadduimenTs pekypcun HernocpeCTBEHHO HISHTU(H-
LHPYEMBI B ’TOM OTHOILIECHHH.

This is one of two ways that the transfer function can be written. This form is important because
it directly contains the recursion coefficients. For example, suppose we know the recursion coef-
ficients of a digital filter, such as might be provided from a design table:

OTO - OAMH U3 ABYX ITyTel, KOTOPBIMU (YHKLHUS IpeoOpa3oBaHUs MOXKET ObITh HamlucaHa. JTa
¢dopma BaxkHa, IMOTOMY YTO 3TO HEMOCPEICTBEHHO COJACPKHUT KOAIPPHUIMEHTH pekypcun. Ha-
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pUMeEp, MPEINOTI0KHUTE, YTO MBI 3HaeM, KO3 UIMEHTH peKypcud u(poBoro GuiIbTpa, TH-
na(Takue Kak) MO>XHO ObLTO OBl 00ecreuynBaTh OT TAOJUIIBI IPOSKTA:

a0 =0.389

al =-1.558 bl =2.161
a2 =2.338 b2 =-2.033
a3 =-1.558 b3 =0.878
a4 = 0.389 b4 =-0.161

Without having to worry about nasty complex algebra, we can directly write down the system's
transfer function:

be3 Toro, 4ToOBI IMETh HEOOXOAUMOCTH, YTOOBI BOJIHOBATHCS OTHOCHUTEIHHO HMPOTHUBHOIN KOM-
TUIEKCHOM anreOpbl, Mbl MO’KEM HEMOCPEICTBEHHO 3alMCBIBAaTh (DYyHKIMIO peoOpa3oBaHus CUC-
TEMBI:

0389 - 1.558z '+ 2,338z 2 - 1.558z %+ 0.389z ¢
| -2161z"+2.033z2- 0878z +0.161z ¢

Hiz] =

Notice that the "b" coefficients enter the transfer function with a negative sign in front of them.
Alternatively, some authors write this equation using additions, but change the sign of all the "b"
coefficients. Here's the problem. If you are given a set of recursion coefficients (such as from a
table or filter design program), there is a 50-50 chance that the "b" coefficients will have the op-
posite sign from what you expect. If you don't catch this discrepancy, the filter will be grossly
unstable.

O6parute BHIMaHuUE, yTO KO3 duimeHTs! "b" BBOAAT PyHKIHIO TpeoOpa3oBaHUs TUIIA C OTPH-
[IATEBHBIM 3HAKOM Tepe] HUMH. AJBTEPHATUBHO, HEKOTOPHIE aBTOPHI 3alMCHIBAIOT ATO ypaB-
HEHHUE, WCIIONB3Ys CIOKEHHEe, HO U3MEHSIOT 3HaK Bcex kodddumuentos "b". Mmeercs npobie-
Ma. Ecau Bam natot Hab6op k03¢ GUIMEHTOB peKypcud (TUma oT TabIHUIbl WK IPOrpaMMbI IIPo-
ekta ¢punpTpa), umeetcs manc 50 Ha 50, uro ko duiments "b" OyayT UMETh MPOTHUBOTIOIOXK-
HBII 3HaK, OT TOro, 4YTo BbI oxkumaere. Ecnu Bel He ynoBute 3T0 HEcooTBeTCTBHE, PUIbTp OyaeT
YPE3BBIYANTHO HEMOCTOSHEH.

Equation 33-3 expresses the transfer function using negative powers of z, such as: z, z2, 27, etc.
After an actual set of recursion coefficients have been plugged in, we can convert the transfer
function into a more conventional form that uses positive powers: i.e., z, 2, z, ... . By multiply-
ing both the numerator and denominator of our example by Z', we obtain:

VYpaBuenue 33-3 skcnpecc-pyHKIM Mpeodpa3oBaHus THIIA, UCIIONB3YS OTPULIATEIbHBIC CTEIe-
HU z, THIa: z ', z72, z°, u 1.1 [locie Toro, Kak (pakTHdeckuil HaGop KOIPHUIUEHTOB PEeKypCHH
ObUI MOJKJIIOYEH B, MBI MOXEM IpeoOpa3oBbIBaTh (PYHKLUIO IpeoOpa3oBaHUs(IIepeIaTOUHY IO
¢dbyukuio) B 601ee 00bIYHYI0 POpMY, KOTOpask UCIOJIB3YET MOJOKUTEIbHBIE CTETICHU: TO €CTh,

2 3 4
ZyZ yZ 4 uen VYMHOXKas 1 YUCIUTEIb U 3HaMEHATEIIb HAIIeTO npuMepa Ha z , MbI IOJIYy4aCM:

0.389z% - 1.558z3 + 2.3382z2 - 1.558z + 0.389
z4 - 2.161z% + 2.033z% - 0.878z + 0.161

Hlz] =
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Positive powers are often easier to use, and they are required by some z-domain techniques.
Why not just rewrite Eq. 33-3 using positive powers and forget about negative powers entirely?
We can't! The trick of dividing the numerator and denominator by the highest power of z (such
as in our z 4 example) can only be used if the number of recursion coefficients is already known.
Equation 33-3 is written for an arbitrary number of coefficients. The point is, both positive and
negative powers are routinely used in DSP and you need to know how to convert between the
two forms.

[TomoxuTenpbHBIE CTETIEHW YacTo 0o0Jiee JIETKUE /IS UCIIOIh30BaHUS, U OHH TPEOYIOTCS HEKOTO-
pbIMU MeToJlaMu Z-AoMeHa. [louemy He mepe3anuchiBaTh ypaBHEHHE 33-3, MCHOJB3Ys TOJBKO
MOJIOKUTENIBHBIC CTETICHH, M, TIOJHOCTHIO 3a0BbIBasi OTHOCHTEIIBHO OTPHIATEIBHBIX CTEMeHEeH?
Mpb1 He MokeM! YIIOBKa JENICHUS YUCIUTENS U 3HAMEHATENsl CaMOil BBICOKOHM CTENEHbIo Z (THUMa
7' B Hamem MPUMEPE) MOXKET HCIOIB30BATHCS, €CIU TOJIBKO YHUCIO0 KOA(D(OUIIMEHTOB PEeKypCUHU
y’K€ U3BECTHO. YpaBHeHUe 33-3 HamucaHo B MPOU3BOJBHOM uucie KodpduuueHToB. IIyHKT, u
MOJIOKUTENbHBIC M OTpPHUIIATEIbHBIC CTENeHH 00bdHO ucmoyib3yioTcs B L{OC, u Bvl momkHbI
3HAaTh, KaK MpeoOpazoBaTh MEXy IBYMs (hOpMaMH.

The transfer function of a recursive system is useful because it can be manipulated in ways that
the recursion coefficients cannot. This includes such tasks as: combining cascade and parallel
stages into a single system, designing filters by specifying the pole and zero locations, convert-
ing analog filters into digital, etc. These operations are carried out by algebra performed in the s-
domain, such as: multiplication, addition, and factoring. After these operations are completed,
the transfer function is placed in the form of Eq. 33-3, allowing the new recursion coefficients to
be identified.

OyHKIUSA TpeoOpa30BaHus PEKyPCUBHON CUCTEMBI MOJIE3HA, IIOTOMY YTO 3TO MOXKET YIPaBIIATh-
csl crmoco0aMu, KOTOPHIMU KOA(PPHUIIMEHTHl PEKYPCUU HE MOTYT. DTO BKJIOYACT TaKUE 3a]laud
Kak: oObelMHEHHE KacKaja W MapayIeNbHBIX CTaJuil B €IUHCTBEHHYIO(OTIENIBbHYIO) CHCTEMY,
NPOCKTHPOBAHUE (PHIBTPOB, OIPEIENSs MOJTIOC W HYJIEBBIE PACIIOIOKEHUS, MPEOOpa3OBbIBas
aHayoroBble (PMWILTPHI B HU(PPOBBIC, U T.I. ITU ONEPALUU BHITIOIHEHBI aareOpoid, BHITOIHEHHON
B S-JIOMEHE, THIIa: YMHOXXEHHE, CJIOKCHUE, U pa3iokeHne Ha MHOKUTeNH. [lociie Toro, Kak 3tu
oTepalyyu 3aKOHYEHbI, (YHKIMS MpeoOdpa3oBaHus oMenieHa B popmy ypaBHeHHs 33-3, 1mo3Bo-
JI511 HOBBIM KO3 (DHUIIMEHTaM peKypCHUU OBITh HICHTU(DHUITUPOBAHHBIMH.

Just as with the s-domain, an important feature of the z-domain is that the transfer function can
be expressed as poles and zeros. This provides the second general form of the z-domain:

EQUATION 33-4

Transfer function in pole-zero form. (T -z | } (_.-' - -.) (.." -E 3 ) .
Hz] =

YPABHEHUE 33-4

®Dynkuus npeobpazoBaHus B GOpMy HYIIS IOJIHOCA. (: P | }(: 4 g.} {3 W4 3 ) h
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Each of the poles (p1, p2, ps3, ...) and zeros (zy, z2, z3 ...) is a complex number. To move from Eq.
33-4 to 33-3, multiply out the expressions and collect like terms. While this can involve a tre-
mendous amount of algebra, it is straightforward in principle and can easily be written into a
computer routine. Moving from Eq. 33-3 to 33-4 is more difficult because it requires factoring of
the polynomials. As discussed in Chapter 32, the quadratic equation can be used for the factoring
if the transfer function is second order or less (i.e., there are no powers of z higher than z%). Al-
gebraic methods cannot be used to factor systems greater than second order and numerical meth-
ods must be employed. Fortunately, this is seldom needed; digital filter design starts with the
pole-zero locations (Eq. 33-4) and ends with the recursion coefficients (Eq. 33-3), not the other
way around.

Kaxxnprit u3 nomtocoB (i1, p2, p3, ...) ¥ HyJle# (z1, z2, z3 ...) - KOMIUIEKCHOE 4MCiI0. YTOOBI 1BH-
ratbcsi OT ypaBHeHUs 33-4 10 33-3, yMHOXXUTECh U3 BBIPAXECHUH, U TIPUBEAUTE MOT0OHBIE UJie-
Hbl. B TO Bpems Kak 3TO MOKET BKJIIOUaTh B ¢€0s1 OTPOMHOE KOJIMYECTBO ajareOphl, 3TO MPSIMOE B
MIPUHITUIIE ¥ MOXKET JIETKO OBITh HAIMCAaHO B KOMITBIOTEPHYIO HoAnporpammy. [lepemerienue ot
ypaBHeHus oT 33-3 1o 33-4 Gosiee TPyAHO, TOTOMY YTO ATO TPEOYET pa3sIoKEHUSI Ha MHOKHUTEIIH
MHorowieHoB. Kak o6cyxaeHo B riaBe 32, KBaApaTHOE ypaBHEHHE MOXKET UCHOIB30BATHCS JUIS
pa3ioKeHus: Ha MHOXHUTENH, ecliu GYHKIMS npeoOpa3oBaHUsl — BTOPOTO MOPSAKA WK MEHBIIIE
(TO ecTh, He MMEETCSI HUKAKHX CTEIeHell z BhINIE, YeM z°). Arebpandeckie MeTobl He MOTYT
HCIIOJIb30BAThCS C CTEMEHSIMH CHUCTEMBbI OOJbIIE YeM BTOPOTO MOPSAAKA M YHCIECHHBIE METOIbI
JOJKHBI MCTIONIB30BaThest. K cHacThio, 3TO peiko HEOOXOANMMO; ITUPPOBOI MPOEKT GUIbTPa Ha-
yyuHaemcs C PacrtoyIOKEHUSIMHU HyJIs mojitoca (ypaBHenue 33-4) u 3akanuusaemcs kodpduimen-
TamMH pekypcuu (ypaBHenue 33-3), He Ha000POT.

As with all complex numbers, the pole and zero locations can be represented in either polar or
rectangular form. Polar notation has the advantage of being more consistent with the natural or-
ganization of the z-plane. In comparison, rectangular form is generally preferred for mathemati-
cal work, that is, it is usually easier to manipulate: ¢ + jw, as compared with: re'®.

Kak co BceMH KOMIUIEKCHBIMHU YHCJIaMU, MOJIIOC U HYJIEBBIE PACIIOJIOKEHUSI MOTYT OBITh Ipen-
CTaBJICH WJIM B MOJISIPHOM MM B IPAMOYTOJIbHOM dopme. [lonsipHas cuctema 0603HaueHUI MMe-
€T MPEUMYIIECTBO, SBISACH 0OJIee COBMECTHMOM C €CTECTBEHHOW OpraHU3alMeH Z-TUIOCKOCTH.
Jlnist cpaBHEHUs, IPAMOYToJIbHAs popMa BOOOIIE MPeNOYUTAETCS A MaTeMaTHUecKoi pabo-
TBI, TO €CTh OGBIYHO MPOIIE YIPABIATE: ¢ + je, IO CPABHEHHUIO C: re/”.

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB
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As an example of using these equations, we will design a notch filter by the following steps: (1)
specify the pole-zero placement in the z-plane, (2) write down the transfer function in the form
of Eq. 33-4, (3) rearrange the transfer function into the form of Eq. 33-3, and (4) identify the re-
cursion coefficients needed to implement the filter. Fig. 33-3 shows the example we will use: a
notch filter formed from two poles and two zeros located at

Kak mpumMep nMcnonb30BaHus 3TUX ypaBHEHUH, MbI OyJeM MPOEKTHUPOBATh (QMIBTP-NIPOOKY clie-
ayronMu maraMmu: (1) onpenenstor, 4To pa3MelieHUe HyJIs MOJoca B Z-TUIOCKOCTH, (2) 3amu-
chIBaeT (QyHKUHMIO mpeoOpa3oBanus B ¢opme ypaBHeHHUs 33-4, (3) mepecTpauBaroT (QpyHKIHUIO
npeoOpazoBanus B popmy ypaBHeHHS 33-3, 1 (4) uaeHTHPHUIUPYIOT KOXPPHUIUEHTH PEKYPCHH,
HEeoOXoanMBbIe, 9YTOOBI ocymecTBUTh GuiIbTp. Puc. 33-3 mokasbiBaeT mpumep, KOTOPBIH MBI Oy-
JIeM HMCTIOJIb30BaTh: (QMIBTP-TIPoOKa, copMUpOBaHHAs U3 IBYX IOJIOCOB M ABYX HYJICH, pacro-
JI0)KEHHBIX B
B npsimoyronbHOit popme: B momspHO# Gpopme:

z1 = 1.00e/" z1=0.7071 +,0.7071
2, = 1.00e/™ 2,=0.7071 - 0.7071

pL= 0.90ef_<”/2 p1=0.6364 + 0.6364
p2=10.90e/™ p2=0.6364 - j 0.6364

To understand why this is a notch filter, compare this pole-zero plot with Fig. 32-6, a notch filter
in the s-plane. The only difference is that we are moving along the unit circle to find the fre-
quency response from the z-plane, as opposed to moving along the vertical axis to find the fre-
quency response from the s-plane. From the polar form of the poles and zeros, it can be seen that
the notch will occur at a natural frequency of , corresponding to 0.125 of the 7/4 sampling rate.
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UYroObl MOHUMATH, TIOYEMY 3TO - (UIBTP-MPOOKA, CPaBHUTE 3TOT rpaduK HYJIS MOJIOCA C PUC.
32-6, punbTp-ipoOKa B S-IIIOCKOCTH. EqMHCTBEHHAsT pa3HOCTH - TO, YTO MBI TIEPEMEIIAEMCsI 110
KPYTy MOAYJISA, YTOOBI HAalTH YaCTOTHYIO XapaKTEPUCTHUKY OT Z-TUIOCKOCTH, B MPOTHBOIOIOXK-
HOCTh NEPEMEUICHHUIO 10 BEPTUKAIBHOW OCH, YTOOBI HAMTH YAaCTOTHYIO XapaKTEPUCTUKY OT S-
wiockoctd. OT monsipHOM (HOPMBI TOJIOCOB M HyJEH, MOXET ObITh 3aMedeHO0, 4To OO0po3a-
ka(3y0elr) mpou30iaeT B COOCTBEHHOM YacToTe, cOoTBeTCTBYSI 0.125 U3 7/4 4acTOTHI BHIOOPKH.

Since the pole and zero locations are known, the transfer function can be written in the form of
Eq. 33-4 by simply plugging in the values:

Tak Kak pacmoi0XKeHHUs MOJIIOCOB U HYJEH M3BECTHO, (DYHKLHUS MPeoOpa3oBaHUs MOXKET OBITh
3anucaHa B (hoopme ypaBHeHHsI 33-4, TIPOCTO MOJCTABIISAS 3HAUCHHUS:

[z - (0.7071 + j0.7071)] [z - (0.7071 -  0.7071)]
[z - (0.6364 + j 0.6364)] [z - (0.6364 - j 0,6364)

Hiz)

To find the recursion coefficients that implement this filter, the transfer function must be rear-
ranged into the form of Eq. 33-3. To start, expand the expression by multiplying out the terms:

YroObl HaXOIUTh KO3(PPULIMEHTBI peKypCcUH, KOTOPBIE OCYIIECTBIISAIOT 3TOT (PUILTP, QYHKIHS
npeoOpa3zoBaHmsl, TOJDKHA OBITH MepecTpoeHa B ¢popMy ypaBHeHus 33-3. s Hadana, pa3Bopa-
YMBAIOT BBIPAXKEHHUE, NEPEMHOKas €ro (MHOIO)UJICHBI:

0,7071z + (070712 - 07071z + 0.70717 - f0.7071 - j0.7071 2 + 070717 - /2 0. 70717
- 06364z + jO.6364z - 063647 + 063647 - FO6364° - JO6364z + 1063647 - §70.6364°

Hiz)

Next, we collect like terms and reduce. As long as the upper half of the z-plane is a mirror image
of the lower half (which is always the case if we are dealing with a real impulse response), all of
the terms containing a will "j "' cancel out of the expression:

3aTem, Mbl coOupaem(rpynnupyem) mogo0HbIe YieHbl U nmpuBoAuM. [loka BepxHssi MOJOBUHA Z-
IJIOCKOCTH - 3€pKalIbHOE M300pakeHNe HUKHEH MOJTOBUHBI (KOTOPBIM BCEra UMEET MECTO, €ClIn
MBI UMEEM JICJIO C BEIIECTBEHHOW MMITYJIbCHOM MepeaaTOuHON (PyHKIHEH), BCE YICHBI, COIEp-

JKaluye 3Ha4YCHUC ' OTMCHHIOTCSI(HCKHIO‘I&IOTCH) N3 BBIPAXKCHU:

1000 - 1.414= + 1.000=1

H[z] .
0.810 - 1.273z + 1000z

Since the transfer function is now in the form of Eq. 33-3, the recursive coefficients can be di-
rectly extracted by inspection:

Tak kak ¢yHKIHS MpeoOpa3oBaHus - Terepb B popme ypaBHeHHs 33-3, peKypcuBHbIE KO3(Pdu-
LIUEHTBbI MOTYT OBITh HEMOCPEICTBEHHO U3BJIEUEHBI OCMOTPOM:

a0 = 1.000
al=-1.414 bl =1.273
a2=1.000 b2=-0.810
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This example provides the general strategy for obtaining the recursion coefficients from a pole-
zero plot. In specific cases, it is possible to derive simpler equations directly relating the pole-
zero positions to the recursion coefficients. For example, a system containing two poles and two
zeros, called as biquad, has the following relations:

DTOT mpuMep oOecredrBaeT OOy CTPATETHIO IS MOTyYeHUs KO3(PPUIIMEHTOB PEKYPCUH OT
rpaduka HyIs noiioca. B oTaenbHbIX(CHEU(PUUECKUX) cIy4asX, BO3MOXKHO IOIYy4YUTh Oojee
NPOCTHIC YpaBHEHHUsI, HETIOCPEICTBEHHO CBSI3BIBAIONINE MO3UIIMU HYJIS MONoca ¢ KodhduimeH-
TaMu peKypcuu. Hampumep, cuctema, cojepikaiias J1Ba MOJIOCA U JIBa HYJISI, Ha3bIBAEMBIC KaK
biquad(6ukBagpaTHas), UMEET CIEAYIONINE OTHOIICHUS:

EQUATION 33-5 ]
Biquad design equations. These equations give the recursion coefficients, aq , aj, a,,

T
by, by, from the position of the poles: r, & ®,, and the zeros: ry & w,, o = :rn“ﬁ::":mn]

d, = Iy
YPABHEHUE 33-5 i :
IIpoextupoBanne Biquad(OnukBagpaTHBIX) YpaBHEHUH. DTH ypaBHEHHS HAIOT KOd(- .
(bMUMEHTHI PEKYPCHH, Ay , A1, A2, b1, by, N3 TIO3ULIUM NIONIFOCOB: 7, U (0, U HYJIEH: 1) U b 1 <! pLUH L"Jp]
o h .t

, = !

]

After the transfer function has been specified, how do we find the frequency response? There are
three methods: one is mathematical and two are computational (programming). The mathemati-
cal method is based on finding the values in the z-plane that lie on the unit circle. This is done by
evaluating the transfer function, H(z) at » = 1. Specifically, we start by writing down the, transfer
function in the form of either Eq. 33-3 or 33-4. We then replace each z with e”® (that is, re””
with » = 1). This provides a mathematical equation of the frequency response, H(®w). The prob-
lem is, the resulting expression is in a very inconvenient form. A significant amount of algebra is
usually required to obtain something recognizable, such as the magnitude and phase. While this
method provides an exact equation for the frequency response, it is difficult to automate in com-
puter programs, such as needed in filter design packages.

[Tocne Toro, kak pyHKuMs npeoOpa3zoBaHUs ONpeaesieHa, KaKk Mbl HAXOAUM YaCTOTHYIO XapaKTe-
puctuky? Mmeetcst Tpu MeToAa: OJUH MaTEeMaTHYECKH, W JIBa - BBIYUCIUTENBHBIX (MPOTpam-
MHpOBaHue). MaTeMaTuuecKrii METOJ] OCHOBaH Ha OOHAPY)KEHWU 3HAYEHUW B Z-TUTIOCKOCTH, KO-
TOpBIE JIeXKAT HA KPyTre MOIYJs. DTO CeNaHo, OIeHHBas QYHKIUIO Ipeodpa3oBanus, H(z) B r =
1. Onpenenenne, Mbl HaUMHAEM, 3amMKChIBasi, PyHKIHIO MpeoOpa3oBaHus B GopMe ypaBHEHUS
33-3 wn 33-4. MBI Tor/ia 3aMeHsieM Kaxublit z ¢ e’ (To ecth re’” ¢ r = 1). D10 obecneunBacT
MaTeMaTHYeCKOe ypaBHCHHE YAaCTOTHOM XapakTepucTtuku, H(w). [Ipobnema, moydyeHHOE BBIpa-
KEHHE HaXOOUTCA B O4YeHb HeyAoOHO# (opme. CyliecTBEeHHOE KOJIMYECTBO anreOpbl 0OBIYHO
TpeOyeTcst, YTOOBI MOIYYUTh KOE-4TO paclio3HaBaeMoe, THUIA BEIUUMHBI U (a3bl. B To Bpemst kak
ATOT METOJI 00ECIIEYNBAET TOYHOE YpaBHEHHUE AJI1 YACTOTHOW XapaKTEPUCTUKH, TPYIHO aBTOMa-
TU3UPOBATh B KOMITBIOTEPHBIX MporpamMmax, TUIa He0OX0IMMOT0 B MaKeTax MpoekTa GuibTpa.

The second method for finding the frequency response also uses the approach of evaluating the
z-plane on the unit circle. The difference is that we only calculate samples of the frequency re-
sponse, not a mathematical solution for the entire curve. A computer program loops through,
perhaps, 1000 equally spaced frequencies between @ = 0 and @ = 7. Think of an ant moving be-
tween 1000 discrete points on the upper half of the z-plane's unit circle. The magnitude and
phase of the frequency response are found at each of these location by evaluating the transfer
function.

Bropoii meTon 11t 00HApyKEHUST YACTOTHOW XapaKTEPUCTUKH TaK)KEe UCIIONB3YET MOAXO0] OICH-
KU Z-TUIOCKOCTH Ha Kpyre MojyJis. Pa3sHuIA B TOJBKO TOM, YTO MBI BBEIYHUCIISEM 6b100pKU dac-
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TOTHOT'O OTBETA, HE MATEMATHYECKOE PELICHUE Ui IOJTHOW KPUBOH. L[MKIIBI KOMIIBIOTEPHOU
MporpamMmel yepes, Bo3MoxkHbie, 1000 ogMHAKOBO pa3esbHBbIX 4acTOT MexXay o = 0 U w = 7.
Jymaiite o MmypaBbe, nepeMeniatomiemcs Mmexxay 1000 1McKpeTHBIX TOUEK Ha BEPXHEH MOJIOBHHE
Kpyra MOJyJsl Z-IUJIOCKOCTH. BennunHa n (a3a 4acTOTHON XapaKTEpUCTHKHU HalIeHbl B KaXJIOM
9TOM PACIOJI0KEHUH, OLIEHUBAs QYHKUHUIO peoOpa3oBaHus(IIepeIaTOUHY IO (PYHKIHIO).

This method works well and is often used in filter design packages. Its major limitation is that it
does not account for round-off noise affecting the system's characteristics. Even if the frequency
response found by this method looks perfect, the implemented system can be completely unsta-
ble!

DTOT MeToA paboTaeT XOPOIIO U YacTO UCHOJIb3yeTCs B MakeTax npoekra guibtpa. Ero rimaBaoe
OTpaHHYEHUE - TO, YTO ITO HE OOBSICHICT BO3ACUCTBUC UiyMA OKpyeleHUs Ha XapaKTEPUCTHKU
cucteMsbl. J[axke eciy 4aCTOTHAsl XapaKTepUCTHKA, HallZICHHAas: ’TUMU COBEPILICHHBIMU B3IJIs1A-
MU METO/JIa, OCYIIECTBICHHAS CUCTEMA MOXET OBITh MOJIHOCTHIO HEMIOCTOSTHHA(HECTabUIbHA)!

This brings up the third method: find the frequency response from the recursion coefficients that
are actually used to implement the filter. To start, we find the impulse response of the filter by
passing an impulse through the system. In the second step, we take the DFT of the impulse re-
sponse (using the FFT, of course) to find the system's frequency response. The only critical item
to remember with this procedure is that enough samples must be taken of the impulse response
so that the discarded samples are insignificant. While books could be written on the theoretical
criteria for this, the practical rules are much simpler. Use as many samples as you think are nec-
essary. After finding the frequency response, go back and repeat the procedure using twice as
many samples. If the two frequency responses are adequately similar, you can be assured that the
truncation of the impulse response hasn't fooled you in some way.

DTO MOAHWMAET TPETHH METOJ: HAHJAWTE YaCTOTHYIO XapaKTEPUCTUKY OT KOI(D(OUIIMEHTOB pe-
KypCUH, KOTOpbIe (PaKTUUECKH MCIOJIB3YIOTCS, YTOOBI OCYIIEeCTBUTh (puibTp. CHauana, Mbl Ha-
XOIMM UMIYJIbCHYIO TEepPeNaTOYHYI0 (QYHKIHIO (GUIBTPa, TMPOITYyCKask UMITYJIBC Yepe3 CUCTEMY.
Bo Bropom miare, mbl 6epem TP orBera nmmyinbca (ucnons3ys BIID, koHeuHO) YTOOBI HAlTH
YaCTOTHYIO XapaKTEPUCTUKY CUCTEMbl. EMMHCTBEHHBI KPUTHYECKHUIA MyHKT, YTOOBI TIOMHHUTH C
3TOM MPOLETYPOH - TO, UTO JTOCTATOYHO BBHIOOPOK JOJKHBI OBITH MPUHSATHI UMITYJIbCHON Mepea-
TOYHOH (DYHKIIMH TaK, YTOOBI OTBEPTHYTHIC BRIOOPKH ObLTH He3Hauawjue. B TO BpeMs KaKk KHUTH
MOIJIM OBbITh HANMCaHBl HA TEOPETHUYECKUX KPUTEPUAX IJIS 3TOro, MPAKTHYECKUE MpaBUia Ha-
MHOTO 0oJiee mpocThl. Mcronp30BaHne Tak MHOTO BBIOOPOK, Kak BbI mymaere(moHnMaeTe), He-
obxoaumo. ITocrie oOHapyKeHUsI YaCTOTHOM XapaKTePUCTUKU, BO3BPATUTECH, H TIOBTOPHUTE IPO-
LEeypy, UCIOB3Ysl BABOE OOJbIe BEIOOPOK. Ecim 3TH BE 4aCTOTHBIX XapaKTEPUCTUKU COOT-
BETCTBEHHO NOJO0HBI, BBl MOXeTe ObITh yBEpEHBI, YTO yCEYCHHE MMITYJIBCHON MEepeaaTOuHOM
¢byukum He BBeo Bac B 3a0mykaeHHE HEKOTOPBIM CITOCOOOM.

Cascade and Parallel Stages

Kackaa u Ilapanueasnbie Ctaaun

Sophisticated recursive filters are usually designed in stages to simplify the tedious algebra of
the z-domain. Figure 33-4 illustrates the two common ways that individual stages can be ar-
ranged: cascaded stages and parallel stages with added outputs. For example, a low-pass and
high-pass stage can be cascaded to form a band-pass filter. Likewise, a parallel combination of
low-pass and high-pass stages can form a band-reject filter. We will call the two stages being
combined system I and system 2, with their recursion coefficients being called: ao, a1, az, b1, by
and Ay, 41, A2, B1, By, respectively. Our goal is to combine these stages (in cascade or parallel)
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into a single recursive filter, which we will call system 3, with recursion coefficients given by: ao,
ai, a, a3, as, by, by, b3, bs,

CnoxHbIe PEKypCUBHBIE (UIBTPHI OOBIYHO pa3padaThIBAIOTCS IMOCTENEHHO, YTOOBI YIPOCTUTH
YTOMUTENbHYI0 anredpy z-goMeHa. PucyHok 33-4 WumroCTpupyeT 1Ba OOBIYHBIX ITyTH, KOTOPHI-
MU UHIUBUIYaJbHbIE CTaJUU MOTYT pa3MellaThbcs: KacKaJHble CTaJAUU U MapauleNibHble CTaIuu
¢ no6aBieHHBIMH BbIxogamu. Hanpumep, GpuinbTp HU3KOW 4acTOTHI M CTAAus (PHIBTPA BEPXHHUX
YaCTOT MOTYT OBITh PACIIOIOKEHBI KaCKaJ0M, YTOOBI (POPMUPOBATH 1OI0CO80U urbmp. AHaIO-
TUYHO, NapaiielibHas KOMOUHAIMS CTaquil (PUIIbTpa HU3KOM 4acTOTHl M (PUIBTpa BEPXHUX Yac-
TOT MOXET (OPMHUPOBATH NOAOCOBOMU(3azpaxcoarowull; pedxcekmophuiti) GuiabTp. Mbl Ha30BEM
JIBE CTaIuu 00BeAUHAEMON cucmemotl 1 u cucmemoul 2, ¢ ux Ko3(pPUIMEHTAMH PEKYPCHH Ha3bl-
BaeMBIMU: do, di, Az, b1, by 1 Ay, A1, A2, B1, By, cOOTBeTCTBeHHO. Haria 11eJ1b COCTOUT B TOM,
4TOOBI OOBETUHUTH ITH CTAUU (B KacKaJie WU MapajuIeNIbHO) B €IUHBIN PeKYPCUBHBINA QHUILTD,

KOTOPBIM MBI HAa30BEeM cucmema 3, ¢ KodppuimeHTaMu peKypcuu, TaHHBIMH: g, 4, a2, a3, a4, D],
by, b3, ba.

As you recall from previous chapters, the frequency responses of systems in a cascade are com-
bined by multiplication. Also, the frequency responses of systems in parallel are combined by
addition. These same rules are followed by the z-domain transfer functions. This allows recur-
sive systems to be combined by moving the problem into the z-domain, performing the required
multiplication or addition, and then returning to the recursion coefficients of the final system.

Kak Bbl moMHHUTE U3 NpEAbIAYIIMX I71aB, YACTOTHBIE XapaKTEPUCTUKHA CUCTEM B Kackaze oObe-
JMHEHBI YMHOXEeHHEM. Takke, 9aCTOTHBIE XapaKTEPUCTUKH CUCTEM B MapaJlIeIbHOM O0BbeInHE-
HBI caoxeHueM. OHH T€ K€ caMble ImpaBujia COMPOBOXKIAACMBIC B COOTBCTCTBUU C q)YHKI_II/DIMI/I
npeoOpa3oBaHus THIIA Z-IOMEHA. DTO MO3BOJSET PEKYPCHBHBIM CHCTEMaM OBITh OOBEIMHCH-
HBIM, Tepemernas mpodiemMy B z-IOMEH, BBIIOIHSS TpeOyeMoe YMHOKEHHE WM CIIOKEHHE, U
3aTeM BO3BpaIiasch KodhpuireHTaMm peKypcu KOHEUHON CUCTEME.

As an example of this method, we will work out the algebra for combining two biquad stages in
a cascade. The transfer function of each stage is found by writing Eq. 33-3 using the appropriate
recursion coefficients. The transfer function of the entire system, , is then found by multiplying
the transfer H[z | functions of the two stage:

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

o+ @2 "+ dy2 " A+
Hlz| | —_— X —
1 - Bz bz IS R

Multiplying out the polynomials and collecting like terms:
YMHOKast MHOT'OWICHBI U MMPpUBCIs HOIIOGHLI YJICHBI:

HIz) agdy + (agd, +a d)z '+ (agd, +a,d, +a,4)z F s {a,d,+a,d )=z e (ay4,)z "
| - (b, +B)z""- (b,+B,-b B):" - (-b B,-b,B)z" - (-b,B)z "
FIGURE 33-4 System 1 Svitem 2
Combining cascade and parallel stages. The z- x[n] H i y[m)
domain allows recursive stages in a cascade, (a), or o O iy =g A Ay p—u
in parallel, (b), to be combined into a single sys- 2 by 8,0,
tem, (c).
PUCYHOK 33-4
OObenMHEeHNe KacKaja M TMapalljIeNIbHbIX CTaaui.
Z-710MeH IO3BOJIICT PEKYPCUBHBIE CTaJuU B Kac-
Kaze, (a), wiu B napauiesnbaoM, (b), ObITh 00beIH-
HEHHBIM B €JIMHYIO CHCTEMY, (C).
b, Parallel System |
e e R
B, by
x[n] ¥in|
Svstem 2
el A o A 0
8.8,
||:. Replacement
Swstem 3
x[n] i ¥[n]
—i B 8, i, 8, 8, — =
b,. by, by, b,
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Since this is in the form of Eq. 33-3, we can directly extract the recursion coefficients that im-
plement the cascaded system:

Tak kak 370 HaxonuTcs B hopme ypaBHEeHHS 33-3, MBI MOJKEM HENOCPEICTBEHHO M3BJEKATh KO-
3¢ UIMEHTHI PEKYPCHUHU, KOTOPBIE OCYIIECTBIISAIOT KACKaJHYI0 CUCTEMY:

+ 1§
. apd,+ ayd, +a,d I, b+ B .":_n'lfI
[+ a,d, h, b &, - 8,8
b, B,

The obvious problem with this technique is the large amount of algebra needed to multiply and
rearrange the polynomial terms. Fortunately, the entire algorithm can be expressed in a short
computer program, shown in Table 33-1. Although the cascade and parallel combinations require
different mathematics, they use nearly the same program. In particular, only one line of code is
different between the two algorithms, allowing both to be combined into a single program.

OueBuaHas podIeMa ¢ 3TOH METOUKON - OOJBIIOE KOJIMYECTBO areOphl, HEOOXOAMMOM, YTO-
Obl YMHOaTb U NE€PECTpPanBaTh MOJIMHOMMAIbHBIE YieHbl. K cuacThio, MOJHBINA aJTOPUTM MO-
XKeT ObITh BBIPAXEH B KOPOTKOW KOMITBIOTEPHOH Iporpamme, mokazan B Tabmune 33-1. Xots
KacKaJHble Y NapajulelbHble KOMOMHAIMKM TPEOYIOT pa3IMYHON MAaTeMaTHKH, OHM HUCIOJIb3YIOT
HOYTH Ty XKe CaMylo IporpamMmy. B yacTHOCTH TOJBKO OJlHA CTPOKA MPOTPaMMBbI OTJIMYHA MEKITY
9TUMH JIByMsl alIrOpPUTMaMM, I03BOJsAs O00OMM ObITh OOBEIMHEHHOH B  €IUHCTBEH-
HYI0(OTAEIBHY0) IPOTrPaMMY.

100 'COMBINING RECURSION COEFFICIENTS OF CASCADE AND PARALLEL STAGES
110"

120 ''INITIALIZE VARIABLES

130 DIM A1[8], B1[8] 'a and b coefficients for system 1, one of the stages

140 DIM A2[8], B2[8] 'a and b coefficients for system 2, one of the stages

150 DIM A3[16], B3[16] 'a and b coefficients for system 3, the combined system
160"

170 'Indicate cascade or parallel combination

180 INPUT "Enter O for cascade, 1 for parallel: ", CP%

190"

200 GOSUB XXXX 'Mythical subroutine to load: A1[ ], BI[ ], A2[ ], B2[ ]

210"

220 FOR 1% = 0 TO 8 'Convert the recursion coefficients into transfer functions
230 B2[1%] = -B2[1%)]

240 B1[1%] = -B1[1%)]

250 NEXT 1%
260 B1[0] = 1
270 B2[0] = 1
280"

290 FOR 1% = 0 TO 16 'Multiply the polynomials by convolving

300 A3[1%] =0

310 B3[1%] =0

320 FOR J% =0TO 8

330 IF I%-J% < 0 OR 1%-J% > 8 THEN GOTO 370

340 IF CP% = 0 THEN A3[1%] = A3[1%] + A1[J%] * A2[1%-]%)]

350 IF CP% =1 THEN A3[1%] = A3[1%] + A1[J%] * B2[1%-J%] + A2[J%] * B1[1%-1%]

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

360 B3[1%] = B3[1%] + B1[J%] * B2[1%-J%]

370 NEXT 1%

380 NEXT 1%

390"

400 FOR 1% = 0 TO 16 'Convert the transfer function into recursion coefficients.
410 B3[1%] = -B3[1%]

420 NEXT 1%

430 B3[0]=0

440 ' 'The recursion coefficients of the combined system now

450 END 'reside in A3[ ] & B3[ ]

TABLE 33-1

Combining cascade and parallel stages. This program combines the recursion coefficients of stages in cascade or
parallel. The recursive coefficients for the two stages being combined enter the program in the arrays: A1[ |, B1[ ],
& A2[ ], B2[ ]. The recursion coefficients that implement the entire system leave the program in the arrays: A3J[ ],
B3[].

TABJIMIA 33-1

OObeMHEHHE KacKa/a ¥ MapajulelIbHbIX cTaguil. DTa nporpamma o0bequHsIeT KOAQ(UINEHTBI PeKYPCHU CTaAUi B
KacKaJie WM MapajuielibHO. PekypcuBHBIE KO3 OHUIMEHTH! Ul IBYX 00BEAMHIEMBIX CTaAuil BBOJAT NIPOrpaMMy B
maccuBel: Al[ ], B1[ ], u A2[ ], B2[ ]. KoaddumumeHTsl pexypcun, KOTOPBIE OCYIIECTBIIOT TIOJHYIO CHCTEMY, OC-
TaBJLIIOT IporpaMMy B MaccuBax: A3[ ], B3[ ].

This program operates by changing the recursive coefficients from each of the individual stages
into transfer functions in the form of Eq. 33-3 (lines 220-270). After combining these transfer
functions in the appropriate manner (lines 290-380), the information is moved back to being re-
cursive coefficients (lines 400 to 430).

Ota mporpamma paboTaeT, U3MEHsS PEKYpPCHUBHBIC KOI(PQPHUIIMEHTH OT KaKIOW M3 MHIUBUIY-
IBHBIX cTaaui B (yHKIMU TTpeoOpa3zoBanus Tuma B ¢popme ypaBHeHus 33-3 (ctpoku 220-270).
[Tocne oObenuHEeHUsT ATHX (QYHKIMA MPeoOpa3oBaHHUsS COOTBETCTBYIOUIMM CIIOCOOOM (CTPOKH
290-380), nadopmarus nepemMeniera Hazaa, OyAaydd peKypCHUBHBIMH KO PHUIIMEHTaMH (CTPOKH
ot 400 o 430).

The heart of this program is how the transfer function polynomials are represented and com-
bined. For example, the numerator of the first stage being combined is: ag + a;”' + a,"> + a5™,
... . This polynomial is represented in the program by storing the coefficients: ao, a1, a2, as, ...,
in the array: A1[0], A1[1], A1[2], A1[3]... . Likewise, the numerator for the second stage is rep-
resented by the values stored in: A2[0], A2[1], A2[2], A2[3]..., and the numerator for the com-
bined system in: A3[0], A3[1], A3[2], A3[3] ... . The idea is to represent and manipulate poly-
nomials by only referring to their coefficients. The question is, how do we calculate A3[ ], given
that A1[ ], A2[ ], and A3 ] all represent polynomials? The answer is that when two polynomials
are multiplied, their coefficients are convolved. In equation form: A1[ | * A2[ ] = A3[ ]. This al-
lows a standard convolution algorithm to find the transfer function of cascaded stages by con-
volving the two numerator arrays and the two denominator arrays.

OcHoBa(cepre) 3Toi TPOrpamMMBbl - TO, KAK MHOTOWICHBI (DYHKITUU MpeoOpa3oBaHUs MPEICTaB-
JeHbl 1 00beauHeHbl. HarpumMep, yucnuTens nepBoil 00beIuHsIeMOl cTagun: ag + a” +a
a5, ... . DTOT HONMHOMHUAIBHEIH MIPEICTABJICH B MporpaMMe, coxpasss kodddurmentsr: al,
al, a2, a3, ..., B maccuse: A1[0], AI[1], A1[2], AI[3] ... . AHATOTUYHO, YUCTUTENb AJIsI BTOPOH
CTaJIMU MPEJCTABJICH 3HAYCHUsIMH, coxpaHeHHbIMU B: A2[0], A2[1], A2[2], A2[3] ..., u yucnu-
Tenb Uit o0beauHeHHON cucteMbl B: A3[0], A3[1], A3[2], A3[3] ... . Unes momkHa mpeacTaBs-
JSTh U YIIPABISITh MHO20YIeHOM TOJBKO UTO KacaeTcs ux koddduunenton. Bonpoc, kak MbI BbI-
yucisieM A3[ ], yuutsiBas uto Al[ |, A2[ ], u A3[ ] Bce npencrtaBisitor MHOrouieHbl? OTBET -
TO, 4TO, KOT/Ia JIBA MHOTOWICHAa YMHOXEHBI, NX KO3(PPUIIMEHTHI CBEpHYTHI(CKpy4eHbI). B ¢popme

ypaBuenus: Al[ ] * A2[ ] = A3[ ]. 9To no3BOJIsIET CTAaHIAPTHOMY QJITOPUTMY CBEPTKH HAXOIHUTh
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(GyHKUIHIO TpeoOpa3oBaHUs TUIIA KACKAJHBIX CTaJNuH, CKPy4HMBas(CBEPTHIBAs) Ba MAcCHUBA YHC-
JINTEJIEN U IBa MacCHBa 3HaMEHAaTEIIEH.

The procedure for combining parallel stages is slightly more complicated. In algebra, fractions
are added according to:

[ponenypa it 00beIMHEHNUS TapAJUICTIBHBIX CTaUi cierka Ooiblie ycinoxkHeHa. [lo anrebpe,
npoOu 100aBIEHBI COTIACHO:

b

Since each of the transfer functions is a fraction (one polynomial divided by another polyno-
mial), we combine stages in parallel by multiplying the denominators, and adding the cross
products in the numerators. This means that the denominator is calculated in the same way as for
cascaded stages, but the numerator calculation is more elaborate. In line 340, the numerators of
cascaded stages are convolved to find the numerator of the combined transfer function. In line
350, the numerator of the parallel stage combination is calculated as the sum of the two numera-
tors convolved with the two denominators. Line 360 handles the denominator calculation for
both cases.

Tak kak kaxnas u3 QyHKIUNA peoOpa3oBaHust - ApoOb (OJMH MHOTOWICH pa3/ielieH Ha JAPyTrou
MHOTOYJICH), MBI OOBEAMHSIEM CTAJIMU MapajUIeIbHO, YMHOXAasi 3HAMEHATENH, U CKJIAbIBasi BEK-
TOpPHBIE MPOU3BEACHUS B YHCIUTENAX. DTO O3HAYaeT, YTO 3HAMEHATENb PACCUMTAH TAKUM K€
0o0pa3oMm, 4TO W KacKaJHbIC CTAINH, HO BBIYUCIICHUE YHCTUTENs Oojee crnoxkHo. B ctpoke 340,
YUCTUTENIN KACKAOHBIX CTAJNA CBEPHYTHI(CKPYUEHBI), YTOOBI HAUTH YHCIHUTENIb O00HEIMHECHHON
dbyskun npeodpazoBanus. B crpoke 350, yucnurens napanienvbroti KOMOWHAIIUU CTauil pac-
CUMTaH KaK CyMMa U3 JBYX YHCIUTENIeH, CBEPHYTHIX(CKPYUEHHBIX) C 3TUMHU JBYMsI 3HAMeHaTe-
astmu. Ctpoka 360 pyKOBOAMT BEIYUCICHHEM 3HaMEHATENs Il 000X CITy4aeB.

Spectral Inversion

CunexkrpaiabHas UnBepcus
Chapter 14 describes an FIR filter technique called spectral inversion. This is a way of changing
the filter kernel such that the frequency response is flipped top-for-bottom. All the passbands are
changed into stopbands, and vice versa. For example, a low-pass filter is changed into high-pass,
a band-pass filter into band-reject, etc. A similar procedure can be done with recursive filters,
although it is far less successful.

I'maBa 14 ommceiBaer Mmetoauky KNUX-bunbTpa, Ha3pIBaeMyI0 CneKmpanbHol uneepcueti. ITo -
NyTh MU3MEHEHHs siapa (QUIbTpa TaK, YTO YACTOTHAS XapaKTEPHCTHUKA 3€PKAIBHO OTpakeHa "
BepIlIMHA-0CHOBaHUE ". Bce mosochl MpormycKaHusi U3MEHEHBI B MOJIOCHI 3aJep>KUBaHus, U Ha-
obopot. Hanpumep, GpuiabTp HMKHUX YacCTOT MU3MEHEH B (HIBTP BEPXHUX YaCTOT, MOJIOCOBOU
GbuIbTp B MojocoBoi(3arpaxaaromuii), u T.4. [lomobHas mporemypa MOXeT OBITh clieJiaHa C pe-
KypCUBHBIMU (HIBTPAaMH, XOTS 3TO rOpa3ao MEHEE YCHEIIHO.

As illustrated in Fig. 33-5, spectral inversion is accomplished by subtracting the output of the
system from the original signal. This procedure can be viewed as combining two stages in paral-
lel, where one of the stages happens to be the identity system (the output is identical to the input).
Using this approach, it can be shown that the "b" coefficients are left unchanged, and the modi-
fied "a" coefficients are given by:
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Kak ninmroctpupoBano B puc. 33-5, cieKTpaibHas MHBEPCHS BBIMOJHEHA, BBIYMTAsI BBIXOJ| CUC-
TEMBI OT IEPBOHAYATIHLHOTO CUTHANA. JTa MPOoLeaypa MOXKET ObITh TPOCMOTPEHA KaK 00beauHe-
HUE JIBYX CTaJuil MmapaijienbHo, T OJHA U3 CTaAWi, CIydyaeTcs, CHCTeMa TOXKIECTBEHHA (BbI-
XOJI UJICHTUYHA BBOJY). MCHONbB3ysl 3TOT MOIXOJ, MOXHO TMOKa3aTh, 4To Kodddumuentsr "b"
OCTaBJICHBI HEU3MEHAEMBIMH, U U3MEHsIeMbIe Kod(duimenTsr "a" naroTcs:

FIGURE 33-5
Spectral inversion. This procedure is the same as subtracting the out- Original

. . Eimni
put of the system from the original signal. Cystem
PUCYHOK 33-5 ’
CriexTpaibpHas WHBEpCHs. JTa MpOoIeaypa - TO )K€ caMoe Kak BBIUH-
TaHUE BBIXOJ[A CUCTEMBI OT MEPBOHAYATHLHOTO CUTHATIA. x[n] - v[n]

-

EQUATION 33-6
Spectral inversion. The frequency response of a recursive filter can be flipped top-for-bottom &, | - a,
by modifying the "a" coefficients according to these equations. The original coefficients are a a. - h
shown in italics, and the modified coefficients in roman. The "b" coefficients are not changed. I I L
This method usually provides poor results. a, = -a,- b,
YPABHEHUE 33-6 i .

CrexrpanbHas uHBepcHs. YacTOTHAsI XapaKTepHUCTHUKA PEKyPCHBHOIO (PUIIbTpa MOMKET OBbITh 4 =
3epKaIbHO OTpaKeHa " BepIIMHA-OCHOBaHUE ", M3MEHAA KOX(PQHUIHEHTH "a" COTIacHO 3TUM
ypaBHeHusiM. [lepBoHauanbHble KO3()(UIMEHTHI MOKa3bIBAIOTCS KYypCHBOM, M H3MEHSIEMbIC
koa¢dunreHTs B kKaroauke(pumckom?). Koaddunumentsr "b" He M3MEeHEHBI. DTOT METOA OOBIYHO JACT ILUIOXHE

pe3yIbTaThI.
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FIGURE 33-6

Examples of spectral inversion. Figure (a) shows the frequency response of a 6 pole low-pass Butterworth filter.
Figure (b) shows the corresponding high-pass filter obtained by spectral inversion; its a mess! A more successful
case is shown in (¢) and (d) where a notch filter is transformed in to a band-pass frequency response.

PUCYHOK 33-6

[pumMeps! criekTpanbHON HHBepcHU. PUCYHOK () MOKA3bIBACT YACTOTHYIO XapaKTEPUCTUKY U3 6 MONIOCOB (HUIIbTpa
ByrrepBopTa HU3KOW YacTOThl. PrucyHOK (b) MOKa3bIBaeT COOTBETCTBYIOIINH QUILTP BEPXHHUX YACTOT, MOIYICHHBII
CIEKTpaJIbHOW MHBepcHel; 3To Oecrnopsnok! Bonee ycnemnslid ciryyaid nokaseiBaerest B (c) u (d), rne ¢uibtp-
mpoOka npeodpa3oBaH B K MOJOCOBON YACTOTHOMN XapaKTEPUCTHKE.

Figure 33-6 shows spectral inversion for two common frequency responses: a low-pass filter, (a),
and a notch filter, (c). This results in a high-pass filter, (b), and a band-pass filter, (d), respec-
tively. How do the resulting frequency responses look? The high-pass filter is absolutely terrible!
While the band-pass is better, the peak is not as sharp as the notch filter from which it was de-
rived. These mediocre results are especially disappointing in comparison to the excellent per-
formance seen in Chapter 14. Why the difference? The answer lies in something that is often
forgotten in filter design: the phase response.

Pucynok 33-6 moka3piBaeT CIEKTPATbHYI0 MHBEPCHIO IS ABYX OOBIYHBIX YACTOTHBIX XapaKTe-
PUCTHK: QUIbTpa HIKHUX Y9acTOT, (a), U PuIbTpa-nmpoOKkH, (¢). IT0 MPUBOANT K (PUIBTPY BEpX-
HUX YacToT, (b), u monocoBomy puinbTpy, (d), coorBeTcTBeHHO. Kak 3aKkaHUYNBAIOIIMECS YaCTOT-
HBIE XapaKTePUCTUKU cMOTPSIT? DUIbTp BEpXHUX 4acTOT abcomoTHO yx)aceH! B To Bpems kak
MI0JIOCOBOM JIydIIle, MUK - HE CTOJIb OCTPBIM KaK (MIBTP-TIPOOKa, U3 KOTOPOTO 3TO OBLIO MOTyde-
HO. DTH MOCPEICTBEHHBIE PE3yIbTaThl OCOOEHHO HEYTEIIUTEIbHBI IO CPABHEHHUIO C MPEBOCXOI-
HOU 3((eKTUBHOCTBIO, OTMEUYEeHHOW B TnaBe 14. [louemy pasHocTh? OTBET HaXOAMTCSA B KOE-
4YeM, YTO 4acTo 3a0bIBaeTCs B poeKTe GUIbTpa: (hazouacmomuasn Xapakmepucmuxda.
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To illustrate how phase is the culprit, consider a system called the Hilbert transformer. The
Hilbert transformer is not a specific device, but any system that has the frequency response:
Magnitude = 1 and phase = 90 degrees, for all frequencies. This means that any sinusoid passing
through a Hilbert transformer will be unaffected in amplitude, but changed in phase by one-
quarter of a cycle. Hilbert transformers can be analog or discrete (that is, hardware or software),
and are commonly used in communications for various modulation and demodulation tech-
niques.

UTo0B! HILTFOCTPUPOBATH, KaK (a3a - MPeCTYIMHUK, PACCMAaTPUBAECT CUCTEMY Ha3bIBaeMyIo | Mib-
O0eproBbIM TpaHchopmaTopoM. ['mpbepTOB TpaHchopMaTop - HE yAeTbHOE YCTPOUCTBO, HO JIO-
0as cucteMa, KOTopasi IMEeT YaCTOTHYIO XapakTepucTuKy: Bennunna = 1 u ¢aza = 90 rpagycos,
JUISL BCEX YacTOT. DTO O3HAYaeT, yTo Jitobas CuHycoua, mpoxosmas yepe3 [ mibp0epToB TpaHc-
¢dbopmarop OyneT He3aTpOHyTa B aMIUIMTYJE, HO U3MEHEHA B ()a3e ¢ OJHOU YETBEPTHIO U3 Iie-
puoaa. ['mnbe0epToBBI TpaHCHOPMATOPHI MOTYT OBITH AHAJIOTOBBIC WJIM TUCKPETHBIE (TO €CTh am-
napaTHbIE CpPEJICTBA WM MPOTpaMMHOE OOecreueHHe), U OOBIYHO MCIOIB3YIOTCS B CBSI3U JUIA
Pa3IUYHBIX METOJIOB MOJYJISILIUU U IEMOTYJIALINH.

Now, suppose we spectrally invert the Hilbert transformer by subtracting its output from the
original signal. Looking only at the magnitude of the frequency responses, we would conclude
that the entire system would have an output of zero. That is, the magnitude of the Hilbert trans-
former's output is identical to the magnitude of the original signal, and the two will cancel. This,
of course, is completely incorrect. Two sinusoids will exactly cancel only if they have the same
magnitude and phase. In reality, the frequency response of this composite system has a magni-
tude of ¥7, and a phase shift of -45 degrees. 2 Rather than being zero (our naive guess), the out-
put is /arger in amplitude than the input!

Teneps, MPeAnoNIoKUTE, YTO MBI CIIEKTPAILHO HHBEPTHpPYeM | unbbepToB TpaHchopmarop, BBI-
YHUTasi €ro BBIXOJ OT MEepBOHAYANBHOrO curHaia. CMOTps TOJBKO Ha Genuyun)y 4acTOTHBIX Xa-
PaKTEePHUCTUK, MBI 3aKIIFOUMIH ObI, YTO MOJIHAS CUCTEMA OyJeT UMETh BBIXOA HyJsA. TO eCTh Beln-
yiHa BbIxoAa ['mnpbeproBa TpaHcpopmaTopa UASHTHYHA BEJIMYMHE MMEPBOHAYAIBHOIO CUTHAA,
U 3TU ABa(BXOJ U BBIXOJ?) OTMEHSIOT(KOMIIEHCUPYIOTCS). DTO, KOHEYHO, SBJISIETCS] TOTHOCTHIO
HEeMpaBWIbHBIM. /[Be CHHYCOUABI TOYHO OTMEHST(KOMIIEHCUPYIOT OpYr Jpyra?), €Ci TOJIbKO
OHH UMEIOT OJHY H Ty K€ BEIHUUHYy U (a3y. B 1elicTBUTEIHHOCTH, YACTOTHAS XapaKTEPUCTHKA
3TOIl COCTABHOM CHCTEMBI MMEET BEIMUMHY ¥2, M cABHMT (a3 -45 rpagycos. Ckopee ueM sBISIO-
IIUiics HyeM (Hallle HauBHOE MPEATNOIOKEHHE), BBIXO 006Ul B AMILTUTYIE, Y€M BBOJ!

Spectral inversion works well in Chapter 14 because of the specific kind of filter used: zero
phase. That is, the filter kernels have a left-right symmetry. When there is no phase shift intro-
duced by a system, the subtraction of the output from the input is dictated solely by the magni-
tudes. Since recursive filters are plagued with phase shift, spectral inversion generally produces
unsatisfactory filters.

CrektpanbHasi UHBEpCHs paboTaeT Xopoio B riaBe 14 m3-3a crnenuuveckoro BHUIA HUCIIOJNb-
3yemoro GuiabTpa: Hynesas ¢asza. To ectb siapa GUiIbTpa UMEIOT JIEBO - MPABYI CUMMETPHIO.
Korna He nmeercs HUKakoro ciasura (as, mpeCcTaBICHHOTO CUCTEMOM, BHIYMTAHHE BBIXOJA OT
BBOJa AUKTYETCS MCKIIOUMTENbHO BEIMYMHAMH. TaK KakK pPEeKypCHUBHBbIE (QHIBTPHl MYyYaroT-
csi(Haka3aHue; Owu) co caBuroMm (a3, CcHeKTpajgbHas HMHBEPCHS BOOOIIE MPOU3BOIMT
HEY/I0BJIETBOPUTEIbHBIE (DUIBTPHI.

Gain Changes

(c) ABTOKC, Cankr-IletepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




HAYYHO-TEXHUYECKOE PYKOBOJICTBO 110 IM®POBOW OBPABOTKE CUTHAJIOB

HN3meHeHune ycuyieHust

Suppose we have a recursive filter and need to modify the recursion coefficients such that the
output signal is changed in amplitude. This might be needed, for example, to insure that a filter
has unity gain in the passband. The method to achieve this is very simple: multiply the "a" coef-
ficients by whatever factor we want the gain to change by, and leave the "b" coefficients alone.

[IpearnonoxuM, 9To MBI IMEEM PEKYPCUBHBIN (HIBTP U JOJDKHBI H3MEHHUTH KO3 UIIEeHTH! pe-
KypCUH TaKOH, YTO CHUTHAJ BBIXOJIa U3MEHEH B aMIUIUTYIE. DTO MOTJIO ObI OBITH HEOOXOIUMO,
HarpuMep, 00ecrneynBaTh, YTOObI (PUIBTP UMEN SIUHUYHOE YCHICHUE B MOJOCE MPOITYCKaHUSI.
MeTtoa 10CTHYb ATOTO OYEHb IPOCT: YMHOXKbTE K03 duimenTs! "a" Ha 11000 KoadGuIreHT, Ha
KOTOPBI MBI XOTHM, YTOOBI YCHJICHHE U3MEHHJIOCh, H OCTaBbTe KO PHUIMEHTH "b" Hen3MeH-

HBIMU.

Before adjusting the gain, we would probably like to know its current value. Since the gain must
be specified at a frequency in the passband, the procedure depends on the type of filter being
used. Low-pass filters have their gain measured at a frequency of zero, while high-pass filters
use a frequency of 0.5, the maximum frequency allowable. It is quite simple to derive expres-
sions for the gain at both these special frequencies. Here's how it is done.

[Tepen KOPPEKTUPOBKOM YCUIICHHUS, MBI BEPOSITHO XOTEIH OBl 3HATH €r0 TEKyIlee 3HaueHue. Tak
KaK YCWJICHHE JOJKHO OBbITh ONPENEICHO B YAaCTOTE HOAOCHl NPONYCKAHU, TIPOLIETypa 3aBUCUT
OT THIIa HCTIOJIB3yeMOTo (puibTpa. OUIBTPHI HIDKHUX YaCTOT U3MEPSIOT UX YCHICHUE B YACTOTE
HYJIA, B TO BpeMs Kak (GUIBTPBI BEPXHUX YACTOT UCHOJB3YIOT YacToTy 0.5, MaKCUMabHO JIOIyC-
TUMOW 4acTOThl. BecbMa MpoCTO MONyYHTh BBIPAXKECHUS ISl YCHICHUS O00OUX ATHX CIIeHUATh-
HBIX 4acToT. MIMeeTcs, Kak 3TO CIIeTIaHo.

First, we will derive an equation for the gain at zero frequency. The idea is to force each of the
input samples to have a value of one, resulting in each of the output samples having a value of G,
the gain of the system we are trying to find. We will start by writing the recursion equation, the
mathematical relationship between the input and output signals:

Bo nepBbIX, MBI ITOJIy4YUM YpaBHEHHE I YCWICHMS B HYJIEBOM yacToTe. Miesa cocTouT B TOM,
YTOOBI BBIHYAUTh KaX/1yl0 U3 BXOJIHBIX BEIOOPOK UMETh 3HAUCHUE eOuHUYybl, IPUBOJS K KaXI0H
U3 BBIOOPOK BBIXO/a, UMEIOMINX 3HaYeHue G, yCHJICHHE CUCTEMBI, KOTOPYIO MbI IpoOyeM Haxo-
JUTb. MBI HayHEM, 3allUCh YPAaBHEHUSA PEKYPCHH, MAaTEMaTHYECKMMM OTHOILUCHUSMH MEKIY
CUTHaJIaMH BBOJIa ¥ BBIBOJA:

¥[n] = ayx[n] + ax[n-1] + a,x[p-2] + -+ b y[p-1]+ b,w[n-2] + b, y[n-3] +

Next, we plug in one for each input sample, and G for each output sample. In other words, we
force the system to operate at zero frequency. The equation becomes:

3aTem, MBI TTOAKIIOYAEM eOuHuy)y ISl KaKIONW BXOAHOUW BBIOOPKU, W G IJIs KaXJI0W BBIOOPKH
BbIX0/a. JlpyruMu ci0BaMH, MBI BBIHYK/Ia€M CUCTEMY paboTaTh B HYJEBOW YacToTe. Y paBHEHUE
CTaHOBUTCS:

{r d, + d

@yt a; ot b G+ bG o bG b G

Solving for G provides the gain of the system at a frequency of 0.5, using its recursion coeffi-
cients:

Pemenune nns G obecrieunBaeT ycusaeHue cucteMsl B yactote 0.5, ucronb3ys ee K03 (HUIIMEHTHI
PEeKypCHH:
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EQUATION 33-7

DC gain of recursive filters. This relation provides the DC gain a 0 + | + a, + HE"'
from the recursion coefficients. G = =
YPABHEHUE 33-7

- + + [
YcuseHnue MOCTOSHHOTO TOKAa PEKypCHBHBIX (PHIBTPOB. JTO OT- I (bl bz b,?r )

HOLIIEHHE 00EeCIeYnBaeT yCUIeHHEe MOCTOSHHOTO TOKa OT Koaddu-
LIHEHTOB PEKYPCHH.

To make a filter have a gain of one at DC, calculate the existing gain by using this relation, and
then divide all the "a" coefficients by G.

Henast GuiabTp, UMEIOIUI yCUIICHHE TI0 TIOCTOSSHHOMY TOKY eOuHuyd, BHIYUCIAIOT CYIIECTBYIO-
niee yCWJICHHWe, MCIOJIb3Ys 3TO OTHOIIEHUE, U 3aTeM JeIT Bce Kodddumments "a" G.

The gain at a frequency of 0.5 is found in a similar way: we force the input and output signals to
operate at this frequency, and see how the system responds. At a frequency of 0.5, the samples in
the input signal alternate between -1 and 1. That is, successive samples are: 1, -1, 1, -1, 1, -1, 1,
etc. The corresponding output signal also alternates in sign, with an amplitude equal to the gain
of the system: G, -G, G, -G, G, -G, etc. Plugging these signals into the recursion equation:

VYcunenue B yactore 0.5 HaifieHa MOTOOHBIM CITOCOOOM: MBI BBIHYKIA€M CUTHAJIBI BBOJA U BBI-
BOJla paboTaTh B 3TOM 4acTOTE, M CM., Kak cucreMa oTBedaer. B wacrore 0.5, BBIOOpKH BO BXOJ-
HOM curHaje yepenyrorcs mexay -1 u 1. To ectp mocnenoBarensubie BeIOOpKH: 1, -1, 1, -1, 1, -
1, 1, u T.1. COOTBETCTBYIOLIMI CUTHAJI BbIXOJA TAK)KE YEPEeAyeTcs B 3HAKE, C aMIUIUTYI0M paB-
HOM ycuiienuto cuctemsl: G, -G, G, -G, G, -G, u T.4. [logkiioueHne 3TUX CUTHAJIOB B ypaBHEHHE
peKypcuu:

G=a,-a+a,-a,+--bG+b,0G-5bG+ bG--

Solving for G provides the gain of the system at a frequency of 0.5, using its recursion coeffi-
cients:

Pemenue ms G obGecrieunBaer ycuiaeHue cucteMbl B yactote 0.5, ucnonb3ys ee koddduimen-
TOB PEKYPCHH:

EQUATION 33-8

. . . . . . N
Gain at maximum frequency. This relation gives the recursive ¢, - =
filter's gain at a frequency of 0.5, based on the system's recursion | { Il'-,.l t b= b+ B, )
coefficients. = 5 -
YPABHEHUE 33-8
Ycunenrne B MAKCHMAIIBHOM YacTOTE. JTO OTHOIICHHUE AeT YCHIICHHE PEKYPCHBHOTO QruibTpa B yactore 0.5, ocHO-
BaHHBIH Ha KO3 HUIMEHTaX PEKYPCUH CUCTEMBI.

of ii

if EI; T oLy

Just as before, a filter can be normalized for unity gain by dividing all of the "a" coefficients by
this calculated value of G. Calculation of Eq. 33-8 in a computer program requires a method for
generating negative signs for the odd coefficients, and positive si%ns for the even coefficients.
The most common method is to multiply each coefficient by ( -1)", where £ is the index of the
coefficient being worked on. That is, as & runs through the values: 0, 1, 2, 3, 4, 5, 6 etc., the ex-
pression, (-l)k, takes on the values: 1, -1, 1, -1, 1, -1, 1 etc.

Tax ke, kak npexae, GUIbTP MOKET ObITh HOPMAJIN30BaH )i €AUHUYHOTO YCUJICHHUSI, pa3aemsis
Bce K03((uimeHTsl "a" 3TUM pacdeTHbIM 3HadeHueM G. Boruncnenue ypaBHeHus 33-8 B KoM-
MBIOTEPHON TMporpaMMme TpeOyeT MeToa ISl TPOU3BOJICTBA OTPHUIIATENBHBIX 3HAKOB JUIsl HEUeT-
HBIX KO3()(PULMEHTOB, U MOJOXKHUTEIbHBIX 3HAKOB JUI 4YeTHbIX Kod(¢uinuentoB. Hauboree

OOBIUHBIM METOJI COCTOUT B TOM, YTOOBI YMHOXXHUTH KaxAbli KO3(hPUIMEHT Ha (-l)k, rae k - uH-
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JeKc koaduimenTa, Hal KOTOpbIM pa3padareiBaioT. To ecTh Kak k BBIOTHSAECTCS Yepe3 3Haye-
wus: 0, 1, 2, 3, 4, 5, 6 u 1.1., BeIpaxenue, (-1)k, npuanmaet 3navenus: 1, -1, 1, -1, 1, -1, 1 u ..

Chebyshev-Butterworth Filter Design
IIpoexkT ®uabTpa Chebyshev-Butterworth

A common method of designing recursive digital filters is shown by the Chebyshev-Butterworth
program presented in Chapter 20. It starts with a pole-zero diagram of an analog filter in the s-
plane, and converts it into the desired digital filter through several mathematical transforms. To
reduce the complexity of the algebra, the filter is designed as a cascade of several stages, with
each stage implementing one pair of poles. The recursive coefficients for each stage are then
combined into the recursive coefficients for the entire filter. This is a very sophisticated and
complicated algorithm; a fitting way to end this book. Here's how it works.

OOBIYHBIE METOJI MPOEKTHPOBAHMSI PEKYPCUBHBIX IUGPOBBIX (PHIBTPOB IMOKA3bIBAETCS IPO-
rpammoii Chebyshev-Butterworth, npencrarinennoit B riase 20. DTo HaYMHACTCS C AHATPAMMOMN
HYJISl TIOJIIOCA aHan0206020 GUIBTPA B S-TNIOCKOCTH, U MPeoOpa30BBIBACT ATO B KEIATEIbHBIN
yugposoi GuUALTp Yepe3 HECKOIBKO MaTeMaTHUECKUX mpancgopmanm. YTOOBI TPHUBOAUTH
CIIOHOCTB anreOpsl, GunbTp pazpaboTaH Kak KackaJ HECKONBKUX CTaIHi, ¢ KaKIOW CTaaHei,
OCYIICCTBIISIONIEH OJHY Mapy MOJ0COB. PekypcuBHBIC KOI(DPHUIIMESHTHI T KaXI0H CTAIHH TO-
raa o0ObeIMHEHBl B PEKYpPCUBHBIE KOI(PQPUIIMEHTHI Ui MOJIHOTO (PHIbTpa. ITO - OYEHb H30-
NIPEHHBIA W CIIOKHBIN aJITOPUTM; MIPHUCIIOCOOICHHE CIIOCO0 3aKaHYMBATH 3Ty KHHTY. MMeercs,
KaK 3T0 paboTaer.

Loop Control

YnpasJiienue HUKJIA

Figure 33-7 shows the program and flowchart for the method, duplicated from Chapter 20. After
initialization and parameter entry, the main portion of the program is a loop that runs through
each pole-pair in the filter. This loop is controlled by block 11 in the flowchart, and the FOR-
NEXT loop in lines 320 & 460 of the program. For example, the loop will be executed three
times for a 6 pole filter, with the loop index, P%, taking on the values 1,2,3. That is, a 6 pole fil-
ter is implemented in three stages, with two poles per stage.

Pucynox 33-7 moka3BaeTt nporpammy U OJIOK-CXeMy Uit METOAa, TyOJIMpOBaHHOTO OT TiaBbl 20.
[Tocie mHMLMANK3aMU U BXOJIa MTapaMeTpa, OCHOBHAS YaCTh MPOrpaMMBbl - LIUKJ, KOTOPBIH BbI-
HOJHACTCA 4epe3 KakKAyIo Mapy Iomoca B GUIbTpe. DTOT IMKI YHpaBiseTcs 0JIOKOM B OJOK-
cxeme, U Ams cienyroniero iukia B crpokax 320 u 460 u3 nporpammsl. Hampumep, uuki Oyner
BBINIOJIHEH TPH pasa Juid 6 MomocoB (MIbTpa, ¢ MHAEKCOM IMKIa, P%, mpuHUMas 3Ha4eHUS
1,2,3. To ecth 6 mon0CcOB (pUIBTPA OCYIIECTBICHBI B TPEX CTAUSX, C ABYMS IOJIIOCAMH B CTa-
JTUIO.

Combining Coefficients

Oo0bvequnenune Kodpdunuenron

During each loop, subroutine 1000 (listed in Fig. 33-8) calculates the recursive coefficients for
that stage. These are returned from the subroutine in the five variables: A0, Al, A2, B1, B2. In
step 10 of the flowchart (lines 360-440), these coefficients are combined with the coefficients of
all the previous stages, held in the arrays: A[ ] and B[ ]. At the end of the first loop, A[ ] and BJ ]
hold the coefficients for stage one. At the end of the second loop, A[ ] and B[ ] hold the coeffi-
cients of the cascade of stage one and stage two. When all the loops have been completed, A[ ]
and B[ ] hold the coefficients needed to implement the entire filter.
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B teuenue kaxaoro nukia, nognporpamma 1000 (nepeuricienHas B puc. 33-8) BbIUUCISET pe-
KypcuBHBIE KO PUIMEHTHI 0151 moti cmaouu. OHA BO3BPAIICHBI OT MOAMPOTPAMMBI B ATHX IATH
nepemennbix: AO, Al, A2, B1, B2. Illar 10 u3 610k-cxemsl (ctpoku 360-440), atu k03P durm-
€HTBHI, oObemuHEeHbl ¢ Kod(hUIMEeHTaMHU BCeX MPEABIAYIINX CTaguil, MPOBEICH-
HbeIX(TIOAepKaHHbIX) B MaccuBax: A[ | u B[ |. B xonne nepBoro mukia, A[ | u B[ ] nposo-
nat(aepkart) kodhuueHTs! 11 oMHON cTamuu. B koHme BToporo nukima, A[ | u B[ ] mpoBo-
IaT(epxkar) KodpGUIUEHTH OJHON CTaJNK Kackajaa, M Opranu3yroT aBe. Korma Bce UKIIbI ObI-
mu 3akoHueHbl, A[ | u B[ | mpoBomaT koaduimenTs HEOOXOUMBIE IJIsT OCYIIECTBICHHUS TOJI-
HOTO (hUIIBTpA.

The coefficients are combined as previously outlined in Table 33-1, with a few modifications to
make the code more compact. First, the index of the arrays, A[ ] and BJ ], is shifted by two dur-
ing the loop. For example, a is held in A[2], a; & b; are held in A[3] & BJ[3], etc. This is done to
prevent the program from trying to access values outside the defined arrays. This shift is re-
moved in block 12 (lines 480-520), such that the final recursion coefficients reside in A[ ] and B[
] without an index offset.

Koaddurmentsr 00beIMHEHBI KaK MPEIBAPUTEIBLHO BhIIETICHO B Tadmuie 33-1, ¢ HECKOIBKUMHA
MoauduKasIMH, 4TOOBI IeJaTh KOl Oojiee KOMIAKTHBIM. Bo TepBBIX, HHIEKC MacCUBOB, Al | 1
B[ ], caBunyT nByms B TeueHue mukiaa. Hampumep, ap mpoBeneH(nmoanepxkan) B A[2], a; u by
npoBeneHbI(noanepxkansl) B A[3] u B[3], u 1.1. D10 cnenano, 4ToObl MPEIOTBPATUTE IMPOTPaAM-
My OT TOTBITKH OOPaTUTHCS K 3HAUCHUSIM BHE OINPECICHHBIX MAaCCUBOB. JTOT CIIBHT y/JaJICH B
6moke (ctpoku 480-520), Tak, 4YTO KOHEUHBIE(3AKIIOUUTENbHbIE) KOI()(OUITMEHTHI PEKYPCHH TTO-
CcTOSTHHO HaxomsaTcs B A[ | u B[ ] 6e3 cMmemenus naaexca.

Second, A[ ] and B[ ] must be initialized with coefficients corresponding to the identity system,
not all zeros. This is done in lines 180 to 240. During the first loop, the coefficients for the first
stage are combined with the information initially present in these arrays. If all zeros were ini-
tially present, the arrays would always remain zero. Third, two temporary arrays are used, TA[ ]
and TBJ ]. These hold the old values of A[ ] and BJ ] during the convolution, freeing A[ ] and B[
] to hold the new values.

Bo Bropeix, A[ | u B[ ] momxHBI OBITh MHULMAIW3UPOBAHBI C KOA(PPHUIIMEHTAMH, COOTBETCT-
BYIOIIMMH CUCTEME TOKAECTBA, HE BCE HYJIU. DTO cenaHo B crpokax ot 180 mo 240. B teuenue
MIEPBOTO LIUKJIA, KOA(PUIIMEHTHI A NEpBOil cTaguu o0beIWHEHbI ¢ MH(pOpMAIHel, epBOHa-
YaJlbHO TPEJCTABICHHOM B 3TUX MaccuBax. Eciu Obl Bce Hynu ObLIN NEpBOHAYAILHO MHUILIUATIH-
3MPOBaHBl, MACCUBBI BCET]a OCTAIUCH ObI HYJIEBBIMH. TpeThe, IBa BPEMEHHBIX MacCHUBa UCIOJb-
3ytotcs, TA[ ] u TB[ ]. Onu cuurarot crapeie 3HaueHust A[ | u B[ | B TeueHue cBepTku, 0cBoOO-
xnaast Al | u B[ | npoBoauTh(AepKaTh) HOBbIE 3HAUCHMUSI.

To finish the program, block 13 (lines 540-670) adjusts the filter to have a unity gain in the pass-
band. This operates as previously described: calculate the existing gain with Eq. 33-7 or 33-8,
and divide all the "a" coefficients to normalize. The intermediate variables, SA and SB, are the
sums of the "a" and "b" coefficients, respectively.

UtoO0BI 3aKOHUYUTH TIporpammy, 070k (ctpoku 540-670) koppekTupyer GuiIbTp, 9TOOB UMETH
€IMHUYHOE YCHJICHHE B IOJIOCE MPOMYCKaHUSA. DTO paboTaeT KaK MpeABAPUTEIBHO OIMUCAHO:
BBIYMCIIMTE CYIIECTBYIOIIEE YCHIeHHe ¢ ypaBHeHueM 33-7 unu 33-8, u nenute Bce K03 duIm-
eHThl "a", 4T00BI HOpManu30BatTh. [IpomMexxyTouHbIe IEpeMeHHbIe, SA u SB, ABISAIOTCS CyMMaMu
kod(durmenton "a" u "b", COOTBETCTBEHHO.

Calculate Pole Locations in the s-Plane
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Boruucanrte Pacnoso:xkenus Ilosroca B s-miiockocTu

Regardless of the type of filter being designed, this program begins with a Butterworth low-pass
filter in the s-plane, with a cutoff frequency of w = 1. As described in the last chapter, Butter-
worth filters have poles that are equally spaced around a circle in the s-plane. Since the filter is
low-pass, no zeros are used. The radius of the circle is one, corresponding to the cutoff frequency
of w = 1. Block 3 of the flowchart (lines 1080 & 1090) calculate the location of each pole-pair in
rectangular coordinates. The program variables, RP and IP, are the real and imaginary parts of
the pole location, respectively. These program variables correspond to ¢ and w, where the pole-
pair is located at ¢ + jw. This pole location is calculated from the number of poles in the filter
and the stage being worked on, the program variables: NP and P%, respectively.

HesaBucumo oT THma paszpabarbiBaeMoro (¢GuibTpa, dTa IMporpaMMa HadyWHAeTCs ¢ (PuiIbTpa
HIDKHHMX 4acToT byTrepBopra B s-nrockocmu, ¢ 4aCTOTOM oTceuku o = 1. Kak onmcaHo B mpo-
nuIoi raase, GUIBTPEl byTTepBOopTa UMEIOT MOJOCA, KOTOPHIE OAMHAKOBO PaclojaraiTcs BO-
KPYT Kpyra B S-INTIOCKOCTH. Tak Kak (MIbTp HU3KOM YaCTOTHI, HUKAKUE HYJIH HE HCIIOIb3YIOTCS.
Pannyc kpyra edenuya, COOTBETCTBYET 4acTOTe OTCEYKU @ = 1. biok 610k-cxema (ctpoku 1080
u 1090) BbIUKCHSET pacIoOKEHNE KaKJOM Mapsl MOJII0ca B IPSIMOYTONIBHBIX KoopanHaTtax. [le-
pemenHsbie nporpamMmbl, RP u 1P, SBISITOTCS BEIIECTBEHHBIMU U MHUMBIMH YaCTSIMU PACTIOJIONKE-
HUS T0JI0CA, COOTBETCTBEHHO. DTH NEPEMEHHBIE IPOIPAaMMBbl COOTBETCTBYIOT 0 U 0, TA€ Mapa
MOJII0CA PACTIONIOKEHA B 0 * jo. DTO PaCIONOKEHHE MOJII0Ca PACCUUTAHO OT YHCIIa MOJIOCOB B
¢ubTpe U cTaauu, HaJl KOTOpPOH pa3pabareiBaoT, nepeMeHHble nporpammbl: NP u P%, coot-
BETCTBEHHO.

Warp from Circle to Ellipse

Hepopmanus or Kpyra no Jiuiunca

To implement a Chebysheyv filter, this circular pattern of poles must be transformed into an ellip-
tical pattern. The relative flatness of the ellipse determines how much ripple will be present in
the passband of the filter. If the pole location on the circle is given by: ¢ and w, the correspond-
ing location on the ellipse, ¢’ and @', is given by:

UroObl ocymiecTBIATh YeObImeBCKUil GUIBTP, 3TOT Kpy2ogou(Konbyesoil) odpaszel] MOJ0COB
JOJDKeH OBITh MpeoOpas3oBaH B amiunmuyeckuti oopazen. OTHOCHTENbHAS MOJOTOCTh AIIJIUIICA
OTpeNieNsIeT, CKOJIbKO psiou OyneT mpucCyTCTBOBAThH B MOJIOCE Mpomyckanus guibTtpa. Ecnu pac-
HIOJIO’KEHHE TOJTI0ca Ha Kpyre Jaercst o and @, COOTBETCTBYIOIIEE PAcIIONOKEHUE Ha dIUINICE, o'
U ', naercs:

EQUATION 33-9

Circular to elliptical transform. These equations change the pole loca- o = o sinh{v)/k
tion on a circle to a corresponding location on an ellipse. The vari-

ables, NP and PR, are the number of poles in the filter, and the percent . ;
ripple in the passband, respectively. The location on the circle is given W wcosh(v)/k
by o and w, and the location on the ellipse by ¢’ and w'. The variables
,, v, and k, are used only to make the equations shorter. here .
i sinh '(1/€)
YPABHEHUE 33-9 T
[peo6GpaszoBanne Kpyra K DIUTHICY. DTH ypaBHEHHUs M3MEHSIOT pac-

TIOJIOXKEHME TIOJF0Ca Ha KPyre K COOTBETCTBYIOIIEMY PACIIOIOKEHHUIO

Ha amuunce. [lepemennbie, NP u PR, sBJSIOTCSI 4MCIIOM MOJIOCOB B k = L'l3h|'l[ — ¢ osh ™' —]
¢buIBTpE, U MPOIICHTOM PSAOW B TOJIOCE TPOITYCKAHMUS, COOTBETCTBEH- Vi €
HO. PacrmosioskeHue Ha Kpyre IaeTcs o U @, U PACIOIOKEHHE Ha dI- i §
nunce ¢’ M o'. TlepeMeHHble, v, U k, UCIIONB3YIOTCSA TONBKO, YTOOMI € I ( [0 ] ] ]' -
JCJIaTb YpaBHCHHS KOpOYeE. I ““ |'”H
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These equations use hyperbolic sine and cosine functions to define the ellipse, just as ordinary
sine and cosine functions operate on a circle. The flatness of the ellipse is controlled by the vari-
able: PR, which is numerically equal to the percentage of ripple in the filter's passband. The vari-
ables: €, v, and k are used to reduce the complexity of the equations, and are represented in the
program by: ES, VX and KX, respectively. In addition to converting from a circle to an ellipse,
these equations correct the pole locations to keep a unity cutoff frequency. Since many pro-
gramming languages do not support hyperbolic functions, the following identities are used:

OTH ypaBHEHHUS UCHONB3YIOT TunepOonuueckrue GyHKIMUA CHHYyca M KOCHHYCA, 4TOOBI ompese-
JUTh 3JUIMIC, TAK K€, KaKk OOBbIYHbIE (PYHKLUHM CHHYca W KOCHHYyca pabortaioT Ha kpyre. [loso-
TOCTh 3JUIMIICA YHpaBJsieTCsl epeMeHHoi: PR, KoTopas sBisercs B LuppoBoil GhopMe paBHBIM
MPOIICHTY OT psiOM B moJioce npomyckanust Gpuibtpa. [lepeMenHsie: €,v, U k UCTIOJIB3YIOTCS, YTO-
OBbI IPUBECTH CIIOKHOCTh YpaBHEHUI, M MpeCTaBiIeHbI B porpamme: ES, VX u KX, cooTBeTcT-
BEHHO. B nonosnHenune k mpeoOpa3oBaHUIO OT Kpyra O 3JUIMIICA, 3TH YPABHEHUS UCIPABIISIOT
PAacIIOIOKEHUS T0JII0CA, YTOOBI COXPAaHUTh YaCTOTY OTCEUKH €IMHHUIBL. Tak Kak MHOTO SI3BIKOB
[IPOrpaMMMPOBAHUS HE MOJACPKUBAIOT TUIEpOONIHYECKHe (YHKLNH, CIEAYIOLINE TOXIECTBA
HCIOJIb3YIOTCS:

sinh{x)

cosh(x) =

b

sinh '(x) = log, [x 4 (x2+ )2

cosh '(x) = log, [x + (x*- 1"

These equations produce illegal operations for PR > 30 and PR = 0. To use this program to cal-
culate Butterworth filters (i.e., zero ripple, PR = 0), the program lines that implement these equa-
tions must be bypassed (line 1120).

OTH ypaBHEHUs NMPOU3BOAAT He3aKOoHHBIE omepanuu jias PR > 30 u PR = 0. YUtoObl nCHOB30-
BaTh ATy MpOrpaMMmy, YTOObI BEIUMCIUTE (puibTpsl ByTTepBopra (TO ecTh 00HYIUTH psiOb, PR =
0), CTPOKH TpOrpamMMbl, KOTOPBIE OCYIIECTBIISIOT 3TH ypPaBHEHHS, ITOJKHBI OBITH O0OWMIEHBI
(ctpoka 1120).

Continuous to Discrete Conversion

IIpeoopasoBanue HenpepsbiBHbII K {uckpeTHOMY

The most common method of converting a pole-zero pattern from the s-domain into the z-
domain is the bilinear transform. This is a mathematical technique of conformal mapping,
where one complex plane is algebraically distorted or warped into another complex plane. The
bilinear transform changes H(s), into H(z), by the substitution:

Haubonee oObryHBI MeTON MpeoOpa3oBaHusi oOpaslia HyJsl MOJCca OT S-IOMEHa B Z-JIOMEH -

OuimHeliHasi TpaHcopMaHTa. DTO - MaTeMaTHUYECKash METOJIUKA KOHQOPMHO20 omobdpadice-
HUsl, TII OJIHA KOMIUJIEKCHAs IJIOCKOCTh alreOpandecK MCKaykeHa Wi Je(opMupoBaHa B Apy-
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T'YI0 KOMIUIEKCHYIO TIOCKOCTh. bunuHeitHas TpancopmanTa usMmenser(3amensier) H(s), B H(z),
3aMeHOM(3aMeIIeHUEM; TTOCTAaHOBKOM):

EQUATION 33-10

The Bilinear transform. This substitution maps every point in the s-plane into a corre- 21 - | )
sponding piont in the z-plane. 5 -
YPABHEHME 33-10 T(l+z ")

Bununeiinas tpancopmanra. JTa 3aMeHa 0TOOpaXkaeT KKyl TOUKY B S-TNIOCKOCTH,
nepeaBas TOUKy B Z-IJIOCKOCTH.

CSTART

mitialize l
variables

enter filter 2
paramelers

I'suB 1000 1
(see Fig. 33-8) | 3
: calculate | tO

coefficients |
for this I 9
I pole-pair |

100 'CHEBYSHEV FILTER- COEFFICIENT CALCULATION
110"

120 'INITIALIZE VARIABLES

130 DIM A[22] 'holds the "a" coefficients

140 DIM BJ[22] 'holds the "b" coefficients

150 DIM TA[22] 'internal use for combining stages
160 DIM TB[22] 'internal use for combining stages
170"

180 FOR I% =0 TO 22

190 A[I%] =0

200 B[I%] =0

add coefficients
o cascade 1 0

Loop for cach of the pole-pairs

11

210 NEXT 1%

220" finish combining l 2
230 A[2]=1 cocflicients

240 B[2]=1

250 PI=3.14159265 *

260 'ENTER THE FILTER PARAMETERS )

270 INPUT "Enter cutoff frequency (0 to .5): ", FC normalize 1 3
280 INPUT "Enter 0 for LP, 1 for HP filter: ", LH gan

290 INPUT "Enter percent ripple (0 to 29): ", PR ;

300 INPUT "Enter number of poles (2,4,...20): ", NP

310° / print final / 14
coefficient:
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320 FOR P% =1 TO NP/2 '"LOOP FOR EACH POLE-ZERO PAIR
330"

340 GOSUB 1000 'The subroutine in Fig. 33-8

350"

360 FOR 1% = 0 TO 22 'Add coefficients to the cascade
370 TA[1%] = A[1%]

380 TB[1%] = B[1%]

390 NEXT 1%

400"

410 FOR I% =2 TO 22

420 A[1%] = AO*TA[I%] + A1*TA[1%-1] + A2*TA[1%-2]
430 B[1%] = TB[1%] - BI*TB[1%-1] - B2*TB[1%-2]
440 NEXT 1%

450"

460 NEXT P%

470"

480 B[2] = 0 'Finish combining coefficients

490 FOR I% =0 TO 20

500 A[1%] = A[1%+2]

510 B[1%] = -B[1%+2]

520 NEXT 1%

530"

540 SA = 0 'NORMALIZE THE GAIN

550 SB=0

560 FOR 1% = 0 TO 20

570 IF LH = 0 THEN SA = SA + A[1%]

580 IF LH = 0 THEN SB = SB + B[1%]

590 IF LH = 1 THEN SA = SA + A[1%] * (-1)"%

600 IF LH = 1 THEN SB = SB + B[1%] * (-1)"[%

610 NEXT 1%

620"

630 GAIN=SA /(1 -SB)

640"

650 FOR 1% =0 TO 20

660 A[1%] = A[1%] / GAIN

670 NEXT 1%

680 ' 'The final recursion coefficients are

690 END 'in A[ ] and B[ ]

PUCYHOK 33-7 calculate |'h'l|'..' ';
location on crcle -

[poexr ¢umpTpa YeObmmeBa-bByrrepBopra. OTa mporpamma Obuia

MpeIBapuUTEeNFHO TpencTaBieHa tabmuneid 20-4 u Tabmumeit 20-5 B
rmaBe 20. Pucynok 33-8 mokaspIBaeT OJIOK-CXEMY HpPOTPAMMBI UIS
noanporpammbl 1000, Be3bIBaeMoit 0T cTpoku 340 M3 3TOH OCHOBHOM L4 4
MIPOrPaMMBI.
Nk

1000 'THIS SUBROUTINE IS CALLED FROM FIG. 33-7, LINE 340 .

1010 Warp I|i-m circle 5
1020 'Variables entering subroutine: PI, FC, LH, PR, HP, P% 0 o kpae

1030 'Variables exiting subroutine: A0, A1, A2, B1, B2

1040 'Variables used internally: RP, IP, ES, VX, KX, T, W, M, D, K,

1050 ' X0, X1, X2, Y1,Y2

1060 ) . 5 tiv Z-domeain 6
1070 ' 'Calculate pole location on unit circle CONVETSIoN

1080 RP = -COS(PI/(NP*2) + (P%-1) * PI/NP)
1090 IP = SIN(PI/(NP*2) + (P%-1) * PI/NP)
1100

1110 ' "Warp from a circle to an ellipse

1120 IF PR = 0 THEN GOTO 1210

1130 ES = SQR( (100 / (100-PR))"2 -1)

1140 VX = (1/NP) * LOG( (1/ES) + SQR( (1/ES"2) + 1)) e e
1150 KX = (1/NP) * LOG( (1/ES) + SQR( (1/ES"2) - 1)) :I.;Imhf' s I l'l_'mltl‘. m
1160 KX = (EXP(KX) + EXP(-KX))/2 — —
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1170 RP =RP * ((EXP(VX) - EXP(-VX)) /2 ) /KX
1180 IP =1P * ((EXP(VX) + EXP(-VX) ) /2 ) /KX
1190

1200 ' 's-domain to z-domain conversion

1210 T=2 * TAN(1/2)

1220 W = 2*PI*FC

1230 M = RP"2 + IP"2

1240 D =4 - 4*RP*T + M*T"2

1250 X0 =T"2/D

1260 X1 =2*T~2/D

1270 X2 =T"2/D

1280 Y1 =(8 - 2*M*T"2)/D

1290 Y2 = (-4 - 4*RP*T - M*T"2)/D

1300

1310"'LP TO LP, or LP TO HP

1320 IF LH =1 THEN K = -COS(W/2 + 1/2) / COS(W/2 - 1/2)
1330 IF LH = 0 THEN K = SIN(1/2 - W/2) / SIN(1/2 + W/2)
1340D=1+Y1*K - Y2*K"2

1350 A0 = (X0 - X1*K + X2*K"2)/D

1360 A1 = (-2*X0*K + X1 + X1*K"2 - 2*¥X2*K)/D
1370 A2 = (X0*K"2 - X1*K + X2)/D

1380 B1 = (2*K + Y1 + Y1*K"2 - 2*¥Y2*K)/D

1390 B2 = (-K™2 - Y1*K + Y2)/D

1400 IF LH=1 THEN A1 =-Al

1410 IF LH=1 THEN B1 =-B1

1420

1430 RETURN

FIGURE 33-8

Subroutine called from Figure 33-7.

PUCYHOK 33-8

[Moamporpamma, BeI3bIBacMasi U3 IPOTpaMMBI B pucyHke 33-7.

That is, we write an equation for H(s), and then replaced each s with the above expression. In
most cases, 7 = 2 tan(1/2) = 1.093 is used. This results in the s-domain's frequency range of 0 to
7 radians/second, being mapped to the z-domain's frequency range of 0 to z radians. Without go-
ing into more detail, the bilinear transform has the desired properties to convert from the s-plane
to the z-plane, such as vertical lines being mapped into circles. Here is an example of how it
works. For a continuous system with a single pole-pair located at p; = ¢ + jw and p, = o - jw, the
s-domain transfer function is given by:

To ecTb MBI 3anucbIBaeM ypaBHeHHE JUIs H(s), U 3aTeM 3aMEHsIEM KaKIbIH § BBIICYTIOMSHYThIM
BeIpakeHHEM. B OonpmmHCTBE cimyyaeB, ucnonsidyercs 1 = 2 tan(1/2) = 1.093. Dto npuBoauT K
JIMana3oHy 4acTOTHOro s-foMeHa oT 0 10 7 pajuaH/CeKyHIa, OTOOpa)xkaeéMblii K YaCTOTHOMY
nuarnasony z-nomena 0 to 7 paguan. He BaaBasch B moapoOHOCTH, OMiIMHEHAs TpaHC(hopMaHTa
UMeEeT >KellaTelIbHble CBOMCTBA, YTOOBI IpeoOpa3oBaTh OT S-IMJIOCKOCTH B Z-IUIOCKOCTH, THIIA
BEPTUKAJIbHBIX CTPOK, OTOOpakaeMbIX B Kpyrax. MiMeercs nmpumep Toro, Kak 3to pabdoraer. s
HEINIPEPBIBHOW CUCTEMBI C OJHOIIOJIOCHON Mapou, PacIojoKEeHHON B p; = 0 + jw U pr = 0 - jo,
GyHKIMS TpeoOpa30BaHus S-IOMEHA 1AeTCs:

I
- pos - m)

The bilinear transform converts this into a discrete system by replacing each s with the expres-
sion given in Eq. 33-10. This creates a z-domain transfer function also containing two poles. The
problem is, the substitution leaves the transfer function in a very unfriendly form:

H(s) =

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru
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bununeiinas TpancdopmaHnTa mpeoOpa3oBBIBACT 3TO B TUCKPETHYIO CUCTEMY, 3aMEHsIsI KaxIbIi
S BBIpaXEHUEM, NaHHBIM B ypaBHeHHH 33-10. D10 co3maer (yHKOHIO TpeoOpa3oBaHUS Z-
JIOMEHa, TaKXKe CoJiep Kallyto JiBa moitoca. [Ipobiema, 3amMeHa ocTaBisieT GyHKIHIO IPeodpazo-
BaHMS B OUYEHb HEJPYKETI00HOH dhopme:

H(z)

.| _-1
—1“ . (o« ju) —2“ z )

(G- juw)
r(1+z") r(i+z"

Working through the long and tedious algebra, this expression can be placed in the standard form
of Eq. 33-3, and the recursion coefficients identified as:

Pabotas yepe3 UIMHHYIO U yTOMUTEIBHYIO anre0py, 3TO BBIPAKEHHE MOXKET OBITH IIOMELICHO B
cTaHgapTHyto (opmy ypaBHeHus 33-3, U KOA(PPHUIMEHTOB PEKYypCUH, MACHTU(DUIIMPOBAHHBIX
Kak:

. a, T =D
QUATION 33-11

Bilinear transform for two poles. The pole-pair is located at ¢ + @ in = 9T 2 D
the s-plane, and ay, a;, a,, by, b, are the recursion coefficients for the o = ]
discrete system. e,
a, = IT-/D

YPABHEHUE 33-11 )

Bununeiinas tpanchopmanTa s AByX noirocoB. Ilapa nomoca pac- e
MOJIOKEHA B 0 £ @ B S-IUIOCKOCTH, U , a1, ay, b1, by - KOAPPUIIUESHTHI 'h-| = (8 2MT )0

PEKypCUH JUIsl TUCKPETHON CUCTEMBI. i
(-4 - 40T - MTH/D

=
¥]
1

Wlkene

M=o+

T 2 tan{1/2)

P = 4-40T+ MT"

The variables M, T, and D have no physical meaning; they are simply used to make the equations
shorter.

[Tepemennnie M, T, u D HE UMEIOT HUKAKOTO (PU3UIECKOTO 3HAYCHHS; OHU MTPOCTO UCTIOIB3YIOT-
cs1, YTOOBI JIeNaTh YpaBHEHUS! KOpOYe.

Lines 1200-1290 use these equations to convert the location of the s-domain pole-pair, held in
the variables, RP and IP, directly into the recursive coefficients, held in the variables, X0, X1,
X2, Y1, Y2. In other words, we have calculated an intermediate result: the recursion coefficients
for one stage of a low-pass filter with a cutoff frequency of one.

Crpoxu 1200-1290 ucnonbs3oBaHue dTUX ypaBHEHUH, 4TOOBI MPeoOpa3oBaTh PaCIOIOKEHUE Ma-
pBI TIOJIIOCA S-I0OMEHA, IPOBEACHHOM(MOAAEep)KaHHOH) B nepemeHHbIX, RP u IP, HenocpeacTen-

HO B peKypcHUBHBIE KO3 (UIIMEHTHI, TPOBEACHHBIS(TTOAIep)KaHHbIC) B MepeMeHHbIX, X0, X1, X2,
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Y1, Y2. JIpyrumMu cioBamMH, Mbl BBIYUCIWIN MPOMEKYTOUHBIA pe3yabTar: KOI(Q(UIHEHTHI pe-
KypCHUH JUIsl OTHOM CTaluu uibmpa HUMCHUX 4acmom ¢ 4aCTOTOM OTCEUKH eOuHuyd.

Low-pass to Low-pass Frequency Change

IIpeoOpa3oBanue puabTPa HU3KOH YACTOTHI B (PUJILTP HU3KOH YaCTOTHI U3MEHSAS YaCTOTY
OTCEeYKH

Changing the frequency of the recursive filter is also accomplished with a conformal mapping
technique. Suppose we know the transfer function of a recursive low-pass filter with a unity cut-
off frequency. The transfer function of a similar low-pass filter with a new cutoff frequency, W,
is obtained by using a low-pass to low-pass transform. This is also carried out by substituting
variables, just as with the bilinear transform. We start by writing the transfer function of the
unity cutoff filter, and then replace each z - 1 with the following:

M3MeHeHne 4acToThl PEKYpCUBHOTO (MIBTPA TAKKE BBIOJIHEHO C METOAUKOW KOH(OPMHOTO
oroOpaxkenus. Ilpeamonoxum, 4To MBI 3HaeM (QYHKIHMIO NpeoOpa3oBaHUS O PEKypCUBHOM
(GUIBTpPEe HIHKHUX YaCTOT C KPUTUUECKON YaCTOTOM(YaCTOTON OTCEUKH) eauHuIa. OyHKIUS mpe-
o0pa3oBaHus TUMA MMOJA00OHOT0 (PUIBTPA HMKHUX YACTOT ¢ HOBOM 4acTOTOM OTCeuku, W, moimy-
YeHa, MCMONb3ysl PUIBTP HU3KOM YacTOTHI K MpeoOpa3oBaHUI0 B (UIBTP HU3KON YaCTOTHI C
JPYTOM 4aCTOTON OTCEUKH. DTO TAKXKE BBHIIIOJHEHO, 3aMEHsIsl IEpEMEHHBIE, TaK XkKe, KaK ¢ Ouiu-
HelHoM TpaHcdopmaHTOW. Mbl HauMHaeM, 3anmuch GyHKIMHA (UIBTPA OCTAHOBA CIUHMIIBI, U 3a-
TEM 3aMEHsIEM KaXIblH z - 1 COo cleayrommMm:

EQUATION 33-12 _— k
Low-pass to low-pass transform. This is a method =
of changing the cutoff frequency of low-pass fil- | k= I

ters. The original filter has a cutoff frequency of ) il ] _
unity, while the new filter has a cutoff frequency i sin{1/2 - W/l)
of W, in the range of 0 to z. sin{1/2 + W/2)
YPABHEHMUE 33-12

OuIbTp HU3KOH YaCTOTHI B (QHIIBTP HU3KOM YaCTOTHL. DTO - METOJl HF3MEHEHHS YaCTOTHI OTCEYKU (PHIIBTPOB HUKHHX
4acToT. [lepBoHaYaNbHBIA (GHIBTP HMEET YaCTOTY OTCEYKU €AMHHMIIA, B TO BPEMs KaK HOBBII (QHIBTP HMEET YacTOTy
orceuku W, B quamnasone 0 k 7.

This provides the transfer function of the filter with the new cutoff frequency. The following de-
sign equations result from applying this substitution to the biquad, i.e., no more than two poles
and two zeros:

D10 obecneunBaeT PyHKIMIO peoOpa3zoBanus GUILTPa HOBOW 4acTOTON oTceuku. Ciemyromue
ypaBHEHHsI MTPOEKTa CIEeICTBUE NMPUMEHEHHs 3ToW 3aMeHbl K biquad(OukBaapary?), TO ecTb, HE
OoutbIIe, YeM JBa TOMTIOCA U IBA HYJIA:

@, (e, - a K+ a k2D
EQUATION 33-13
Low-pass to low-pass conversion. The recur- a [ 2”: k 4 a, ”|":E : - Ya k¥ D
sion coefficients of the filter with unity cutoff ) i
are shown in italics. The coefficients of the g, [.::ll.i:' ;.ll,k vt a, WD
low-pass filter with a cutoff frequency of Ware = -
in roman.

b, = (2k+ b, + bk?- 2bk)/ID
YPABHEHME 33-13 -. i
[IpeoOpazoBanue (wiIbTpa HU3KOH YacTOTHI B b, (-k°- bk 'h; ) /D
¢uneTp HU3KOH "acToThl. KoadduimenTs pe-
Kypcuu (UIBTpa C OCTAHOBOM €IMHUIBI MOKa-

3bIBalOTCS B KypcuBe. KoaddummeHThr GmibT-

whire
no=1+bk-bi?
(c) ABTOKC, Cankr-IletepOypr, http://www.aute sim( 12 = H7'2)
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pa HIDKHHUX YacTOT C YaCTOTOW OTCeukr W HaXOJATCsI B KATOJHKe(PUMCKOM mipudre?).

Low-pass to High-pass Frequency Change
N3menenne @uiabTp HU3KOM 4acTOTHI B @UIBTP BEPXHUX YACTOT M3MEHSAA YACTOTY

The above transform can be modified to change the response of the system from low-pass to
high-pass while simultaneously changing the cutoff frequency. This is accomplished by using a
low-pass to high-pass transform, via the substitution:

BoimeynomsiHyTass TpaHcOpMaHTa MOXET MU3MEHATHCS, YTOObI M3MEHUTh OTBET CHCTEMBI OT
(¢uIbTpa HU3KON YacTOTHI B (GUIIBTP BEPXHHUX YACTOT MPH OJHOBPEMEHHOM M3MEHEHUH YacCTOThI
OTCEYKH. DTO BBINIOJIHEHO, HWCHOJB3Ys (QWIBTP HU3KOW YacTOTHI MpeoOpa3oBaHUEM B (QHUIBTP
BEPXHHX YacCTOT, yepe3 3aMeHy(II0JICTaHOBKY ?):

EQUATION 33-14 o k

Low-pass to high-pass transform. This substi- = | - —

tution changes a low-pass filter into a high- | + k=1

pass filter. The cutoff frequency of the low- rtviita

pass filter is one, while the cutoff frequency of cos( Wi2 + 1/2)
the high- pass filter is W. k — -
VPABHEHUE 33-14 cos{ /2 - 1/2)

IIpeoOpa3oBanue GUIBTP HU3KOW YacTOTHI B (DMIIBTP BEPXHHUX YaCTOT. ITa 3aMCHA M3MEHACT (GHIIBTP HUKHUX Yac-
TOT B QUJIBTP BEpXHHUX 4acToT. YacToTa ocTaHOBa (MIbTPA HWIKHUX YacCTOT €AMHMIA, B TO BPeMsl KaK 4acToTa OT-
CEUYKH BBICOKOYACTOTHOTO GuibTpa - W.

As before, this can be reduced to design equations for changing the coefficients of a biquad
stage. As it turns out, the equations are identical to those of Eq. 33-13, with only two minor
changes. The value of £ is different (as given in Eq. 33-14), and two coefficients, and , are ne-
gated in value. a 1 b 1 These equations are carried out in lines 1330 to 1410 in the program, pro-
viding the desired cutoff frequency, and the choice of a high-pass or low-pass response.

Kak mpexne, 3T0 MOXeT ObITh COKpAIIEHO, YTOOBI NMPOEKTUPOBATh ypaBHEHMs MJIsl U3MEHe-
HuUsi(3aMeHbl) ko3 durrenToB ctanuu biquad. Kak 3To coOupaeTcs, ypaBHEHUS! WICHTUYHBI Ta-
KOBBIM ypaBHeHHs 33-13, TONBKO ¢ JBYMs HE3HAUMTEIbHBIMU M3MEHEHHSIMU. 3HaUeHUe k pas-
JUYHO (KaK JaHo B ypaBHeHMHU 33-14), u AByX ko3(Puumenrax, u, UHBEpTUPOBAHO B 3HAUECHUU
a; b u b;. Ot ypaBHEeHuUs BBINOIHEHHI B cTpokax oT 1330 no 1410 B nmporpamme, obecriednBas
KEJIaTeIbHYI0 YaCTOTy OTCEYKH, U BHIOOP (MIIbTpa BEPXHUX YACTOT WJIM OTBETA (PUIBTPA HU3-
KOW YaCTOTHI.

The Best and Worst of DSP
Jlyymee n Xyamee B HHOC

This book is based on a simple premise: most DSP techniques can be used and understood
with a minimum of mathematics. The idea is to provide scientists and engineers tools for solv-
ing the DSP problems that arise in their non-DSP research or design activities.

DTa KHUTa OCHOBaHa Ha MPOCTON MPeAnochuIKe: 00abMHCTBO MeTo10B [IOC MOXeT UCmoib30-
BaThCs U MIOHITO C MUHUMYMOM MaTeMaTUKH. Mest cOCTOMT B TOM, YTOOBI 00€CTICUNTh YUEHBIX
U MPOEKTUPOBIIMKOB HHCTPYMEHTAIBHBIMU cpencTBamMu A pemeHus npodiem LLOC, koropeie
BO3HUKAIOT B uX He - [{OC, ucciaeqoBaHusIX WIK IEUCTBUM MPOESKTUPOBAHHUS.
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These last four chapters are the other side of the coin: DSP techniques that can onl/y be under-
stood through extensive math. For example, consider the Chebyshev-Butterworth filter just de-
scribed. This is the best of DSP, a series of elegant mathematical steps leading to an optimal so-
lution. However, it is also the worst of DSP, a design method so complicated that most scientists
and engineers will look for another alternative.

[Tocnennue vetbipe rinaBbl - Apyras ctopoHa MoHEThl: Metoabl L{OC, KOTopble MOTYT mOobKO
OBITH TIOHATHI 4Yepe3 OOMMpPHYIO Marematnky. Hampumep, paccMmorpute (ribtp YeObimeBa-
ByrrepBopTa, TOIbKO onucaHHbId. JTO - Ayuuee n3 LHOC, psaa M3MIHBIX MaTeMaTHYECKUX Ia-
roB, BEAYIIUX K ONTUMAIbHOMY pemieHuto. OgHako, 310 Takxe camoe nroxoe u3 LHOC, meron
MPOEKTa HACTOIBKO CIOXKEH, YTO OONBIIMHCTBO YYCHBIX U MHKEHEPOB OYIET UCKATh JAPYTYIO
albTEPHATUBY.

Where do you fit into this scheme? This depends on who your are and what you plan on using
DSP for. The material in the last four chapters provides the theoretical basis for signal process-
ing. If you plan on pursuing a career in DSP, you need to have a detailed understanding of this
mathematics. On the other hand, specialists in other areas of science and engineering only need
to know how DSP is used, not how it is derived. To this group, the theoretical material is more of
a background, rather than a central topic.

I'ne Bol BriuceiBaeTech B 3Ty cxemy? OTO 3aBUCUT OT TOr0, KEM BBbI SIBJISETECH U s 4ero Bol
mwiaHupyere ucnoiab3oBath [{OC. Marepuan B MOCIEIHUX YETHIPEX TJIaBaX OOCCIICYMBAET TEO-
peTudeckoe ocHOBaHue st 00paboTku curnana. Eciau Bel manupyere npecieqoBarh Kapbepy B
HOC, Bbl n10KHBI UMETH JA€TAJIBHOE MOHUMaHUE 3TOW MaTeMatuku. C Apyroil CTOPOHBI, cre-
IIUAJTUCTHI B JPYTUX O0JIACTSIX HAYKH M TEXHUKH JOJDKHBI 3HATh, TOJIBKO, Kak LIOC ucnons3yer-
cs, He, KaK 3To mojiydeHo. K 3Toi rpymme, TeOpeTHYeCKuid MaTeprall - OOoJIbliee KOJTMYECTBO
MOATOTOBKHU, CKOPEE YEM LICHTpaJIbHas TEMA.

(c) ABTOKC, Canxr-IlerepOypr, http://www.autex.spb.ru, e-mail: info@autex.spb.ru




